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Abstract

In this paper we study the Electron Energy Spectra (EES) in quantum wells (QWSs) of heavily doped (HD)
non-linear optical, I11-V, 11-VI, IV-VI and stressed Kane type compounds by formulating HDEES in each
case respectively considering all the specialties of the energy band constants of the said materials . It is
noted that the complex EES in many cases in HDS, instead of real one, occurs from the existence of the
essential poles in the corresponding EES in the absence of band tails. The EES in QWs is Quantized 2D
closed surfaces. As a collateral study we have also investigated the effective mass (EM), Density-of-states
(DOS) function and the electron statistics in this context for the purpose of comprehensive understanding.
The EM exists in the forbidden zone, which is impossible without the effect of band tailing. In the absence
of band tails, the EM in the band gap of semiconductors is infinity. Besides, depending on the type of
unperturbed carrier energy spectrum, the new forbidden zone will appear within the normal energy band
gap for HDS. Under certain limiting conditions all the results for all the models get simplified the well-
known results of an isotropic parabolic energy bands which exhibit the mathematical compatibility of our
present generalized analysis.

Keywords: Electron Energy Spectra, Heavy Doping, Quantum Wells, Effective Mass, Density-of-States
Function (DOS)

1. INTRODUCTION:

The concept of the Electron Energy Spectra (EES) of the carriers in electronic materials and their
nano-structures occupies a singular position in the whole arena of Nano Science and related
disciplines in general and its importance [1-22] has already been established since the inception of
the theory of band structure of Solid State Physics. The concept of EES is of fundamental
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importance for not only the characterization of nano-structures but also the study of the carrier
transport in electronic materials and their quantized counter parts through the proper formulation
of the Boltzmann Transport equation which, in turn, needs the corresponding EES of the heavily
doped materials. It is important to note that six important transport quantities namely, the
effective mass (EM), density-of-states (DOS) function, the sub-band energy and the
measurement of band-gap in the presence of strong light waves, intense electric field and
heavy doping are in disguise in the very important concept of EES. Besides, the acoustic
mobility limited momentum relaxation time is inversely proportional to the respective DOS
function of a particular semiconductor and integral over the DOS function leads to carrier
statistics under the condition of extreme carrier degeneracy which, in turn, is connected to
the twenty five important transport topics of quantum effect devices namely the Landau Dia
and Pauli’s Para Magnetic Susceptibilities [23], the Einstein’s Photoemission [24], the Einstein
Relation [25], the Debye Screening Length[26], the Generalized Raman gain [27], the Normalized
Hall coefficient[28], the Fowler-Nordheim Field Emission [29], the Thermoelectric Power [30-
31], the Plasma Frequency [32],the Magneto-Thermal effect in Quantized Structures [33], the
Activity coefficient [34], the Reflection coefficient [35], the Heat Capacity [36], the Faraday
rotation [37], the Optical Effective Mass [38], the Carrier contribution to the elastic constants
[39], the Diffusion coefficient of the minority carriers [40], the Nonlinear optical response [41],
the Third order nonlinear optical susceptibility [42], the Righi-Leduc coefficient [43], the Electric
Susceptibility [44], the Electric Susceptibility Mass [45], the Electron Diffusion Thermo-power
[46] and the Hydrostatic Piezo-resistance Coefficient [47] respectively.

It is well known that the constant energy 3D wave-vector space of bulk materials becomes 2D
wave-vector surface in QWs due to dimensional quantization. Thus, the concept of reduction of
symmetry of the wave-vector space and its consequence can unlock the physics of low-
dimensional structures. In this Paper, we study the EES in QWs of Heavily Doped (HD) non-
parabolic materials having different band structures in the presence of Gaussian band tails. At first
we shall investigate the EES in Quantum Wells (QWSs) of HD nonlinear optical compounds which
are being used in nonlinear optics and light emitting diodes [48]. The quasi-cubic model can be
used to investigate the symmetric properties of both the bands at the zone center of wave vector
space of the same compound. Including the anisotropic crystal potential in the Hamiltonian, and
special features of the nonlinear optical compounds, Kildal [49] formulated the electron dispersion
law under the assumptions of isotropic momentum matrix element and the isotropic spin-orbit
splitting constant, respectively, although the anisotropies in the two aforementioned band constants
are the significant physical features of the said materials [50-52]. In section 2.2.1, the EES in QW5
of HD nonlinear optical materials has been investigated on the basis of newly formulated HD EES
of the said compound by considering the combined influence of the anisotropies of the said energy
band constants together with the inclusion of the crystal field splitting respectively within the

framework of k.p formalism. As a collateral study we have also investigated the effective mass

(EM), Density-of-states (DOS) function and the electron statistics in this context for the purpose
of comprehensive understanding.
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In section 2.2.2, the EES in QWSs of HD 11I-V, ternary and quaternary materials has been
studied in accordance with the corresponding HD formulation of the band structure and the
simplified results for wide gap materials having parabolic energy bands under certain limiting
conditions have further been demonstrated as a special case in the absence of band-tails and thus
confirming the compatibility test. The 11-VI materials are being used in nano-ribbons, blue green
diode lasers, photosensitive thin films, infrared detectors, ultra-high-speed bipolar transistors, fiber
optic communications, microwave devices, solar cells, semiconductor gamma-ray detector arrays,
semiconductor detector gamma camera and allow for a greater density of data storage on optically
addressed compact discs [53-60]. The carrier energy spectra in 11-VI compounds are defined by
the Hopfield model [110] where the splitting of the two-spin states by the spin-orbit coupling and
the crystalline field has been taken into account. The section 2.2.3 contains the investigation of the
EES in QWs of HD II-VI compounds.

