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Abstract

In this work, we focus on the nonlinear p(x)-triharmonic equation without a source term with variable
exponents

Ztt - Ag(x)Z + |Zt|q(x)_2Zt = 0

By utilizing by Komornik's lemma, we prove the asymptotic behaviour for the solution under suitable
conditions on the variable exponents.
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1. INTRODUCTION
1.1 Model

In this article, we investigate the following p(x)-triharmonic problem:

Zt — A;(X)Z + |Zt|q(x)_22t = 0, Q X (0, T),
z(x,t) = Az(x,t) =0, a0 x (0,T), (1)
z(x,0) = p;(x), z:(x,0) = @,(x), x€Q,

the p(x)-triharmonic Af,(x)z is the nonlinear differential operator defined by

Aponyz = div (A(WAZ I”(')‘ZVAZ)), for all z € W3PO(Q).
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Q is a bounded domain of R™ with a smooth boundary 9(Q, and the variable exponents p(x) and
q(x) are given as measurable functions on Q satisfying

2<p <p)<p,<q1=q(x) <q <p; (2)
with

{pl = essinfyeap(x), P2 = esssup,eap(x),
q1 = essinfyeqq(x), qz = esssup,eaq(x),

and

n—p;

n
* pl I‘fn > pl
b1 =
400 lf n< P1,

and the log-Hoélder continuity condition for some A > 0andany 0 < § < 1,

lp(x) —p(yY)| < — forall x,y € Q, with |x —y| < 6. (3)

In|x-y|’
1.2 Literature review

Liu [11] discussed the initial boundary value problem for a p(x)-fourth-order parabolic equation
with nonstandard growth conditions
Z + Af,(x)z = |z|1)-2,

He establish the local existence of weak solutions and derive the finite time blow up of solutions
with non-positive initial energy.

Messaoudi et al. [14] investigate the following problem
e — div(|Vz|"O72Vz) + |z,|m0O2z, = 0

problem under suitable assumptions on the initial value, decay estimate was proved by using a
lemma by Komornik.

Ferreira et al. [7] studied a nonlinear Petrovsky equation with a strong damping and the p(x)-
biharmonic term as follows

Zye + Af,(x)z — div(|Vz|"O72Vz) + |2,|mO 22, = f(x, t, 2,).
They used the the Faedo-Galerkin method to establish the existence of weak solution.
Get et al. [8] investigated the following equation:

A(]Az[PP72Az) = AV (x)(|z]9722).
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They demonstrated the existence of a continuous family of eigenvalues, considering various
cases of growth rates involved in the problem.

Belakhdar et al. [3] study the properties of the eigenvalue of the p(x)-triharmonic problems
—Az Z = AV (x)(|z|9)722),
under adequate conditions on the exponent functions p, g and the weight function V; (x).

The existence, nonexistence and decay of solutions was studied by many authors for the equation
with variable exponents, see for instance [1, 2, 5, 7, 15, 16, 17, 18, 20, 21, 22, 23, 24, 26].

1.3 Main contribution

In this work, we prove the asymptotic behaviour for the problem (1). To the best of my knowledge,
this is the first work of the hyperbolic type equation that includes a variable exponent triharmonic
operator. Our study is motivated by Messaoudi et al. [14].

This work is organized as follows: Part 2 presents preliminary information regarding variable
exponent Lebesgue and Sobolev spaces. Part 3 focuses on proving the decay solutions.

2 PRELIMINARIES

This part we give some preliminary facts and definitions about the Lebesgue spaces and Sobolev
spaces with variable exponents (see [6, 10, 19]). Let p : Q@ — [1, o] be a measurable function.
The Lebesgue space with a variable exponents is defined by

LP®@(Q) = {z: 2 — R, measurable in Q and p,,(12) < oo, for some 1 > 0},

where

pp(-)(Z) = ] || P dx.
Q

Luxembourg-type norm:

p(x)
”Z”p(.) = {/1 > O:I dx < 1},
Q

LP™(Q) is a Banach space [10].

z(x)
1

We next define the variable-exponent Sobolev space W™P® (1) as follows:
wmr@(Q) = {Z € LPO(Q) such that D%z € LPO(Q), |a| < m}.

