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Abstract

We consider the problem of finding a pair of functions p(x) and w(x, t) that satisfy the equation

Wit (x, t) = Wy (x, t) + f(£)p(x) under Cauchy boundary conditions. We will see that an approximate
solution can be found using the techniques of generalized inverse problem of moments and find dimensions
for the error of the estimated solution.

Keywords: generalized moment problem; integral equations; hiperbolic equation, inverse
source.
INTRODUCTION

We want to find p(x) and w(x, t) such that

th(xl t) = Wxx(x; t) + f(t)p(x)
under the Cauchy conditions using the problema generalized moments techniques.
Where f(t) € C1(0,%) is known, and p(x) e L*(ay,b,).

Inverse source problems have significant applications in many scientific areas. This paper studies
an inverse hyperbolic problem. There are numerous works in the literatura that deal with this topic,
for example, in [1] it is investigated the solvability of the inverse problem of finding a solution
and an unknown coefficient in a pseudohyperbolic equation known as the Klein-Gordon equation.
In [2] it is studied a new numerical method to solve an inverse source problem for general
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hyperbolic equations. This is the problem of reconstructing sources from the lateral Cauchy data
of the wave field on the boundary of a domain. The paper [3] is concerned with inverse acoustic
source problems in an unbounded domain with dynamical boundary surface data of Dirichlet kind.
The measurement data are taken at a surface far away from the source support.
The article [4] is concerned with two inverse problems on determining moving source profile
functions in evolution equations with a derivative order a € (0, 2] in time. In the first problem, the
sources are supposed to move along known straight lines, and we suitably choose partial interior
observation data in finite time. In [5] the main aim of this paper is to solve an inverse source
problem for a general nonlinear hyperbolic equation. Combining the quasi-reversibility method
and a suitable Carleman weight function, it defines a map of which fixed point is the solution to
the inverse problem. In paper [6] we study the inverse problem of identifying a source or an initial
state in a time fractional diffusion equation from the knowledge of a single boundary measurement.
The paper [7] studies an inverse hyperbolic problem for the wave equation with dynamic boundary
conditions. It consists of determining some forcing terms from the final overdetermination of the
displacement. In [8] it develops an efficient and convergent numerical method for solving the
inverse problem of determining the potential of nonlinear hyperbolic equations from lateral
Cauchy data. In [9] it is estudied an early-warning inverse source problem for the
elastogravitational equations. It consists of a mixed hyperbolic-elliptic system of partial
differential equations describing elastic wave displacement and gravity perturbations produced by
a source in a homogeneous bounded medium. In [10] is considered a transmission wave equation
in N embedded domains with multiple interfaces of discontinuous coefcients in R?. It is estudied
the global stability in determining the source term from a one-measurement data of wavefield
velocity in a subboundary over a time interval. It is tested the stability estimate for this inverse
source problem by a combination of the local hyperbolic/elliptic Carleman estimates and the
Fourier-Bros-lagolniter transformation. In [11] and [12] is considered the inverse hyperbolic
problem of recovering coefficients.

The objective of this work is to show that we can solve the problem using the techniques of inverse
moments problem. We focus the study on the numerical approximation. The interest is not to
compare with the existing methods, but to present a different method.

The generalized moments problem [13, 14, 15, 16, 17] is to find a function f (x)about a domain
Q c RY that satisfies the sequence of equations

w=J,9:()f(x)dx ieN——-———-—————— (1)

where N is the set of the natural numbers, (gi(x)) is a given sequence of functions in
L?(Q) linearly independent known and the succession of real numbers u; are known data.
The problem of Hausdorff moments [15, 17], is to find a function f(x)en (a, b) such that

b
W =f x'f(x)dx ieN———————— (2)
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In this case g;(x) = x* with i belonging to the set N . If the integration interval is (0,0) we
have the problem of Stieltjes moments; if the integration interval is (—oo, ) we have the problem
of Hamburger moments [15, 17]. The moments problem is an ill-conditioned problem in the sense
that there may be no solution and if there is no continuous dependence on the given data [15, 16].
There are several methods to build regularized solutions. One of them is the truncated expansion
method [16]. This method is to approximate (1) with the finite moments problem

w=Jg()f)dx i=12,.,n————————— (3)

where it is considered as approximate solution of f(x) to
n

PG = > 2 6:0)
i=0

and the functions ¢;(x) ;= n result of orthonormalize (g,,g,, ..., 8,) being A; the coefficients
based on the data y; . In the subspace generated by (g, g,,...,g,) the solution is stable. If
n eN is chosen in an appropriate way then the solution of (3) it approaches the solution of the
original problem (1).

In the case where the data y; are inaccurate the convergence theorems should be applied and error
estimates for the regularized solution ( [16] p.p. 19 - 30).