Lead Chalcogenides (PbTe, PbSe, and PbS) are IV-VI non-parabolic materials whose
studies over several decades have been motivated by their importance in infrared IR detectors,
lasers, light-emitting devices, photo-voltaic, and high temperature thermo-electrics [68-72]. PbTe,
in particular, is the end compound of several ternary and quaternary high performance high
temperature thermoelectric materials [73-77]. It has been used not only as bulk but also as films
[78-81], QWs [82] super-lattices [83, 84] nanowires [85] and colloidal and embedded nano-
crystals [86-89], and PbTe films doped with various impurities have also been investigated [90-
97] These studies revealed some of the interesting features that had been seen in bulk PbTe, such
as Fermi level pinning and, in the case of superconductivity [98]. In section 2.2.4, the 2D EES in
QWs of HD IV-VI materials has been studied taking PbTe, PbSe, and PbS as examples. The
stressed materials are being investigated for strained silicon transistors, quantum cascade lasers,
semiconductor strain gages, thermal detectors, and strained-layer structures [99-102]. The EES in
QWs of HD stressed compounds (taking stressed n-InSh as an example) has been investigated in
section 2.2.5. Section 3 contains the result and discussion pertaining to this Paper.

2. THEORETICAL BACKGROUND

2.1 The EES in Quantum Wells (QWs) of HD nonlinear optical materials
The form of k. p matrix for nonlinear optical compounds can be expressed extending Bodnar [74]
as

H, H
i W
H2 Hl
_Ego 0 FTIkZ 0] [0 —f’+ 0 fy__
0 (-2A,/3) (2A,/3) 0 f. 0 0 0
where, H, = (28, 13) (28, 13) H=| *
Rk, (N2A,/3) —(5+3A)) O 0 0 00
0 0 o o Lf. 0 0 0]

in which E,_is the band gap in the absence of any field, B, and P, are the momentum matrix
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elements parallel and perpendicular to the direction of crystal axis respectively, & is the crystal
field splitting constant, A, and A, are the spin-orbit splitting constants parallel and perpendicular
to the C-axis respectively, f, =(P, /\/5)(kX tik,)andi= \/—_1 Thus, neglecting the contribution

of the higher bands and the free electron term, the diagonalization of the above matrix leads to the
dispersion relation of the conduction electrons in bulk specimens of nonlinear optical materials as

7(E) = f(E)kZ + f,(E)k] (2)
where E

7(E)=E(E+E,)(E+E, )E+E, +A)+5(E+E, +§A”) +§(A|f - A,

is the total energy of the electron as measured from the edge of the conduction band in the vertically
upward direction in the absence of any quantization, kZ =k? +k?,

f,(E)=RE, (E, +A)S(E+E, += A)+(E+E NE +E, +2A)+ (A Ai)][ZmI(Ego+§Al)]l,

2 . A4 h
f,(E)=n"E, (B, +ADI(E+E, NE+E, +§A”)][2m” (B, +§A”)] , h= Py

h is Planck’s constant and mf and mi are the longitudinal and transverse effective electron masses
at the edge of the conduction band respectively.

Thus the generalized unperturbed electron energy spectrum for the bulk specimens of the nonlinear
optical materials in the absence of band tails can be expressed following (2) as

b c  nk? E(@E+D)HE+D) ab, 2 ab, (A -A?
2m (b C )2m =t (qE+D) " C [($E+9(A -ADl- (9) ¢ (qE+ 1)}
nkd e Aﬁ —ALL o Af-A7
( ){(b CII)[( 6 ) wE+1 (2 —{ 6 ) CE+ 1]} (3)
where, b, = (E, +A”) ¢, =(E,+- AL) b, =(E, +A D (Eg+§A|)1and oz=(Eg)’1

The Gaussian distribution F(V) of the impurity potential is given by [103]
F(V) = (m;)" exp(-V* / 175) (4)
where, r, is the impurity screening potential. It appears from (4) that the variance parameterz is

not equal to zero, but the mean value is zero. Further, the impurities are assumed to be uncorrelated
and the band mixing effect has been neglected in this simplified theoretical formalism.
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We have to average the kinetic energy in the order to obtain the EES in nonlinear optical materials
in the presence of band tails. Using the (3) and (4), we get
e (E-V)[a(E-V)+1[b(E-V)+1

n’k? VNS _
o [ Foyavi+ G o 0 Fvyavi={]” G (E-V)+1

F(V)dV

“_W E B 2.2 2y fE _EO‘_W 2 42y (E F(V)dv
* [5]700 (E V)F(V)dV+9(A” AD[, FavVI-() o )| eV

2

hk§ b c, AT e F(V)AV 5 A=Al e F(V)dV
G G, c”)[( 6—A”)ajw E-V)- 2 64, ). [c”(E—V)+1]]} %)
The (5) can be rewritten as
hkf by ¢, n*ke aby 2002 z2 LY _
o’ @)+ (bl CH)Zmll(l) ={l5(c)) + [5|(4)+9(A|| AT ID)] (9) o (Ay=AD)Ig(c)}
ks B e, Aj - ||
(2ml ){(IOL C||)[( GA” )Otl(a)+( { })C|||(C||)]} (6)
where, I (1) = j F(V)dV (7)
e (E-V)[(E-V)+1[b(E-V)+1]
@)= REV) F(V)dv
e (E-V)[a(E-V)+1[b(E-V)+]]
I3(¢)) = I [6,(E V) +1] F(V)dv
e (E-V)[a(E-V)+1[b(E-V)+1]
)= RE - F(V)dv ®)
|(4)=j_'i (E-V)F(V)dV ©)
1(a) = F(V)dv (10)

