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Abstract

We study a new subclass T*(g, ¢, a, A, u, B,t) of univalent functions with negative
coefficients defined by Hadamard product using a generalized differential operator.
Coefficient estimates, distortion theorems are established. Further, extremal properties and
radii of close-to-convexity, starlikeness and convexity of the class T*(g, ¢, @, 4, u, B, t) are
obtained.

1. INTRODUCTION

Let S denote the class of functions of the form

f(z)=z+ a z¥
kZZ "

Which are analytic and univalent in the open disk U ={z:z € C|z| < 1},
normalized by f(0) = f'(0) —1 =0, See [3]. Let T * (¢) and K(¢), (0 < ¢ <
1) denote the subclasses of functions in S. That is, starlike and convex functions of
order ¢ respectively. Analytically, (f € T * (¢) if and only if, f is of the form
(1.1) and satisfies

Re{Zl]:(S)}>O, O<p<1, z€el)
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Similarly, f € K(¢) ifand only if, f is of the form (1.1) and satisfies

Zf”(Z)
f'(2)

Let T denote the subclass of S consisting of functions of the form

Re{1+ }> 0, 0<ep<1,z €l

o

1.2
f(z):z—Zakzk (axy =20,k €N) 1.2
k=2
This class has introduced and studied by Silverman [9], Let R*(¢) = RN
T*(p),CV(p) = RNK *(¢p). The classes R*(¢) and K*(¢) possess some
interesting properties and have been extensively studied by Silverman [9] and
others. The Hadamard Product (or Convolution) of two power series

(0]

f(Z) = Zz—- aka,g(Z) =z — kak (1.3)
2 2

k=2
In T is defined by

o

(f )@ =D g() =2~ ) bt (14)

k=2

Furthermore, f € A, Opoola [7] defined the differential operator D™ (w, 8, t)f (2) :
A — A such that

D°w B, Of(2) = f(2)
D'(w B, )f(2) = zDif(2) = ztf'(2) —z(u— B)t + (1 + (B —u— D) (2)
Dz((p' ﬁt t)f(Z) = ZDt(Zth(Z)) = ZDt(D(:u' B' t)f(Z))

D"(u, B, )f (2) = 2D (D" (1, B, )f (2)),n € No = N U {0}

If f£(2) is given by (1.1), then from the above definition of D™ (u, B, t) f (z) we have

(1.5)
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D", B Of (2) = 2 + Z;[l +(k+ B - = Dt az*

0<upB,t=0andn e N,=NU{0}

With the above differential operator, the convolution of two power series f(z) and
g(2) is given by

[0e]

DM B0 *9)@) = 2= ) [L+ e+ f = = DEI" ayhyzt

k=2

(1.6)

Motivated by Atshan et al. [2] and see [10] Now, we define a new subclass
T*(g,o,a A u B,t) of theclass T.

Definition 1.1. For 0<¢ <1l,a>0 and OSAS%,OSuSﬁ, we let

T*(g,9,a, A u, B, t) be the subclass of the class T consisting of functions of the
form (1.2) and satisfying the analytic criterion.

zD™ (Bt (f*g9) (2)

(B0 @) | 1D WBOGD D s
D (B0 (f+9)@) P wpO@ P = DB @)
PUWAOG" @ _ g w7

D™ (u,B.)(f*9)(2)

The main object of this paper is to study some geometric properties of the class
T*(g,o,a A u B, t) like the coefficient bounds, extreme points, radii of
starlikeness, convexity and close to convexity for the class T*(g, ¢, @, 4, u, B, t).
Furthermore, we obtain partial sums for this class. Atshan and Buti [1], Dziok and
Srivastava [5], Goodman [6], Ruscheweyh [8], Silverman [9] studied the univalent
functions for different classes.

2. COEFFICIENT INEQUALITIES

In the following theorem we obtain necessary sufficient condition for a function f
to be in the class T*(g, @, @, A, 1, B, t). We will mention some lemmas useful for
our work.