ARTICLE ORGANIZATION
We want to find p(x) and w(x, t) such that
Wi (2, 8) = wyy (%, 1) + f(Op (%)

under the Cauchy conditions using the problema generalized moments techniques

We will see that the problem can be solved in three steps.
In steps one and two we found an approximation for w(x, t). Then in a third step an approximate

solution is found for p(x).

The next section describes the first step. The section that follows it is explained how the
generalized moment problem is solved with the truncated expansion method and explains the
second step where an approximation for w(x,t) is found.
Then an approximate solution is found for p(x). Finally the numerical examples and the
conclusions.

APPROXIMATION OF w(x, t).
You want to find w(x, t) such that

W (X, t) = w0, ) + fOp(x) — ———————— — — (4)
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about a domain E = (a4, b;) X (0, ) with the conditions
w(x,0)=k(x) a; <x<b
we(x,0) =g9g(x) af <x<b
w(by, t) =s.(t) w(ay,t) =s,(t) t>0
Wy(by,t) = hi(t) we(a,t) =hy(t) t>0
We take as an auxiliary function

X
u(m,r,x,t) = e (51) -7

We define the vector field

F* = (F1(W); Fz(W)) = (Wy,—wy)
We have

div(F*) = wey (x,8) —wy (x, 8) = —=f(Op(x) == ——— — — — (5)

Moreover, as udiv(F*) = div(uF*) — F*.Vu, then

ﬂEu div(F*)dA = ffEdiv(uF*)dA — fLF*.VudA ————————— (6)

where Vu = (uy, u;)

Besides that

deiv(uF*)dA = fL(qu)x — (uw,),dA =
- ff”di”(F*)dAJr ff Wy — UgW A — — — — — — — — -
E E

Then from (6) y (7):

ffE(uxwx —uw,)dA = ffEF*.VudA ————————————— (8)

On the other hand, it can be proven, after several calculations that, integrating by parts:
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ffF*.VudA=
E

with

[oe]

A(m,r) = f

0

(— ;) u(m,r, by, t)w(by,t) — (— Zl—l) u(m,r,ay, t)w(ay, t)de

1

by
B(m,r) = f (=r)u(m,r,x,b,)w(x, b,) — (—r)u(m,r, x, a,)w(x, a,)dx

If bﬂ = r, instead of (8) y (9):

1

ﬂ (—nuw, — (—r)w,udA = @(rby,1)

ffu(—wx + w)dA = ¢(by,T)
E T
with
@(rby, 1)
——==

= f —ru(rby, 7, by, t)w(by, t) + ru(rby, v, aq, t)wlaq, t)dt +
0

by
+ .I- _u(rbll rXx, bZ)(_rbl)W(xi bZ) - u(rbll r, X, aZ)(_rbl)W(xl aZ)dx

ay
We note @, (1) = m, then

ffEu(—wx tw)dA=@,(r)———————————— (10)

To solve this integral equation we take a base y;(r) = rle™™ i =0,1,2,...,n of L2(E).
Then we multiply both members of (10) by ;(r) = r'e~" and we integrate with respect to r, we
obtain

oo

ff H;(x,t)(—w, + w;)dA = f o (MY;(r)dr=yw i=012,...,n————(11)
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where H;(x,t) = fooou(—rbl,r, x, Oy, (r)dr.
We can interpret (11) as a generalized two-dimensional moment problem. We solve it
numerically with the truncated expansion method and we found an approximation p;, (x,t) for

—Wy + Wq.

SOLUTION OF THE GENERALIZED MOMENTS PROBLEM

We can apply the detailed truncated expansion method in [17] and generalized in [19] and [20] to
find an approximation p;,(x,t) of —w, + w;, for the corresponding finite problem with i =
0,1,2, ...,n, where n is the number of moments ; .

We consider the basis ¢;(x,t) i=0,1,2,...,n obtained by applying the Gram-Schmidt
orthonormalization process on H;(x,t) i=0,12,..,n.

We approximate the solution —w, + w, with [13] and generalized in [19] y [20]:

n i
pin(x, t) = Z?xid)i(x, t) where A; = Z Cij 1 i=01.2,..,n
i=0 =0

and the coefficients C;; verify

i-1
(H;(x, t) | ¢ (x, £)) i} , .
Cy = ;(—1) [t oG | 1Genll 1<i<niis)<i

The terms of the diagonal are

Ci = lld;(x, O i=0,1,..,n

The proof of the following theorem is in [19] and [20].

In [20] the demonstration is made for b, finite. If b, = oo instead of taking the Legendre
polynomials we take the Laguerre polynomials. En [18] the demonstration is made for the one-
dimensional case.

This Theorem gives a measure about the accuracy of the approximation.