< [a(E-V)+1]

Substituting E —v =xand, X =t, we get from (7)
My

1) = (exp(——/f N[ expl-t

Thus,
1(1) = [w] (11)

where, Erf (E/n,)s the error functions of (E/n,) .
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From (9), one can write

1@)=/n o) (E-V)exp(-v2 )V =§[1+ Erf (En, )] —{ﬁ [ Ve /v (i2)
g

After computing this simple integration, one obtains

Thus,
E
1 (4) =, exp(-E*/n2)(2\x) +3(1+ Erf (E/n4)) =0(E, 1) (13)
From (10), we can write
\/2/..2
@) = 1 2 LE exp(-V?/nl)av (14)
meg = [a(E-V)+]]
1 2 2
00, —————— ; -V
When,,V — + TlEVI o] —0 and ;exp(-V?/n?) >0
Thus (14) can be expressed as
(@) =@ any o[ exp(-t*)u-1)dt (15)
It
where, v =tandu= (1+aE)
Mg n
is well known that [104, 105]
W (2Z) = (i/7) Ii (Z —t) exp(~t2)dt (16) In

which i=+v-1 and Z, in general, is a complex number.

We also know [104, 105],
W (Z) =exp(~Z?)Erfc(—iZ) (17)
where, Erfc(Z)=1-Erf(2).

Thus, Erfc(iu) =1— Erf (=iu)

Since, Erf (—iu)=—Erf (iu)

Therefore,.

Thus,

| (@) =[-iN7 I am, 1exp(—u?)[L+ Erf (iu)] (18)
We also know that [104, 105]
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Erf (x +iy) = Erf (x) + (&
27X

B . o ¥ 2 exp(—p?/4)
(@ cos(2xy))+|sm(2xy)+ ; (o2 4x )]

[f, (6 Y)+ig, (x y) +£(x, V)] (19)
where, f (X, y)=[2x-2xcosh(py)cos(2xy) + psinh(py)sin(2xy)],

g, (x,y) =[2xcosh(py)sin(2xy) + psinh(py) cos(2xy)]|g (x,y)|= 10‘15‘ Erf (x+iy)|

Substituting x=0 and y=u in (19), one obtains,
Erf (iu)=(2;i)i {M;’Z“‘)sinh(pu)} (20)
p=1
Therefore, one can write
I(a):C21(a!E!77 )_iD21(a’E!77 ) 21
9 g
where,
exp(-p? / 4) Jz
Cy(a,E, —— = “sinh d D,,(«,E, N
(¢, E\ng) =[—F ng\/—]exp( u )[; { > sinh(pu)}] an (o, E\mg) =1 an, exp(-u®)]

The (21) consists of both real and imaginary parts and therefore, 1(«)is complex, which can also
be proved by using the method of analytic continuation of Complex Analysis.

The integral 15(c)) in (8) can be written as
1(6) = q')1(5) EGHAG D gy Lo Ty hy - a-Da- q')I(c.l)} (22)
G G G G G G

where
|(5)=ji (E-V)2F(V)dV (23)
From (23) one can write
1(5) = [Ej exp(

m]g g g

The evaluations of the component integrals lead us to write

ngE
I(5): )+ (77 +2E?)[1+Erf (—)] 6,(E,ny) 24
\/7[ ng ¢ Mg g ( )
Thus  combining the aforementioned equations, I,(g)can be expressed as
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15(G)) = Ay (E.17,) +iByy (E,7,) (25)
where,

-E* 1., 2 E
AuEr) = 2 J; X0 )~ (0 2L ()

G g My
ag + ch ab "eXp(‘Ez/ 75)
| 2 ]{ [L+ Erf (E/n)]+ —2 =3
a9 q') L Bt (B 2= - - Dy expaf Y, (2P Doy
G G C||’79\/; Ci G =] p
ulz[l i land B, (E,n,) = J; (1—3)(1—ﬂ)exp(—uf)
g Ci Mg | Gy

Therefore, the combination of all the appropriate integrals together with algebraic manipulations
leads to the expression of the dispersion relation of the conduction electrons of HD nonlinear

optical materials forming Gaussian band tails as
hk? h?k?
L+ =1 (26)
2m'T (E.h) 2m,T,,(E, h,)

||" 21

where, T, (E, hg) and T_,(E,h )and have both real and complex parts and are given by,

: »(E.hy)
T,(E.h)= [, (E.h)+iT(E h)] T,(E.h)= [m]

T,(E.h)° [A,(E.h)+ ac—b”[dgo(E,hg)+ %(Df - D)[L+ Erf(E/h)]
I

{g(a—m)mﬁ- D2)G,,(c, E.h,)}]
CH
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2 W& exp(- p?/4)
exp(-uj)a {——
¢ h '\/; ' p=1

g

T,.E.h)
TaEN)" e b

G, (E.h)° sinh(pu,)},T,(E,h.) ° %[1+ Erf(E/h,)]

Zab\l 2 2
JTA(E D) Bo(E h)+ < —H(Df - DIH, (@, E h)]
\/_ Il
Ho(ep B © [E-exp(- uDLTL,(E ) * (B D)+ Ty (E.y)]

gl

T,(E.h)T,(E.h) - T,(E.h)T,4(E.h)

T,(E,h)° > >
’ [(rzs(E h)) + (T ,,(E, h))’]
T,(E.h)° q, =)= [1 Erf(—)]+(§ ")( + [L— ” ])a,, 2@, E h)
I g9 n
q H' DA
+( )( [ 1G,.(a,.E.h)],