This is a Banach space.
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Let us note that the space Wol’p(x) (Q) has a different definition in the case of variable exponents.
However, under condition (3) both definitions are equivalent [4].

Lemma 1[10] Let Q < R™ be a bounded domain and p(x) satisfies (3) condition, then

Izllpcy < ClIVZIly , for z € W, PO (Q).

Lemma 2 [10] Let Q < R™ be a bounded domain with a smooth boundary 9. Suppose that
p : Q — (1,00) is a measurable function such that

2<p; <px)<p; <o, fora.e., x € Q.

If p(x),q(x) € C(Q) and q(x) < p*(x) in Q with

np(x)
i} —C ifn>p,,
p*(x) ={n—p(x) Pz
+00 ifn < p,.

Then W,**© o 190(Q) is continuous and compact embedding.
Lemma 3 [10] If

1 < qy:= essinfreqq(x) £ qa: = esssupreqq(x) < o

then we have

min {l1zI18%), 11Z1%,} < pocy(2) < max{llzl%,, I1z1%},

for any z € L10(Q).

Lemma 4 [10] Suppose that p, s, q: @ — [1, ) be measurable functions defined on such that

1 _1 1
s p) " q)’

If v, € LPO(Q) and v, € LIO(Q), then v,v, € L5O(Q), with

fora.e. [ € Q.

lvivallsey < llvallpellvallge.

3ASYMPTOTIC BEHAVIOUR

In this part, we aim to demonstrate our main asymptotic behaviour. Firstly, we define the energy
functional
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[VAz| P

e dx.

1
E(t) =~ llzl1? + [
Lemma 5 Energy functional is non-increasing function.

Proof. Multiplying the equation of (1) by z; integrating over Q, using integration by parts, we
obtain

E'(t)=-], |29 dx < 0. O

We state the following theorem which can be obtained by the Faedo-Galerkin method and using
the similar arguments as in [12] and [13].
Theorem 6 Let (zy,2,) € (WO3”’(') (Q), L2 (Q)) and p and q satisfies (2) and (3). Then problem (1)

has a unique weak solution

ze 1= (0w @),

(5)
z; € L°((0,T), L2()) n LO(Q x (0,T)),

where — + — = 1.

1 1
p®) 'O

Lemma 7 [9] Let E: R* — R* be a non-increasing function. Assume that there exist ¢ > 0, w >
0 such that

[T EWT()dt < —ET(0)E*(s), Vs> 0. (6)
Then, Vt > 0,

E(O

cE( )1, if >0

EO =) (1+or
cE(0)e™t, if t=0.

Lemma 8 [14] Let z be a solution of (1) and 0 < E(t) < E(0). Then, for some C > 0,
0p()(V2) = CIVz]52.
By the above the Lemma, we have following inequality

0o (VAZ) = C||VAZ]|}2. (7

Theorem 9 Assuming that (2) and (3) hold. Then there exist two positive constants «a,c
independent of t and depend on E(0) such that the energy E (t) satisfies, t = 0,

151 Journal of Mathematical Sciences & Computational Mathematics SMART SOCIETY™



ISSN 2688-8300 (Print) ISSN 2644-3368 (Online) JMSCM, Vol.5, No.2, January, 2024

C .
— if q;>2,
E(t) <y(1+t)%2

ce™ %, if q(x)=2.

Proof. Multiplying (1) by z(t)E™ (t) and integrating over Q X (S,T), we get
T
f Er(t)f z(t) [Ztt — Ag(x)z + IztIQ(x)_zzt]dxdt =0
S Q
which implies that
T
j ET (D) f [(202(9), ~ 12O + IVAZOPD + 2(0)]2,(O|9W~22,(8)] dxdt = 0.
S Q
It follows that
T d T
j Er(t)—f (z(t)zt(t))dxdt—j Er(t)f (Iz:(O) % + |VAZ() |PX) ) dxdt
S dt Q S Q
T
. f Er(t)j 12, (6)|2dxdt
S Q

+J; ET(®) [, 2(0)1z,(0)]"®~?z,(t)dxde = 0. ®
By using the definition of E(t) and the relation

%(Er(t) ]ﬂ z(t)zt(t)dx> =rET1()E'(t) JQ (z(t)z,(t))dx

+ B (1) = f,, (2()z.(t) ) dx.