Theorem
Let {u;}7-, be a setof real numbers and suppose that f(x,t) € LZ((al,bl) X (az,bz)) for
two positive numbers € and M verify:

by (b 2
j _f H;(x, t)f (x, t)dx dt — ;| < £?
a a

2 1

n
i=0
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R R R o Ly e (12)

az “a;
Then

bl bz M2
, )2 dtdx < ming{||[CTC||e?* + ——;i=0,1, ...,
L j £ G O dedx mml{u e+ g n}

where C it is a triangular matrix with elements C;;, 1<i<n; 1<j<i
and

b2 b1 MZ

_ 2 < T2 o~
faz fa [Pin ) = 0 OFF dxdt < ICCTe? + 5y (13)

If b, it is not finite then (12}) change by

b, by
j (xf2 + tfA)dxdt < M?
az

a

And it must be fulfilled that tif(x,t) >0 if t— oo VieN.

So we have an equation in first order partial derivatives of the form

—wy(x, 1) + we(x, t) = p1a(x, )
that is, it can be written as
A1 (x, wy (x, t) + Az (x, Owi (x, t) = prn(x, t)
where A;(x,t) = — and A,(x,t) =1.

It is resolved as in [18], that is, we can prove that solving this equation is equivalent to solving
the integral equation

bl (o 9]
f f K(m,r,x,t)w(x, t)dtdx = ¢,(m,r) — — — — — — — (14)
aq 0
With K(m,r,x,t) = u(m,r, x,t) (bﬁ - r) where now it is taken as an auxiliary function
1

n(3)
ulm,r,x,t) =e  \bi/e T®
and
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by
@a(m, 1) = j u(m,r,x, b)w(x, by) —ulm,r, x, a)w(x, a,)dx —

0o 0 ~bq
- j wGm, 7, by, ) w(by, ) — u(m, 7, ay, Ow(a, )dt — f f p1y Ct, Dudxdt
0 0 Jag

Again we take a base:
P;;(m, r) = mirfe=(m+n) i=01,..,n;, j=012,..,n,
and we multiply both members of (14) by ys;;(m, r) and we integrate with respect to m and r

We have then the generalized moments problem

where

b1 [o2)
Hij = J- J- ©2(m, )Y (m, r)dmdr
a 0

1
by oo
Hij(x,t) = f f K(m, 7, x,)y;;(m,r)dmdr
aq 0

We apply the truncated expansion method and find a numerical approximation p,, (x,t) for
w(x, t).

APPROXIMATION OF p(x)

We consider

th(xl t) = Wxx(x; t) + f(t)p(X) _________ (16)

We take as an auxiliary function

X
u(m,r,x,t) = e_m(b—l)e—r(t)

We define the vector field

F* = (Fl(W);Fz(W)) = (Wy, —W)
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Again we considerer

ﬂu(—f(t)p(x))dA = ﬂ div(uF*)dA — ff F*.VudA

where Vu = (uy, up).

And

E E

Integrating by parts:

0 ~bq
ff Fiu,dA = J- J- F u,dxdt =
E 0 a

1

= f (W(bl,t)ux(m, r, by, t) —wlay, )u,(m,r, a,, t))dt — ﬂ- Wi, dA
0 E

Analogously

by by
ff Fyu;dA = f f Fyu;dxdt =
E a, Ja

1
b

1
= f (W(x, b)u.,(m,r,x,b,) — w(x, a,)u,(m,r, x, az))dx — ff wiuy dA

aq E

then

ffF*.VudAz
D

b,
= f (W(bll t)ux (m; T, bll t) - W(all t)ux(m, r,aq, t))dt +
az

by
+ (W(xl bZ)ut(mi "X, bZ) - W(xl aZ)ut(mt X, aZ))dx -
ay
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—ﬂw(uxx + uy)dA

where
ffEW(uxx + u,)dA = ffE wu (— (bm)z + (r)z) dA

On the other hand,

f ] div(uF*)dA = f (WF").nds =
E C

b1 bl
= f u(m,r, x,b)w,(x, a;)dx —f u(m,r, x, az)w,(x, b)dx +
a a

1

bz bZ
+f u(m,r, by, t)w,(by, t)dt — J- u(m,r,aq, t)w,(a,, t)dt = G(m,r)
ap az

J:I- u(—f()p(x))dA = G(m,r) —

2
(W(bl, tu,(m,r, by, t) —wlay, t)u,(m,r, a,, t))dt —

az

by

(W(x, b)u,(m,r,x,b,) — w(x, a,)u,(m,r, x, az))dx + ff wu <_ (bﬂ)z + (r)2> dA
E 1

ai
m 2 .
Wemake—(b—) + 72 =0,then (ifm>0,r>0, b, >0)
1

[ w(m e xt) (~r@peaa = 6 (m b1>

_ f <W(b1.t)ux< b t) = wia, O (m - @ ))dt_

_fbl <W(x, bz)ut< Z;L X, b2> —w(x, ay)u, (m,Zl—l,x, a2)> dx
) =ps(m) ———————~— (17)
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| w(m 3 xe) (-ropenan = f " B pe) ( f e f(t)dt>dx=<p3(m)

a

If K(m) = f0°°e‘b_"i © £(t)dt then

by m
f e piydx =22 (18)

) K(m)

We take a base:
Pi(m) =mle™  i=01,..,n
and we multiply both members of (18) by y; (im) and we integrate with respect to m.