Il

2 ot exp(- p?/4)
aJ_ exp(- u )[?:1
To(ENy)° q‘ M)aDZl(a,E,hg)+ e (g- °) DA)Hm(cIl,E,hg)

Il 2 6D|I b, Il

C,(a,Eh)° [ sinh(pu)]]

and
T,(E, hg)Tzs(E, hg) +T,.(E, hg)TZG(E, hg)

T30(E, hg) ° [('|'25(E, hg))z + (TZG(E’ hg))Z]

From (26), it appears that the energy spectrum in HD nonlinear optical materials is
complex. The complex nature of the electron dispersion law in HD materials occurs from the
existence of the essential poles in the corresponding electron energy spectrum in the absence
of band tails. It may be noted that the complex band structures have already been studied for bulk
materials and super lattices without heavy dopingand bears no relationship with the complex
electron dispersion law as indicated by (26). The physical picture behind the formulation of the
complex energy spectrum in HDS is the interaction of the impurity atoms in the tails with the
splitting constants of the valance bands. More is the interaction; more is the prominence of the

complex part than the other case. In the absence of band tails,h, ® 0, and there is no interaction

of the impurity atoms in the tails with the spin orbit constants. As a result, there exist no complex
energy spectrum and (26) gets converted into (2) whenh ® 0. Besides, the complex spectra are
not related to same evanescent modes in the band tails and the conduction bands.

The transverse and the longitudinal EMs at the Fermi energy E_ of HD nonlinear optical materials

can, respectively, be expressed as
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m; = (B, 7,) =M {T,(E,7,) (27)
and
m’ = (B, 7,) =M AT (B )} (28)

where E_ is the Fermi energy of HDS in the presence of band tails as measured from the edge of

the conduction band in the vertically upward direction in the absence of band tails and the primes
denote the differentiations of the differentiable functions with respect to Fermi energy in the
appropriate case.

In the absence of band tailsh, ® 0 and we get
wz(E){%(E)} ~yi (EXw,(E)}
F {v.(E} o (%)
and
« E E E E
m (EF ' O) — [‘//3( ){!//1( )} {l//l( )}{lr//3( )} ]E:EF (30)
{ws(E)}
where E. is the Fermi energy as measured from the edge of the conduction band in the vertically
upward direction in the absence of any perturbation,

w,(E)=7(E),y,(E) = f,(E),and y,(E) = f,(E), Comparing the aforementioned equations, one
can infer that the effective masses exist in the forbidden zone, which is impossible without the

effect of band tailing. For semiconductors, in the absence of band tails the effective mass in
the band gap is infinity. The density-of-states (DOS) function is given by

2g,m’ [2m’
Nio (E.77,) = ———5 -

3 R, (E,7,)cos[yy, (E,n,)] (31a)

where, g, is the valley degeneracy,

Too (Es 12, {X(E. )Y 30(E n XY (E )}

1E’gE 29E’g' E'g _30Eg
Riu(E.ny) =[[{T (B 7))} X(E.77y) + Zm {Ts (E.77)Y \JY(E. 7 \/(T%

T - E1, ! T (B, 774 E,ng ’21/2
AL (£ )Y JTTE ) + = ’7)} (B, )Y JEy P EIE AN

2,/y(E 2/X(E.n,)

x(E,ng)s§n27(E,ng)+J{rz7(E,ng)} +{rzg(E,ng)}21,

VE 1) = 5 T B ¥ (¥ - T (Eu)]

X(E
and v (E,1,) = tan [T (B )¥ Y E ) + 20l g1, (B, )Y (B + 28 TeotX(E.,)F

) 2pEn)

E E, t(E,
0T (E.n )Y 1 /XE ) + 22 ”g){x( ’79)} T (En )Y Y ET, 30{( ’79)}1-1]
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The oscillatory nature of the DOS for HD nonlinear optical materials is apparent from (31a). For,
v, (E,n,) > 7, the cosine function becomes negative leading to the negative values of the DOS.

The electrons cannot exist for the negative values of the DOS and therefore, this region is forbidden
for electrons, which indicates that in the band tail, there appears a new forbidden zone in
addition to the normal band gap of the semiconductor.

The wuse of (3la) leads to the expression of the electron concentration as

2g,m; \/2m’ S

& :#[In(Eﬁ’ng)+ZL(r)[|11(EFh’ng)]] (31b)
r=1

Where, Ill(EFh’ng)E[ng(EFh’ng) X(EFh!ng)_TSO(EFh’ng) y(EFh’ng)

L) = 206T)" (-2 )5(20) 2 r

- is the set of real positive integers whose upper s and &(2r)

Fs

is the Zeta function of order 2r [104, 105].

For dimensional quantization along z- direction, the dispersion relation of the 2D electrons in this
case can be written following (26) as

R(nzld)  #k
2m|TT21(E’77g) 2mIT22(Ea779)

~1 (32)

where, n,(=1,2,3,...) and d, are the size quantum number and the nano-thickness along the z-

direction respectively.

The general expression of the total 2D DOS N,y (E)can, in general, be expressed as
m* anax ,

Noor (B)= 200 37 T (B m)H(E - Ey ) (33)

n,=1

where A(E,n,) is the area of the constant energy 2D wave vector space and in this case it is for
QWs, H(E-E,) is the Heaviside step function and E, is the corresponding sub-band energy.
Using (32) and

(33), the expression of the N, (E) for QWs of HD nonlinear optical materials can be written as

m* Mana ,
Noor (B)="200 ) T (B m)H(E - Ey ) (34)

n,=1

n2(nzld,)’

where, T, (E,n,,n,)=[1-—
b o 2mT,,(E.7,)

IT,,(E,774) and the sub band energies E, ,, in this case is given

by the following equation
2 2
kh* (nz/d)) _1 (35)
2m|\T21(EnZD1’77g)
Thus we observe that both the total DOS and sub-band energies of QWs of HD nonlinear optical

materials are complex due to the presence of the pole in energy axis of the corresponding materials
in the absence of band tails.
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The EM in this case is given by

m*(EFlHD g, N,) = m [Real part of T, (Eo.775:1,)] (363)
Although the importance of the EM is already well-known in the literature [106-107], we
observe that the EM is the function of size quantum number and the Fermi energy due to the
combined influence of the crystal filed splitting constant and the anisotropic spin-orbit splitting
constants respectively. Besides it is a function of 77, due to which the EM exists in the band gap,
which is otherwise impossible.

