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Abstract

In this investigation, regular perturbation procedures in asymptotic expansions of the relevant variables are
employed to discuss the static buckling analysis of a finite deterministically imperfect but viscously damped
column resting on some quadratic—cubic nonlinear elastic foundations, but struck by a step load. The
governing equation for the system under discussion is fully nonlinear, so that a closed form and easy
solution to the problem is not possible. An approximate analytical solution to the problem is obtained using
asymptotic and perturbation techniques and numerical results obtained show that increase in imperfection
factors lower the static buckling loads of the column.
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INTRODUCTION

Most often in the dailies we hear of collapse of buildings, bridges and other material structures.
All or some of these are forms of buckling. Buckling is catastrophic in nature and should be
avoided at all costs. Enormous resources and efforts have already been put by Engineers and
Applied Mathematicians in order to get the optimal loads (buckling loads) that structures can carry
before buckling occurs, yet buckling of elastic material structures still occurs from time to time.
There is already in existence a substantial quantum of investigations related to the stability (or
otherwise) of columns (finite or infinite) when subjected to either a static load or dynamic loads.
Some of these earlier studies include investigations by Amazigo and Ette (1987), Amazigo and

Frank (1973), Elishakoff and Gue’de’ (2001) and Ette (1992), among others. We however, remark
that the static problem of infinitely long columns was investigated by Amazigo et al. (1971) by
using the method of equivalent linearization as well as a perturbation expansion involving double
scaling in the spatial variable. Most of the earlier works done on this subject matter had used the
numerical methods (Finite Element Methods) for the buckling analysis. In this study, we are
investigating, using purely analytical methods, the static buckling and stability of a finite
deterministically imperfect but viscously damped column resting on some quadratic—cubic
nonlinear elastic foundations, but struck by a step load.
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FORMULATION OF THE PROBLEM

The usual differential equation satisfied by the deflection W(X, T) of the column under
consideration satisfies the following partial differential equation, as in Amazigo and Frank (1973),
Amazigo and Oyesanya (1986) and Ette (2003):

mowTT + COVV,T + EIVV,XXXX + ZP(T)VV,XX + k1W - k2W2 - k3W3

62
= —2P(T)W, T>0 0<X<m (2.1a)
W= Wyx=0atX=0m t=>0 (2.1b)
W(X,00=W;(X,00=0, 0<X< (2.1c)

where, a comma preceding a subscript indicates partial differentiation. Here, m, is the mass per
unit length, ¢, is the damping coefficient, EI is the bending stiffness, where E and I are the Young’s
modulus and the moment of inertia respectively. Here, the nonlinear elastic foundation exerts a
force per unit length given by k,W — k,W? — k;W?3 on the column, where k,, k, and k5 are
constants such that k,>0, k, > 0and k3> 0. In this formulation, we have excluded all
nonlinearities higher than cubic, while all nonlinear derivatives of W(X, T) are also excluded. W
is the stress — free time independent twice — differentiable initial imperfection displacement. All
aspects of axial inertia are neglected. Equation (2.1a) is a dimensional partial differential equation,
and so in order to render it non — dimensional, we adopt the following quantities as in
Chukwuchekwa (2017):

1 1 1
ki\% k,\2 P(T ks\2 _
x = (E—;) X, w= (k—z) W, Af(¢) = (—)1 . ew = (k—3> W (2.2a)
1 2(Elk,)2 1
1 3
2= —0 ¢ (k1 )2 T 2 <k3)2 W (22b)
= , = L — , a = , = | — .
(mok,)? mo ik, ka
Here, we shall assume the following inequalities
0<46<1l O0<ekKlandl< A<1 (2.3)
On substituting (2.2a, b) into (2.1a) and simplifying, we obtain
Wee +26We + Wy + 2f (O)Way + w— aw? — Bw? =
—2ef(DZ, >0, 0<X<m (2.40)
w=wxy=0atx=0,m t=0 (2.4b)
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w(x,0) = w.(x,0) = 0, 0<x<m (2.4¢)
In the dynamic case, we shall assume the step function for f(t), i.e,

TR

)

In the case where there is no preload, the relevant equation is

2

@
W +26We + Wogex + 2AW, + w — aw? — Bw3 = —ZEAW (2.5)

Here, we are assuming 6 and € to be two small but unrelated parameters that satisfy the inequalities
as in (2.3). Our ultimate aim is to determine the static buckling load As. According to Budiansky
and Hutchison (1966) and Ette and Onwuchekwa (2007), the condition for static buckling is

1

=0 (2.6)

where, w is the displacement.