We have then the generalized moments problem

where

p3(m)
Hi—Ll K(m )ll)( m)dm

b, m
Hy(x) = f e 5% ,(m)dm

a
We apply the truncated expansion method and find a numerical approximation ps,,(x) for p(x).

If source is p(x)f(x,t) then

[ w(mxt) ~fex opaa = f "B ) ( f e t)dt) dx = 3 (m)

1
We wrote K(m,x) = ["e 1" f(x,t)dt then

bq m
| e o peodx = gum) —— - - - - - (20)
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If {e_bml" H(m, x)} are linearly independent then we apply the truncated expansion method

and find a numerical approximation ps,(x) for p(x).
For this it must happen that f(x,t) be such that |min H(i, x)| # 0 given that
LXx

n
_m.
m=1

m:
n
-'-kae_b_lx=0 =k,=0 m=1,...,n
m=1

0= >

min H(i, x)
X

n
Z k,, e P1*H(m,x)
1

NUMERICAL EXAMPLES

Example 1
We consider the equation

Wee (6, 1) = Wi (x,8) + p(x)(—e™)  E =(0,1) x (0,00)
The solution is : w(x, t) = e~(1+0)*=t p(x) = e~ (%1 4 8x + 4x?)

Taking into account the previous theorem we calculate the accuracy as a way of comparing
w(x, t) with p,,(x,t), and
p(x) with ps,(x)

To find p,,,(x, t) we taken = 6 moments (m = 0, ...,5)
To find p,, (x,t) we taken = 6, moments n, = 3,n, = 2, intotal n = n,;.n, = 6 moments.

o] 1
\/ f f (W(x,t) = pon (x, ) dxdt = 0.0243825
0 0

In the Figure 1 we show the exact solution (light blue) and the approximate solution (magenta
color).

Analogously to find p;, (x) we take n = 5 moments

jf (p(x) — p3n(x))2 dx = 0.00110864

In the Figure 2 we show the exact solution (light blue) and the approximate solution (magenta
color).
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Fig. 1: w(x, t) and py,(x,t) Fig. 2: p(x) and p3,(x,t)

Example 2
We consider the equation

Wee (X, 1) = Wy (x, t) + p(x)e % E =(0,1) x (0,0)
The solution is : w(x, t) = (x + 1)?(e~t7%) p(x) = (2+ 4x)

Taking into account the previous theorem we calculate the accuracy as a way of comparing
w(x, t) with p,,(x,t), and
p(x) with ps,(x)

To find py,,(x, t) we taken = 6 moments (m = 0, ...,5)
To find p,, (x, t) we taken = 6, moments n, = 3,n, = 2, intotal n = n;.n, = 6 moments.

o] 1
J f f (W(x,t) = pan (6, )’ dxdt = 0.105668
0 0

In the Figure 3 we show the exact solution (light blue) and the approximate solution (magenta
color).

Analogously to find p;, (x) we take n = 5 moments

\/f (P(x) - pgn(X))z dx = 0.004861

In the Figure 4 we show the exact solution (light blue) and the approximate solution (magenta
color).
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Fig. 3: w(x, t) and py,(x,t) Fig. 4: p(x) and p3,(x,t)

CONCLUSIONS

The problem of finding w(x, t) and p(x) in the Poisson equation w;, = w,, + f(t)p(x) about
a domain E = (a4, b;) X (a,, ), under the Cauchy conditions it is possible to solve it using the
problem generalized moments techniques. First we can deduce w(x, t) intwo steps. We consider
the equation w,; = w,,, + f(t)p(x), we turn it into an integral equation and with the techniques
of inverse problem moments we find an approximate solution
pin(x,t) for —w, + w,. Then we consider the equation —w, (x,t) + w;(x,t) = p;,(x,t) and
again we take it to an integral equation to solve it and find an approximate solution p,,, (x,t) for
w(x, t). Finally we consider w, = w,, + f(t)p(x) and again we take it to the integral equation

f:;e—;"—lx p(x)dxz%::)) and find an approximate solution ps,(x) for p(x).
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