Combining (34) with the Fermi-Dirac occupation probability factor, integrating between E, to

infinity and applying the generalized Sommerfeld’s lemma [108], the 2D carrier statistics in this
case assumes the form

m g, e
Nyp = ;T%V Z[Re al partof [T;(Eqyp, ng,nz) +To5 (Bepp Ny» n)ll (36b)
|

where, T, (Egppp,774,1,) = ZL(r)[rlD(EFlHD, 15:N,)]; Egypp 1S the Fermi energy in the presence

of size quantization of the QWs of HD non-linear optical materials as measured from the edge of
the conduction band in the vertically upward direction in the absence of any perturbation.

In the absence of band-tails, the 2D EM in the x-y plane at the Fermi level, the total 2D DOS, the
sub-band energy E,, ,0f non-linear optical materials and the surface electron concentration can,
respectively, be written as

%(E)=%(E)k2 +y,(E)nzld,) (37)

m (EFS’ n,)= ( )[V/z(EFs)] [l/IZ(EFs){{l//l(EFs)} {V/g(EFs)}( L )}

~{wi(E) - V/s(EFs( L ))}{WZ(EFs)}] (38)
Noor ( - )f [w,(E (EX{w.(B)Y {Ws(E)}’(nZ”) }

. (E) —%(E)(dz—ﬁ)z}{l//z(E)}']H (E-E,) (39)

l/ll(Enq) :l//Z(Enq)(nZﬂ-/dz)2 (40a)

where

w1 (E) =y(E).w, (E) = 1,(E).w3(E) = f,(E)
E.; is the Fermi energy in the 2-D sized quantized material in the presence of size quantization

and in the absence of band-tails as measured from the edge of the conduction band in the vertically
upward direction in the absence of any guantization,

To(En.n,) =[Ee) - ';/”j((EEFS))(””’ %) Jand T, (.. n,) = ZL(r)[Tm(EFS, )]
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In the absence of band-tails, the DOS for bulk specimens of non-linear optical materials is given
by

D, (E)=9,(37°) v, (E) (41a)
N E viEXv (BN [y, EN v (ET”? 1y, E] v (E)N”
' AN AN AR N ACEERAGIA)

[, (E)] =[(2E + E, v, (E)E(E+ Eg)]’1 +E(E+E,)(2E+2E, +5+A))],

1.

[w,(E)] E[ZmI(Eg +§Al)]'1[thg(Eg +A)][6 +2E +2E, +§A”]

and [y, (E)] E[ZmlT(Eg +§A|)]l[thg(Eg +A)][2E +2E, +§Al]

Combining (41a) with the Fermi-Dirac occupation probability factor and using the generalized
Sommerfeld’s lemma [108], the electron concentration can be written as

o = ,(37°) M (E;) + N(E,)] (41b)

3

ACHE
here, M (E;) =
T (5) ['//z(EF)\/‘//s(EF)]

E: is the Fermi energy of the bulk specimen in the absence of band tails as measured from the
edge of the conduction band in the vertically upward direction

N(E:) = LM (E.)

2.2 The EES in Quantum Wells (QWs) of HD I11-V materials

The EES of the conduction electrons of I11-V compounds are described by the models of Kane
(both three and two bands) [83,84], Stillman et. al. [85], Newson [86] and Palik.et.al.[87]
respectively. For the purpose of complete and coherent presentation and relative comparison, the
EMs in QWs of HD I11-V materials has also been investigated.

(a) The Three Band Model of Kane

Under the conditions, 6 =0,A, =A, =A (isotropic spin orbit splitting constant) and m’ =m} =m,
(isotropic effective electron mass at the edge of the conduction band), (2) gets simplified as

2
B2k E(E+E, )E+E, +A)E, +-4)
=1,(E), 1,(E)= 3

2m 2
c E,, (E;, +A)E+E, +§A)

(42)

which is known as the three band model of Kane [84] and is often used to investigate the physical
properties of 111-V materials.

386 Journal of Mathematical Sciences & Computational Mathematics



ISSN 2688-8300 (Print) ISSN 2644-3368 (Online) JMSCM, Vol. 1, No. 4, August 2020

Under the said conditions, the HD electron dispersion law in this case can be written as

h°k? _

2m, =T, (E,n,) +1T5,(E,7,) (43)
where,
B = ey e B T B ) D D BT
la ey b exp(=p°/4) -

C(1 C)(1 C)Cng\/;exp( u)[pzI ) sinh(pu,)]],b =(E, +A)tc= (B, += A)
_1+cE 2 bz 7
u, = o, and T, (E,7,) = (m) (——)(1——)7979@(!3( u;),

Thus, the complex energy spectrum occurs due to the term T, (E,7,) and this imaginary band is
quite different from the forbidden energy band.

The EM at the Fermi level is given by

m*(EFS 714) = M{Ty, (E, 77, )}‘ (44)
Thus, the EM in HD IlI-V, ternary and quaternary materials exists in the band gap, which is the
new attribute of the theory of band tailing.