Lemma 2.1. [8] Let ¢ > 0 and w be any complex number. Then Re(w) = ¢ if and
iflo—1+@)|<|w+1-9¢).
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Lemma2.2. [8] Leta = 0,0 < ¢ and 8 € R. Then Re(w) > alw — 1| + ¢ if and
only if Re(w(1 + ae®®) — ae'®) > ¢ where w is a complex number,

Theorem 2.3. Let f € T be given by (1.2). The f € T * (g, @, @, A, u, B, t) if and only if

D k(1 + O+ (k= D) = @+ QI+ (k+ — = Db < (1 - ¢)

=2 (2.1)
The result is sharp for the function
F2) =z 1-9)
k(1+a)A+(k—-DA)—(a+)][1+ (k+ B —u—1)k]"*b;
Proof. Suppose f € T * (g, ¢, a, A, u, B,t) and |z| = 1, then by definition (1.1)
Re{zD"(#,ﬁ,t)(f*g)’(Z) A2’D"(wB.O(f*9)" (2) } > lzD"(u,B.t)(f*g)’(Z)
D™(u,B.0)(f*9)(2) D™ (wB)(f*9)(2) = DM(uB0)(fxg)(2)
DB 9" @) _ 1|
D™M(u,B.t)(f+9)(2)
Using lemma (2), it suffices to show that
(2.2)
zD™M (W B)(f+g)r  (2) | AZ*D™(wBB)(f*g)" (2) 0\ _ ,,i0
Rel| ~onupot-0m oo | (LT aet)maeDi>g
- Pe (2™ B.D(f+9) (+Az2D™ (B, (F+9)" () (1+ae™®)—ael® D™(u,B,0)(F+9)(2) > 0ER

D™ (wB.)(Fg)(2)

For convenience, let A(z) = zD™(u, B, t)(f * g)'(z) + 2z2D™(u, B, t) (f * g)”(z)(l +

aeig) —ae®D™(u, B, t)(f * g)(z) and B(z) = D™(u,B,t)(f * g)(z) that is equation
A(z)

(2.2) is equivalent to Re(ﬁ) > ¢ Making use of lemma (2.1)
A@2) A(2) A(2)-(1+¢)B(2) A(2)+(1-9)B(2)
|B(z) -+ (p)| S ta- (p)| = B(2) B(2)
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|A(2) + (1 = 9)B(2)| = |(A(2) = (1 + @)B(2)| 2 0

Now

1A(z) + (1 = 9)B(2)|

- Z K[1+ (k + B — p — D] aybez")
k=2

k=2

_ A(z k(k = D[+ (k + B — u — Dt akbkz">> (1+ ae®®)

- aeff’((z “ D+ G+ - e akbkzk> +(1-9)z

k=2

— Z k[1+ (k+ B — pu— 1)t]"apb,z")|

k=2
= |(z(1 + ae'®)

_ Z KL+ (k+ B = — De]"(1 + ae®)aybyz*

k=2

- A(Z k(= DI+ (k + B — = De(1 + ae®)aybyz* — ae'®z

k=2
+ Z[l +(k+ B —u—Dt"aea,brz* + (1 — @)z
k=2
(-9 Z K[1 + (k + B — u — D] aybyz*
k=2
=z + zae'

- Z K[+ (k + B — i — De"(1 + ae®)ay by z*
k=2

- A(Z Z k(k— D1+ (k+p —u—Dt]*(1+ ae®)aybyz" — ae®z

k=2k=2

+ Z[l + (k+ B —u—Dt]"ae®aybyz* + z — zo
=
~ (1= ¢) ) K1+ (e + B = = Delaybyz*|
k=2
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[oe]

=12 - @)z — Z[(k + ek — 1D(1+ ae®®) — ae®® + (1 - @)][1
k=2
+ (k+ B — pn— Dt]"abpz¥|