STATIC DEFORMATION OF THE COLUMN

We shall let w (x) be the displacement during the static loading. Here, there is no time dependence
on the displacement. In this case, we must neglect the inertia term, the damping term and all other
time dependent terms and set f(t) = 1 in (2.5), so that the resultant equation from (2.5) is

d*w d*w d?

0}

ot ZAW+ w— aw’ — Bwd = —ZEAW, 0<x<m (3.1
d*w

w = Te? =0, atx = 0,T (3.2)

For solution, we assume the asymptotic expansion,

w(x) = Z w'el (3.3)

and, following (3.2), we let
w = a,sinmx,m fixed, and |a_m | <1 (3.4)
On substituting (3.4) on the right hand side of (3.1), we obtain

fo  pde, 2 _ Bw® = 2eAGmm’si 35
Tl Tz T e aw Bw® = 2eia,m sinmx (3.5)
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On substituting (3.3) into (3.5), and equating coefficients of powers of €, we get

Lo® = o), + 220 + o® = 2@, m?sinmx (3.6)
Lw® = a(w(l))z (3.7)
Lo® =2 awWe® + Bu®® (3.8)
etc.
w® = 0l =0,atx=0mn (3.9)

At this stage, we have let Z—i’ = Wy

For solution of the systems of equations above, we assume w® in the form,
w® = Z w sinnx (3.10)
n=1

We now substitute (3.10) into (3.6) and get
Z;‘{;l{(n“ — 2An? + 1)w,(ll)}sinnx = 2@, m?sinmx (3.11)

If we multiply (3.11) by sinmx and integrate from 0 to 7, we obtain, for n = m,

g{(m4 — 2am? + 1)w§,?} = 2 (2Aa,,m?) (3.12)
22a,,m?
1
wl = #z - (3.13a)
where,
N2 =(m*-2m?+ 1)>0,Vvm (3.13b)
2 0® = oWsinmx (3.14)

On substituting for w,(,f) from (3.14) in (3.7), we get
2
Lw® = a(w,(,})) sin? mx (3.15)
Using (3.10) On (3.15), we get

2
Z;‘le{(n“ — 2An? + 1)w,(12)}sinnx = a(w(l)) sin? mx (3.16)

m
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We multiply (3.16) by sinmx and integrate from 0 to w and obtain for n = m,

W)?
m 4 2 @ _ ta(wy’)
E{(m 22m? + Dol }_ —n (3.17a)
2
@ 8a(w$))
Wy~ = W,(formodd) (317b)
2 0® = oPsinmx (3.18)
We now substitute in (3.8) and get,
3
Lo® = 2awP 0 sin? mx + [)’(a),(,})) sin® mx (3.19)

On using (3.10) in (3.19), we get

= 3
Z{(n4 — 2An* + 1)w,§3)}sinnx = 2a0Pw? sin? mx + ﬁ(w,(,?) sin® mx

n=1

On further simplification, we have

Z{(n4 — 2An% + 1)w,(l3)}sinnx

n=1

B(0)

= aw,(;)w,(;)(l — cos2mx) + 2

(3sinmx — sin3mx)  (3.20)
At this stage, the buckling mode splits into two, i.e, those in the shape sinmx, and those in the
shape sin3mx. On multiplying (3.20) by sinmx and integrating from 0 to wr, we get for n = m,

3 )3
_ s, @, 3men) 21a
@ _ 8¢ (1 @ , 3B 3.21

T
-2 w
27 "mTn 3m m m 8

hence,

m3
16aw£,11)w$) 3ﬁ(“’$n))

3) _
wn - 2 2
3mny, 405

(3.21b)

3
1
@ _ 128a°D, 3B(wi’)

= 3.21
mn (3mmN3,)? * 402, (3:21¢)

On the other hand, if we multiply (3.20) by sin3mx and integrate from 0 to &, we get for
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n =m,
1) (2 1
(1)(3) _ Zaw( )w( ) ﬁwgn) (3 zza)
3m 3mn0Z,, 40%,. '
where,

Nz, =8lm*— 181m?+ 1 >0,V m (3.22b)
Hence, we get

3

w® = wPsinmx + w8 sin3mx (3.23)

Thus, following (3.3), we get
w(x) = oWe + 0@Pe?+ w®e3 + ...