Eq. (8) becomes

r 1 r d r
Zfs E™(t) < —fs %<E (t) fﬂ z(t)z:(t) dx) dt

+rL ET"Y(O)E'(b) JQ z(t)z,(t)dxdt + Zfs

T

Er(t)J |z, ()|?dxdt
Q

T
—f Er(t)f z(t) |z, (0)]9®) 22, (t)dxdt.

S Q

Estimates:

S dt

|_ fi < ( ET(t) [, z(t)z.(t) dx) dt|
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Er(s)f z(x,5)z:(x,s) dx — Er(T)f z(x,T)z:(x,T) dx
Q 0

< E"(s) %fﬂ z%(x,s) dx +%fQ z2(x,s) dx]

+ E™(T) f %zz(x,T)dx+%f Zf(x,T)dxl
/o Q

< E"(s) [5c. [, 1VAz(x, )| dx + E(s))

1
+ E"(T) li o f |VAZ(x,T)|? dx + E(T)l
Q
here c, is the embedding constant. So, we get

H i('% f 2(8)2,(t) dX) dt| < E"(9)[clVAz(x, $)IIF, + E(5)]
g dt Q

+ ET(T)[cllVAz(x, )13, + E(T)]
< ET(s) + cET(s)(||VAz(s)||’g§)pz_z
< E™Y(T) + cET(T)(||VAz(T)||§i)PZ_2

here c is a positive constant. Then we use (7) and recall that E(t) is non-increasing to get

. 2
Hs %<Er<t> | 2020 dX) dt| < ETHS) + ¢E7(5) (090 (V22() )

2

+ BT + BT (T) (@peo (VA2(T)) )

< ETi(s) + C(E(s))H%
+ ETH(T) + c(E(T))”pz_z
< ETi(s) + c(E(s))”vz_z. (10)

i, |r ] BN OE © [, 2020 dxde] < —c [ ENOE ©) [E(t) + cE(t)pz_z]
<—c [ [ ETOE @®de + [T (E(t))”EE'(t)dt]
<c [Er(s) + (E(s))”ﬂ] (11)

For the third term of the right-hand side of (9), we establish, as in [9],
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Q, ={xeQ:|z;(x,t)| =1} and Q_ = {x € Q: |z, (x, t)| < 1}
and utilizing Holder's inequality and Young's inequality and (2) as follows

i |szT E(®) |zt(t)|2dxdt| = |2fST ET(t) [fﬂ_ z2dx + fﬂ+z§dx]|

2 2

<¢ fST ET(t) -(fg_lzthzdx)a + (fQ+|Zt|q1dx)Hl

2 2

- Cng ET(6) (fg IZthde)E + (fﬂ |Zt|q1dx)ﬂl

< CfST Er(t) (—E’(t))%dt + CJ'ST Er(t) (—E,(t))qz_ldt

2(r+1)

< csf ET™1(t) dt + cgf (-E'(t)) %= dt
+ee fST(E(t))% dt+c. [, (—E'(®))dt

-r
where ¢, = i(@) . Choose r such that r = 2 — 1 and notice that( BS=rHlt g2~ qzl.
q1— q1

In the rest of the proof, we will consider two cases: g; > 2 and g, = 2.

e Ifg;>2 ,weget

T T
‘zf Er(t)f |z (t)|?dxdt| < cef ET™1(t) dt
S Q S

42—41 T
+C£(E(O)) q1=2 j E™1(t) dt+c.E(s)
s

< Cef ETTN(E) dt+c.E(s), (12)

where ¢ is a positive constant independent of €.