> (2 —(p)Z[k(l T A=D1 —a)—a+ 1 =@+ Kk + B — i — Dt agby
k=2

Also
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14(z) + (1 — 9)B(2)|

_ Z K[1+ (k + B — u — De]"agbpz®)

k=2

- A(Z k(k—1D[1+ (k+p—p—Dt]" akbkz")) (1+ ae®?)

k=2

— aei6(<Z - Z[l +k+p—p—Dt]" akbkzk> -1+ 9)(z

k=2

— Z k[1+ (k+ B — pu— 1)t]"apb,z")|
k=2
= |(z(1 + ae'®)

- Z k[1+ (k+p —pu—1e]"(1+ ae®®)aybyz*

k=2

- A(z k(k—D[1+ (k+p—pu—Dt]"(1 + ae®)aybyz" — aez

k=2

+ Z[l +(k+ B —u—Dt"ae®a,b,z* + (1 — @)z

k=2

-(1-9) z k[1+ (k+ B —u— Dt]"agb,z*
k=2

=z + zae®®

- Z K[+ (k + B — i — De"(1 + ae®)ay by z*
k=2

- A(z Z k(k— D1+ (k+p—u—Dt]*(1+ ae®)aybyz" — ae®z

k=2 k=2

+ Z[l + (k+ B —u—Dt]"ae®aybyz* — z — zo
k=2

+(1+9) z K[1 + (k + B — u — Dt]"aybyz"]

k=2

[o¢]

02— Y (14 e)(k + kalk = 1)) — ae® — (14 ) 1
k=2
+ (k + B — p— Dt]"aybyz"|

Now with |z| = 1
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S<p+Zk((1+a)(1+A(k—1))—a—(1+<p))[k[1+(k+ﬁ—u—1)t]”akbk
k=2

It is easy to show that

1A(z) + (1 = 9)B(2)| — |A(2) - (1 + 9)B(2)| = (2 — )

—Z[k(l Ak = DA —a) —a+ 1 — D[+ (k+ B — u— D] aby

2

—¢—Zk((1+a)(1+/1(k—1))—a—(1+(p))[1+(k+ﬁ—u—1)t"akbk
k=2

2(1—¢) — 22(1«(1 + o)1+ (k=D — @+ @)1+ (k+ B — - Dt"ayhy >
k=2

= Z(k(l +)A+ k=D =@+ @)1+ U+ —p—Dt"axhy <1—9
k=2

Conversely, suppose the inequality (2.1) holds, we need to show that

Re l(zD”(u, B.O(f *9)' (2) + 2z2D™(u, B, ) (f * 9)"(2))(1 + ae'®) — ae®D™(u, B, ) (f g)(Z)l
D™(w, B, t)(f * 9)(2)
=@

then

Re [(ZD”(M, B O *9) (@) +A2°D W B, O(f * 9)" (@) (1 + ae®®) — ae® D™ (B, ) (f * 9)(2) — <P]
D™ (u, B, )(f * 9)(2)

=
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Or equivalently

((z = TP k(1 + (k + B — p — Dt]"abyz) + AT, ke — D1+ (k + B — pu — Det]"aehy zX) (1 + ae®®) — ae®®(z — T [1 + (k + f — p— DE)

ket 2 —3e 1+ (kt B —u— Dejtagbez

n

21— ) = 3 apbe[l+ (k+ B — u — D™ (k(l +ae®)(1+ (k — 1)2) — (ae® +¢)) 2
= Re{ zZ— 2w+ (k+ B —u— Dt]"ayb,z* }

>0

2[(1 = ) = Ny by [1+ G + B — = D] (k(1 + ae®)(1 + (k — DA) — (ae™ + ) ) 2571
= Ret z(1 = 32,01+ (k+ B —u—1)t]" aghpz*1) }
>0