In the absence of band tails, 7,—>0 and the EM assumes the form

m'(E,) = m {1, (Er.7,)}] (45)
The DOS function in this case can be written as
Nyo (E, 779) = ( C)3/2 Ry (E, Ug)COS[1921(E U )] (46)

[{0611(51779,)}'] [{ﬂn(E 1)} I P,
4o, (E,7y) 44, (E,n,)

s (Euy) = T (E.1,) 4T Bt )F +{Toa (7, )F )

s (E.714) =[{T5 (B, 17)¥ =3T3, (B, 17 {Too (B, 770 ) ¥,
T30 (E774) =[3T, (B, 17, {1 (B, 77,) ¥ —{T (E,7,)¥]

where, Ry, (E,7,) =[

Pu€.1,) = 21T (1 )F T (En))F ~To(Er1, )

and
L ABu(E )Y | (Eny)
G, (E\n,) =t
)=t En ¥ €’

Thus, the oscillatory DOS function becomes negative for 4, (E,n,) >~ and a new forbidden zone
will appear in addition to the normal band gap.
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The electron concentration can be expressed as
ok [llm<EFS,m>+Zl(r>[lme(EFs,ns>]] (47)
where

1lle(EFs’77g) {72(EFk up )}/
For dimensional quantization along z- direction, the dispersion relation of the 2D electrons in this
case can be written as
Ri(nld,)?  r(k,)’ _
: 2m, = 2m, =T (Buzy) 1T, (E,77) (48)

The expression of the N,y (E) in this case assumes the form

N,por (E) = r;gv i Top (E, 17g.N JH(E - En bs) (49)
Where’ TSD(E!ﬂg ' nz) = I.—I—Bl(E’ng) + I 32(E’779) _hz(nzﬂ-/ dz)z(zmc)_l]

and the sub band energies E, o in this case given by
{hz (nz /dz)z}(zmc)i1 = 31(EnZD5’77g) (50)

Thus we observe that both the total DOS in QWs of HD I1I-V compounds and the sub band
energies are complex due to the presence of the pole in energy axis of the corresponding materials
in the absence of band tails.

The EM in this case is given by

m*(EFlHD’ng N,) =M [T (Bep 775.1,)] (51)
The carrier statistics in this case can be expressed as
Cgv max
Nyp =—7>- Py, [Real partof [Ty, (B, 775, 1,) + Top (Erip 775, 1) (52)
n,-1
‘ In

Where,TSD (EFlHD ) 779 1 nz) = Z L(r)l.-I-SD (EFlHD ! 779 ! nz)]

r=1
the absence of band tails, the 2D dispersion relation, EM in the x-y plane at the Fermi level, the
total 2D DOS, the sub-band energy and the electron concentration for QWs of I11-V materials

assume the following forms

K M ld ) =1 (E) (53)

2mc 2mc z x/ ' It

m*(EFs) = mc{lll(EFs)}, (54)

is worth noting that the EM in this case is a function of Fermi energy alone and is independent of

size quantum number.
Nor (E) =( 7;9“)2 {IL(ENHE-E, )} (55)
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where, the sub-band energies E,, can be expressed as
I, (E Ny )— (n”/d) (56)

No (E) = (o2t °QV)er53(EFS, ,) Ty (Er,.,)] (57)
where,

Fs’ z) ZL(r) Fs’ z

In the absence of band talls, the DOS function, the EM and the electron concentration in bulk I11-
V, ternary and quaternary materials in accordance with the unperturbed three band model of Kane

TSS(EFS’ z) [Ill(EFs)

assume the following forms

2
D,(E) = 470, (=2)"* VI, () [14(E)] (s8a)
m* (E. )=m{|11(E N (58b)
=2 (ML (B ) + Ny (EL )] (59)
where,

1 1 1

I, (E) = |11(E)[ + + - 1M, (Ep) E[Ill(E)]3/2

E E+E, E+E,+A E+Eg+§A
Nl(EF)EZL(r)Ml(EF)
Under  the inequalities A>>E, orA<<E,, (42) can be expressed as

h?k?

E(l+aE)= 5 (60)

C

where «=(E, )“and is known as band non-parabolicity.

It may be noted that (60) is the well-known two band model of Kane and is used in the literature
to study the physical properties of those I11-V and opto-electronic materials whose energy band
structures obey the aforementioned inequalities.

The dispersion relation in HD I11-V, ternary and quaternary materials whose energy spectrum in
the absence of band tails obeys the two band model of Kane as defined by (60), can be written as

h2k?
2m :72(E!77g) (61)
where The

1070 (E.my) + a6, (E,17,)]

2
E, = [ —
72(E.71;) [1+Erf(E/ng)

EM in this case can be written as
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(B ) =M En Y| (62a)
Thus, one again observes that the EM in this case exists in the band gap.

In the absence of band tails, , — 0and the EM assumes the well-known form

m"(E.) =m.{l+ 2aE}|E:EF (62b)
The DOS function in this case can be written as

Noo (Eu1g) =2 () (Em Y (B )Y (62¢)

Since, the poles of the original two band Kane model are at infinity and no finite poles with
respect to energy, therefore the HD counterpart will be totally real and the complex band
vanishes.