‘f Er(t)U zdx+ ztzdxl

2

< CfST E"(0) I(fﬂ_|2t|Q2dx)qz n fQ+|Zt|q(x)dxl

o Ifg, =2, weget

‘ f E"(t) f |2, (0)|2dxdt| =
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2
< CfST ET(t) I(fﬂ IZth(x)dx)qz + fg |Zt|CI(x)dxl

< CfsT ET () (—E’(t))édt + CfsT ET(t) (—E’(t))dt

2(r+1)

<cef] B0 dt+c. [ (—E'(D) % dt+ cETT(®).

Choose r such that r = % — 1. Hence, we get

T T
H BT [ 1z (@Pdrde| < ce | B de + e B() + BT
S Q S

< cef; ETU(t)dt + (ce + cET(0))E(s)
< cef] ETTU(0) dt+eE(s),

where ¢ = ¢, + cE"(s).

Sincer = % —1land g, = p,, thenr + pi — 1 > 0, and, consequently, the estimates (10) and (11)
2

become, respectively,

Td 2
’—f —(Er(t)f z(t)z.(¢t) dx) dt| < E™(s) + c (E(s)) Pz
s dt Q

2

< [ET(O) +c (E(O))”vz‘l] E(s)
< CE(s). (13)

< E™(s) +c (E(s))”%

r L ET1(OE () JQ 2(6)z,(t)dxdt

< [ET(O) +c (E(O))”vz‘l] E(s)
< CE(s). (14)

q(x)
q()-1'

For the last term of (9), we apply Young's inequality with r(x) = r(x) = q'(x), so for a.e.

X € (), we obtain
2|97t z] < |2, |9®) + ¢ |z]9®),
here

o) = 719 (g(0)) 7 (q0) — DI,

Therefore,

155 Journal of Mathematical Sciences & Computational Mathematics SMART SOCIETY™



ISSN 2688-8300 (Print) ISSN 2644-3368 (Online) JMSCM, Vol.5, No.2, January, 2024

T
J. Er(t)f z|z, |91 dxdt
s Q

T T
< f E"(t) f £]2|9® dxdt + f E"(t) f ¢ ()] 2,199 dxdt
S Q S Q

<ef] BT [f, 1217 + [, |z1%dxde| 2z + [ ET(0) [, ez 9P dxdt

By utilizing the embedding, we get

T
J. Er(t)f 2|z, |91 dxdt
s Q

T

T
< s] E"(0)[c1]VAZ|E + c,|VAZ| 2] +J Er(t)j (%) 2|9 dxdt,
s s Q
where c¢;,¢; > 0 constants independent of €. We recall (4) and (7) to obtain
T T o 2
|fs E™(t) [, ZIZtIQ(")_ldxdt| <ef, E(t) Icl (Qp(x)(VAz))pz + ¢, (Qp(x)(VAZ))pzl
+ [ ET() [, c(0)]z 9P dxat,
T g T Iz_y
Secy [ EMNE) (E@)P2  +ecy [, ETH(2) (E(D))P2

T BT, eu(lzl e
< ces [(E) + (EO)] 7 B0

+ fST ET(0) [, cs(x0)|z| "™ dxdt (15)

C3, C4, Cs > 0 constants independent of . Hence, a combination of (9)-(15) results in

2 j T < e ((+ E(O))%_l(E(O))g_;_l) + f o dar
S S

+eE(S) fg BT [ ce(0)lz| " dxde (16)
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Choose € enough that

ce ((1 + E(O))%_I(E(O))g_i_1> <1

Once ¢ is fixed, then c.(x) < K since q(x) is bounded. Thus, we obtain

T

T
f E™1(t) < cE(s) +Kf ET(t)f |2, ]9 dxdt
S S Q

< cE(s) — K [ ET(t) E'(t)dt
< cE(s) ——= (E™(s) — E™*Y(T))
< c(E(s) + ET(s))

<c(1+ ET(0))E(s) = ¢E(s), VT > s > 0.

By taking T — oo, we get

J; ETH(8) < CE(s),

qz

Hence, Komornik’s Lemma (with o = 5 1) implies the desired result. m
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