Since |et?| = 1, Hence Re(e'¥) < |e'®| = 1, letting |z| — 17 1yields

2.3)
[(1— ) = ¥ aphz"[1+ (k+ B —p— Dt]"(k(1 + ) (1 + (k — DA) — éa + <P))]}

= Re{ 1=Y%,[1+ k+p—pu—Dt]" arby)

>0

choosing the value of z to tend to 1 on the real axis that

[(zD" (. B, O (f * )" (2) + A2°D™(, B, ) (f * 9)""(2)) (1 + ae’®) — ae™® D" (u, B, ) (f * 9)(2) — 9]
D™(u, B, ) (f * 9)(2)

is real. Upon clearing the denominator in (2.3) we obtain

Yisalabi[1+ (k+ B —p = De]"(k(1 +a)(1 + (k= DA) = (e + @))]] <
1—o.
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Finally, the result is sharp for the function

1—-9)
k(1 + )1+ (k—DA) = (@a+ @)][1+ (k+ B —pu— 1Dt]"by

f@)=2z-

The proof is complete.

Corollary 2.4. Letf € T * (g, ¢, a, i, B,t). Then

0 < 1-9)
KTk + )@+ (k— D) — (@ + @1+ (k+ B — u— 1)t]"b,

taking A = 0 in theorem (2.3) we get the following corollary.

Corollary 2.5. Let f € T given by (1.2). Then f € T * (g, ¢, a, u, B, t) if and only
if

DI+ = @+ @I+ k +f == De" < (1= )

k=2

3. GROWTH THEOREM AND DISTORTION THEOREM

Theorem 3.1.If f € T * (g, ¢, a, u, B, t) and by, = b,. Then

- =0 < IFG)
RO+ @A+ D~ (@t @I+ G- p T Db,
< d-¢ 2
<r+ r
A+ + D @+ )0+~ h+ D',

r

and

_ 2(1-9)
2A+a)A+D) - (@+@]1+ (B —p+1)t]"b,
<1+ 2(1-9)
= r
RA+a)A+D) - (a+ @)1+ (B —p+Dt]*b,

1

r<|f@l <If' @I
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(|z| = r < 1) The result is sharp for

1-9) 2 (3.1)
RA+a)A+1) —(a+@)]d+ (B —u+Dt]"b,

f@)=z-
Proof. Since f(z) = z — Y=, a,z*, we have

If (D] = |z = Ziep az¥| < |z| + Tz arlzl* < v + 12 X, a (3.2)

Since k=2, 2Q+a)1+D)—(a+@)[1+ B —pu+1)t]"b, < [k(1+a)(1+
(k=D = (a+][1+ (k+B —p—1)t]"by

Using theorem (2.3) we have

A=A +D — @+ @)1+ B - u+ Db, Ty a < 5%, agbe k(L +
OA+k-D)—(a+)][1+k+B—u—Dt]"<1-9¢

That is

ia < 1-9)
e = [2(1 +a)(1+2)—(a +(p)][1 + (ﬁ —u+ 1)t]nb2

Using the above equation in (3.2) we have,

(1 _(p) r2
2A+a)A+2) - (@+ @]+ (B —pu+Dt]"b,

lf@l <7+

and

1-9) )

2T - AT DA+ D - @t DA+ B —a Db,

The result is sharp for

1-9) 2

= AT+ D= @+ IA + B - + Db,

Similarly, since

F)=1- z kay 2K
k=2

we have that,

[oe]

f@=11- z kaz" | < 1] + z kaglz|F* <1+ Zrz @ (3.3)
k=2 k=2

k=2

Since forn = 2
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20+ a0) A+ —(a+)1+B—u+Dt]"b, < [kQ+a)(A + (k— DA) — (a +
P14+ (k+ B —p—1Dt]"by

Using theorem (2.3) we have

(201~ A +2) ~ @+ @)1+ (B — p+ Dt]"by Ty ay < Ty aphy k(L +
A+ k-D)—(@+l[1+k+p-—p-Dt]"<1-9¢