€Y () 3 (3)

B w(x) = ew,’sinmx + €w,’sinmx + € ( sinmx + w, sm3mx) + .. (3.24)

For simplification, we shall determine (3.24) at its maximum point, where

T
Xq = % (325)

where, x, is the value of x for w(x) to attain its maximum, thus, w, = w(x,). Then,
w, = €0 + 20P + ¢ ( @) _ wgf%) + .. (3.26)

If we substitute for wSy, €20, w'Pand w)in (3.26), we have

Wg = Dpe+ ——=€?+ ¢

8aD2, 128a?D2,  3BD,°> 2a?D3  BD}
3mmN3,

i (Smn.(l )? * 402 * 3mn0Z, 4!2§m>+ - (3.27)
On further simplification, we get

wg = e€+ ee + ezed + ... (3.28a)
where,

8aD}, _ 3BDn’py

m_ - 3.28b
3mn3, . 402, ( )

ee=D,, e=

where,
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pp=1+ Wsl%gm(%) + §(§_";) (a?) + %(Z"L) (3.28¢)

In order to use the condition, % = 0, we need to reverse the series (3.28a), as in Ette and
Onwuchekwa (2007), and get

€ = flwa'l' fz(l)a2+ f3a)a3+ (329)

We need to determine f;, i=1,2,3,...By substituting for w, from (3.28a) into (3.29) and
equating the coefficients of ¢, €2, €3, etc., we get
1 —f1€z —€
fi=— fo= = — [z3=
1

e, ef

—(fies + 2f,e18;)  2ef — ejeq
e’ e;

(3.30)

. da
The maximization, -

a

maximization is better done using (3.29) to yield,

o= G oo+ A} (G oo+ 2]+ ((Gan) oe + 3]
do. - War da,) @2 T /1 a do,) Vo T 2% D dw,) ©2 T 3fs@ay

= 0 is accomplished by knowing that each e; is a function of A. The

but,

dfy d\ _ df, d\ _ dfy dA _
dA dwg  dA dwg  dA dwg

Hence, we get
fit+ 2frw, + 3f302 =0 (3.31)

where, (3.31) is determined at 1 = Ag, and on solving for w, () in (3.31), we get,

0a005) = 5 (~fo + (2~ 3)2) (332)
a\”*S 3f3 2 = 2 1J3
We shall now simplify (3.32). Now, we have,
5 1 [3e Sez

(fz — 3f1fs)2 = \/9_15<1— 3ele3> (3.33a)

However, we shall take only the negative sign in (3.32). Thus, we get

—fo— (f2 = 3fif)i = —(f7 — 3ifs):

1+ %‘ (3.33b)
(F#-3f1f3)?

On substituting f;, f> and f3 in (3.33b), we get
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—fo— (f2 = 3fif)i = —(f7 — 3fifa):

.
(f2-3f1f3)?

3e 5e2 e
= — —53(1— 2 > 1- 2 (3.34)
e; 3e,e3 j 52

2e? — eje;  —eg 2ez2
= = 1-— 3.35
f3 5 ef ees ( )

1

- wa(ls) = 3f,

(<f— 02 - 3£57)

2
9193 &(1_ 3562 )
€163

€

3 1 3eg ) 5e? " e,
- (1_ 2e22> e’ 3e;e3 \/

_1 _ ez

2
3 5e2 &(1 L )
e;|\1— 3 eq 3eie3
= ©1% (3.36)
3es 2e2 '
( B 9193>

We shall now simplify (3.36) by doing the following:
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Y _ 2] (3.:37a)
3es 38D3p1 1 :
3 =20z 3p2
402,
where,
R, = pi (3.37b)
1
Also,
1
[ s (oD, )2 Vo
5e2 02 1
3e 65 3D,,.38D;,pq
Iy
where,
2
1280(“—)
— _ B
Ry = (1 81(m7t.(2m)2p1> (3.37d)
We know that,
[ ()
8aDy \2 o2
512\ —
3e3 5e3 38D3, 27(Mm2m)?%p4
Z(l‘m) ez, R
Therefore, we get
1- 22
3&( _ _s€s > ___16aDm
e 3eqe mmldm
— = | w2 p, (3.37f)
(1— 262) 512(?) /
e 1= tmmam) 2o,
From (3.36), we get
1
20, R? 1
w(As) = wgs = m1 : R§R3 (3.38)
332
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where, all the terms in (3.38) are evaluated at A = Ag. Thus, we have evaluated the maximum
displacement at static buckling, as in (3.38). We shall now determine the static buckling load and
this is obtained by evaluating (3.29) at A = As.To simplify the operation, we multiply (3.29) by 3
and get,