The electron concentration is given by

2m, . 3 — 5 I
0~ 39_%(%)4“111“5&’779)4_; L(r)[lnl(EFS’ng )]] (63)
where,

— 3

INCRUREEAIS) &

For dimensional quantization along z-direction, the dispersion relation of the 2D electrons in this
case can be written following (61) as

Rnzld) K (k)
2 )y (E, 64
om, + 2m, 7,(E.n,) (64)

The expression of the N,,; (E) in this case can be written as

m.g, e _
N,por (E) = ”Chgz Z To (Elngan)H(E_EnzD7) (65)

n,=1

Where’ T7D (E!ﬂg ’ nz) = [}/2 (E!ng ) - hz(nzﬂ- / dz)z(zmc)_l]

The sub-band energies E, , in this case given by

{w*(n,z/d,)*}2m,)™ :yz(Ean,ng) (66)
Thus, we observe that both the total DOS and sub-band energies of QWSs of HD 111-V compounds
in accordance with two band model of Kane are not at all complex since the dispersion relation in

accordance with the said model has no pole in the finite complex plane.
The EM in this case is given by

m*(EFlHD Mg n,)=m, [7/2 (Erino 4,1, )i (67)
The electron statistics in this case assumes the form
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o =23 ijrrm(Em,ng,nz)+T8D(EF1HD,ng,nz)] (68)
where,

Too ey 1) = 3 Lo (B 1)

Under the r}nequalitiesA >>E, OrA<<E,, (60) assumes the form

wk:  Rm: nax
E(l+«aE) = S —(2)? 69a
(A+aB)="_ ) (692)

C C z

The EM can be written from (69a) as

m (E. ) =m,(1+2aE.,) (69b)
The total 2D DOS function assumes the form
N, (E) = ;gv ¥ (14 24E)H (E - E, ) (70)

n,=1
where, the sub-band energy ( E.. ) can be expressed as
;:; (nz/d)?*= Enzs 1+ aE%) (71)
Thec 2D electron statistics can be written as
N, :m_g - (4 Z“E)dE _ MksTg, * i“[(u 2aE, )Fy(n,) + 20k, TR(7,)  (72)

2 2
Th™ 3 1+ exp( Fs) 7h

where,
My, = (B — En13)/ KT

and F;(n) is the one parameter Fermi-Dirac integral of order j which can be written [109] as

x dx .
R = (F(J+1))j° 1+exp(x—7)’ J>-1 (73)

or for all j, analytically continued as a complex contour integral around the negative x-axis
L(1) o x'dx
F.(p) = " 74
i) (27zJ—_1) 1+exp(-x—17) (74)
where 7 is the dimensionless quantity and X is independent variable,

The forms of the DOS, the EM and the electron statistics for bulk specimens of 111-V materials in
the absence of band tails whose energy band structures are defined by the two-band model of Kane
can, respectively, be written as
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) T B) [ (B)] (75a)
*(E )— me [, (E¢)] (75b)

( °)/[M (E.)+ N, (E, )]

Where 'm(E) E@+aE), I/, (E)=(1+2aE),
M, (E;) =[1,,, (E- )12 and N, (E; ) EZS:L(r)Mz(EF)

(c)Under the constraints Al E ;AL E; together with the inequalityE. [l 1, the (76) assumes
the forms as

15ak,T

=g,N 77
My = 6,N.[Fy () + (5, 25)F ()] (77)
where,
NC = Z(M)%andn = E

h KT
The dispersion relation in HDS whose energy spectrum in the absence of band tails obeys the
parabolic energy bands IS given by
ke ’k?
o =73(E.77,) (78)
2

h E = E

where, 7,(E,7,) [(1+ Erf(E/ng))]n( 7y)

Since the dispersion relation in accordance with the said model is an all zero function with no pole
in the finite complex plane, therefore the HD counterpart will be totally real, which is also apparent
form the expression (78).

The EM in this case can be written as
M’ (Eqy.77,) = M{¥5 (B 17,)Y (79)

In the absence of band tails, n,—0 and the EM assumes the form
m'(E.)=m, (80) It

is well-known that the EM in unperturbed parabolic energy bands is a constant quantity in
general excluding cross-fields configuration. However, the same mass in the corresponding HD
bulk counterpart becomes a complicated function of Fermi energy and the impurity potential
together with the fact that the EM also exists in the band gap solely due to the presence of finite

-

The DOS function in this case can be written as
gv 2mc 4
NHD(EJ?Q)=Z—EZ(7)3/2\/73(5779){73(E:779)} (81)
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The electron concentration is given by
b _3 2 ( c)/[llls(EFh 77g)+ZL(r)[I113(EFh’779)]] (82)
where,

— 3
|113(E|:h1779) :{73(EFh’77g)}A
For dimensional quantization along z-direction, the dispersion relation of the 2D electrons in this
case can be written following (78) as

wnzid)yY k)
,2/d, e 83
2m, " 2m, 7a(Erry) (83)

the  expression of  the N,,; (E)in  this case can be  written  as

m.g, o _
Non (E)= 7;hg2v z TgD (E,Ug,nz)H(E—EnzDg) (84)
n,=1

where, Ty, (E,7,.1n,) =[r,(E.n,) —2*(n,z / d,)?(2m) ]

The sub band energies E, oin this case given by
{hz (nzﬂ-/ dz)z}(zmc)il 273(EnZD9777g) (85)
The EM in this case can be written as
m*(EFlHD’ng N,) =m 75 (Ee o My, N, )] (86)
The carrier statistics in this case assumes the form

mg, Mo
Nyp = hz z[TQD(EFIHD'ng’nz)+TlOD(EF1HD’77g’nz)] (87)

Where, TlOD(EFlHD’ g! Z)ZL(r)I.—I-QD(EFlHD’ g’ Z)]

Under the condition « — 0, the expressions of total 2D DOS, for semiconductors without forming
band tails whose bulk electrons are defined by the isotropic parabolic energy bands can, be written

m gv

as N.or (E) =~ ZH(E E,,) (88)

The sub-band energyE, , the n,;and the EM can, respectively, be expressed as

2
nonx

E,, =5 () (89)
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nlmax
— mc I(BTgv

F 90a
2D Th? r; 0(77n2) (90a)
m*(E.)=m, (90b)
where,
1 nonz.,
n = E..—(*—
n, kBT[ Fs zmc ( dz ) ]

(b) The Model of Stillman et. al.