That is

i“ 3 (1-¢)
LT RA+ A+ D) — (@ + @I+ (B —p+ Dt]"b,

Using the above equation in (3.3) we have,

2(1 +a) 1+ —(a+)][1+B—u+ 1)t]”b2
and
2(1 —
If @) 2 o)

T RA+ A+ - (a+ oIl +B—-—u+ 1)t]”b2
The result is sharp for

2(1-¢)
RA+a)@A+A) —(a+@)][1+ (B —u+Dt]™b

If @|=1-

This completes the proof.
4. EXTREME POINT
Theorem 4.1. Letf; (z) = z, then

_ Ol K (4.1)
kQ+a)@+(k-DA)—(@+@)][1+ (k+ B —u—1)t]"by

fi(2) =2z
where (k €N, 0 <o <1,a = 0).

f2) = Z ifel2) 2
where [ 2 0,51 i = 1or1 = py + S

Proof. f(z) can be expressed as in (4.2) as

F&) =) mfe(@
k=1
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= 1A+ ) wfe(?)
k=1

_ 0 _ (1-¢) k
=z + Ly=z MilZ e L DD (v s Do 2 3

o) Vo (1-@)uk k
(M1 + Xiem2 M) Z — Xke=2 [(1+0) (1+ (k=D A)—(a+ @) [1+ (k+ f—p—1)t] by > }

_Z_i (1= @)ux Zk
T L+ )+ (k=D = (@ + @1+ (k + - p— Dt]"by

(o]

f(z)=2z —Z az"

k=2
where

(1 — @)pk
[k(1+ )1+ (k—1DA) —(a+@)][1+ (k+ B —u— Dt]"by

ap =

Therefore f € T*(g, a, ¢, A, i, B, t) since from theorem 2.3 that

- k(1+a)(1+ (k=D — (@+ @)1+ (k+ B —pu—Dt]"
z akbk (1 — ) < 1
k=2 ¢
Hence,
g (1-@)i (1 +a) 1+ (= 1)) —(a+ @) |[1+ (k+ f—pu—1)t]
k=2 k(1) (1+ (k= DA)—(a+ )| [1+(k+B—p—1)t]by K (1-9)

=Y me=1-m <1
k=2

so by theorem 23 feT*(g,a ¢,AupB,t). Conversely, supposef €T *
(g,a, 9,4, u B, t), then by equation (2.1), we may set

(1-¢)
kAQ+a)Q+(Ek-DA) —(@+)][1+ (k+ B —u—1)t]"by

ay = ,(kZZ)

we set

k(Q+a)@+(k-DA)—(@+@)][1+ (k+p—u—1Dt]"by
1-9)

Uk =

and iy =1 — Xy e,
then f(2) = z — YL, axz"
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o)

B (1= p)ug
f&)_Z_;;M1+wmﬁwk—DD—(Q+@H1+@+3—M—1ﬁWWZk
Therefore, 43)
k= [k(1+ )+ (k—1)A) _(1(6i-|(-p;0)][1 +k+p—p—1t (z— fo(2)

— ., _ ' (1-p)pk
f(2) =z = Ekeo i D) (et )7 (et FA DX
k(Q+a)@+k-DA)—(@+)][1+(k+B—u—Dt]"

1-9)

F@=2-) mz+ Y wefe
k=2 k=2

=2(1= ) w) + ) (@)
k=2 k=2

=2+ ) efi@)
k=2

(2 — fi(2))

F&) =) mefe@
k=2

5
5.RADII OF UNIVALENT STARLIKENESS, CONVEXITY AND CLOSE
TO CONVEXITY

Theorem 5.1. If f € T*(g, @, a, u, B, t) then f is starlike of order §(0 < § < 1) in
the disc |z| < (g, @, a, 1, B, t, 6), where