3€ = 3fiwgs + 3fowis + 3fz03, (3.39)
We now evaluate terms at static buckling from (3.39), and get
3€ = 3(fiwgas + fowis) + was(Bfzwis) (3.40)
But from (3.31),
3f303, = —f1 — 2fowgs (3.41)
On substituting (3.41) in (3.40), we get
3€ = 3(figs + fo0is) + Was(—fi — 2f204s)

= was(Bf1 + 3f2was — fi — 2fow4s) = was(2f1 + fr045)

_ fzwas)
= 2fi0gs (1 + = 7 (3.42)
On substituting for f; and £, in (3.42) from (3.30), we obtain,
2(‘Uas €2Wgs
3e = (1 - > 3.43
€1 2fy ( )
If we substitute for e; and e, in (3.43) from (3.28b), we get
40,,(R.R 1R 8aD,,(R.R lR
2 a 2
3e = m( i 2) 3 1— m( 1 2)1 3 (3.44)
362D, Imn,,[?2
But from (3.13a), we have
2Am?a,,
If we simplify the terms in the square bracket in (3.44), we get
i
03, = BPAsm ame (3.45)
Z(RlRZ)%R3<1_ w)
9m11:.(2mﬁ5
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On substituting for £2,, at buckling in (3.45), we get

1
3 9B821.m?a,, €
(m* — 2A;m? + 1)2 = prAsm G . (3.46)
. 1
2 RRIR, ( - 8aDm(R1R2)12R3>
Imn,,p2

Equation (3.46) gives an implicit equation for the evaluation of As. The dominant value of Ag is
ontained for m = 1.

Having initiated the static deformation which finally resulted in the determination of the static
buckling load, A, we shall, in our next research work, discuss the dynamic deformation of the
same column.

RESULTS AND DISCUSSION

Equation (3.46) gives an implicit equation for the evaluation of Ag. Sample codes written in Q-
basic programming language were able to obtain numerical values for the static buckling loads of
the finite imperfect column, as we vary the imperfection factors, as shown in Table 1. Using Table
1, a graph of the static buckling load against imperfection factors is shown in Figure 1. We observe
from Figure 1 that imperfection is a key factor in determining the buckling load of the column
because as the imperfection factors increase, the static buckling load decreases and is in agreement
with Chukwuchekwa (2017).

Imperfection Static Buckling Load, 4¢
factor, ae
0.01 0.895588
0.02 0.866607
0.03 0.846223
0.04 0.829973
0.05 0.816239
0.06 0.804232
0.07 0.793499
0.08 0.783737
0.09 0.774766
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0.1 0.766442

Table 1: Table showing the relationship between the Static buckling load, A¢ and the imperfection

parameter, ae and using equation (3.46).

>
1%}

0.95 ~

0.85 -

STATIC BUCKLING LOAD

0.75 -

0-7 T T T T T T T T T 1
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IMPERFECTION FACTOR 3¢

Fig.1: Graphical plot showing the relationship between the Static buckling load, As and the
imperfection parameter, ae using equation (3.46).

Results show that imperfection is a key factor in determining the buckling load of the column
because as the imperfection factors increase, the static buckling load decreases.

CONCLUSION

The regular perturbation technique in asymptotic expansion of the relevant variables has been
effectively utilized in analyzing the static buckling of a finite deterministically imperfect but
viscously damped column resting on some quadratic—cubic nonlinear elastic foundations, but
struck by a step load. With the help of Q-BASIC codes, numerical results obtained show that
increase in imperfection of the column lowers the static buckling loads of the column. It is our
contention that this same procedure can be used in the stability analysis of the dynamic buckling
of the same column to ascertain the effects of light viscous damping and pre-static loads on the
dynamic loads of the column.
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