T1(g, (»01 a,,u,ﬁ, t, 6) =

(1= [kA+k=1DD) (1+a) = (a+@)[1+(k+B—p—1)t]" by
Infi{ —0)(1—0) pe1 (k= 2). (5.1)

Proof. It is sufficient to show that

zf'(2)
f(2)

—1‘s1—5 (0<6<1)

for |z| <1 (g, @, a,u, B, t, &) we have

z(1 = Yo kapz"™h) ‘ _ | = XX kapzth) |
f(2)

z1 -, a0 7| (-
_ ‘(1 - Zlio:z kakzk_l) -(1- Zlcéozz akzk_l)
(1= 2r= apzk1)

2f'(@) 1‘
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— Yoo (k — Dagz*1

Sk~ Dalz " (52)
(- T 0z D) -

T 1-YRaklzlt T

N (k= Dalz
1-6 -

k=2

Hence by theorem (2.3), (5.2) will by true if
(k=8)alz|** < kQ+E-DDHA+a)—(a+)[1++S-p-1)t]" by
1-68 = (1-9)

and hence,

A-®)[kA+E-DD)A+a)—(@+@)|[1+(k+B—u—1)t]*bp—

Izl = { —8)(1—0) fis

Setting |z| = (g, @, a, 1, B, t, &) we get the desired result.

Theorem 5.2. If f € T*(g, @, @, u, B, t) then f is convex of order §(0 < & < 1) in the disc
|z| <7y(g,9,aupb,t8), where

1-8)[kA+(k-1)D) (A +a)—(a+@)|[1+(k+B-pu—-1)t]" by

n2(g ¢, a1 B,t,8) = Infi{ =) 1-0) o1 (ke 2
2). (5.3)
Proof. It is sufficient to show that
zf"'(2) | B (k- azR )| _ B, k(- Daglz/*? _
f'(2 +1 1| T 1-3Rkapzkt | T 1-32, kag|z|kt =1-9
then
S k(k— & -1
Z ( )a|z| <1-6 (5.4)
1-6
k=2
Hence, by theorem (2.3), (5.4) will be true if
k(k — 8)|z|* 1 - 1
k(k — &8)|z|* 1 - k(A+k-DAVHA+a)—(@a+)][1+ (k+ B —u—1D)t]"by
1-6 = 1-9)
and hence
12| S{(1—6)[k(1+(k—1)l)(1+a)—(a+(p)][1+(k+B—ﬂ—1)t]”bk}ﬁ

1-¢)

Setting |z| = (g, @, @, u, B, t, &) we get the desire result.
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Theorem 5.3. Let a function f € T*(g, ¢, a, u, B,t,6). Then f is close to convex of order
6(0 <6 <1)inthedisc |z]| < 13(9, ¢, a, 1, B,t, &) where

1-8)[k(A+k-DA)(1+a)-(a+@)][1+(k+B—u—1)t]" by

1
r3(g9, ¢, a1, 8,1, 8) = Infi{ Yt (k2

k(1-¢)
2). 5.5
Proof. It is sufficient to show that
If'(2)-1<1-6 0<6<1)

for |z| < r3(g, @, a, 1, B, t,8) we have,
If'(2) =1l = |1 = Zpl, kapz"t = 1| = | = Tpos kagz* | < i, kaglz|F "t < 1 -
o)
If

o k-1

Z kag|z| <1 5.6

1-6

k=2

Then by Theorem (2.3), (5.6) will be true if

kay|z|*1 - [k(1+(k—-—DDA+a)— (a+@)][1+ (k+ B —u—1)t]"b

1-6 ~ 1-9)
and hence
Iz < {[k(l+(k—1)l)(1+a)—(a+(p)][1+(k+B—y—1)t]”bk}ﬁ k > 2).

k(1-¢)
Setting |z| = r3(g, @, @, u, B, t, &) we get the desired result. The proof is complete.
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