In accordance with the model of Stillman et. al. [85], the electron dispersion law of I11-V materials
assumes the form

E=k?-Tk* (91)
N . m ., 2A? and
where, T, =——: T, =(1-—2)*(—)’[(3E. +4A+=—"){(E. +A)(2A+3E_)}*!
b= g B =0 G VIOE, 48+ A, + )04 +3E, )} ]
m, is the free electron mass
In the presence of band tails, (91) gets transformed as
h’k?
o~ 12 (E77g) (92)
"t 41,
where, 1,,(E,7,) =, [L- (- 8,7, (E.7, )18, = (--2)and a, = 2
4mct12 l:11
The EEM can be written as
m*(EFh ’ng) = mc{|12(EFh ’ng)}, (93)
The DOS function in this case can be written as
g, ,2m, /
NHD(E,Ug)=2”2( 2 )% 1o (B {11, (E. 7)Y (94)
The electron concentration IS given by
g, ,2m . 3 — S -
Ny =y( e )A[lm(Eﬁ,ngH;L(r)[lm(EFh,ng)]] (95)

where,

— — 3

|121(E|:h ’779) :{IlZ(EFh!ng)}A

For dimensional quantization along z- direction, the dispersion relation of the 2D electrons in this
case can be written following (108) as

wrld)y #K)
Z z 2 =1.(E, 96
2m, " 2m, 12(E.775) (96)

The  expression of  the N,;;(E)in  this case can be  written as

m.g, e _
N,pr (E) = 7;:2\’ lelD (E'ﬂg'nz)H(E_Enlel) (96)

n,=1

where, T, (E,77,,n,) =[1,,(E,77,) —7*(n, 7z / d,)* (2m,) ]
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The sub band energies E, ,,in this case given by
{n’ (nz/ dz)z}(ch)fl = |12(EnZD11'779) (98)
The EM in this assumes the form
M*(Erip.77.0,) = mc{|12'(EF1HD177g Nl (99)

The 2-D electron statistics in this case can be written as

_m gV 1S
n ZI.—rllD(EFlHD’ g’ Z)+T12D(EF1HD’ g’ Z)] (100)

Where T12D (EFlHD Il ng ’ nz) Z L(r)l.-rllD (EFlHD ! 779 ! nz)]

r=1
For unperturbed material, the 2-D EM can be expressed as

m*(Eg,) = M1, (Ex)¥ (101)

where, |12(E) = an[l_ 1- aiz(E))llz]
It appears that the EM in this case is a function of Fermi energy alone and is independent of size
quantum number.

The total 2D DOS function in the absence of band tails in this case can be written as

N,or (E) = (Ce °QV)2 {[l,(EH(E-E, )} (102)
where, the sub band energies E, can be expressed as
I, (E )—i(nﬂ/d )2 (103)
12 Ny _ch z z
The 2D electron concentration assumes the form

m.g, ,
Nao = (7220 2 Mes(Ere 1) + T, ) (104
n,=1
o

where, Ty (Ep,.1,) =[1,(E) - (dz—ﬂ)z]andTSG(EFs )= LTy (Er, 1)
r=1

2m, d,

The expression of electron concentration for bulk specimens of 111-V semiconductors (in the
absence of band tails) can be written in accordance with the model of Stillman et. al.[85] as

( Te)2IM,,, (E)+ N, (E)] (105)

Where,
My, (E0) =[BT 2and N, (E0)= Y- LM, ()]
(c) Model of Palik et al.
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The energy spectrum of the conduction electrons in I11-V semiconductors up to the fourth order in
effective mass theory, taking into account the interactions of heavy hole, light hole and the split-
off holes can be expressed in accordance with the model of Palik et al. [87] as

ke =

E= om, - B,k* (106)
X2
1+
= h* 2 A m
where, B, =[ 1[ 1A-y,)% X1+ (=—)] " and y, =—
11 4Eg0 (mc)z 1+m 11 11 Ego 11 mO

The (116) gets simplified as

h’k?
o~ l,5(E) (107)
where, 1,y(E) = B5,[a, — (&,)" ~4EB,)"], &, = (1) and B, ~[-22
' 713 2 2 2 11 ! 2 2mC 2 2§11
Under the condition of heavy doping forming Gaussian band tails, (117) assumes the form
n’k?
o :I13(E,ng) (108)

c

where |13(E,779) 2612[512 —((a _12)2 —4§11}/3(E,779 ))1/2]

The EM can be written as

m(Eg, ,7,) = mA{l 5 (Eg, ,77,)¥ (109)

The DOS function in this case can be expressed as
g, ,2m, /

Ny (B 774) = Py (7)3’2\/|13(E,779){|13(E,779)} (110)

Since, the original band model in this case is a no pole function, in the finite complex plane
therefore, the HD counterpart will be totally real and the complex band vanishes.

The electron concentration is given by
2m - . -
= s () T (B 1)+ 3 LT (B, ) a1
r=1
where,

|_123(EFh ' 779) :{|_123(EFh7779 )}3/2

For dimensional quantization along z-direction, the dispersion relation of the 2D electrons in this

case can be written following (117) as

h2(nz/d,)? #*(k.)>
2 > =1,(E, 112
2mc + 2mc 13( ng) ( )

the  expression of the N,,;(E)in  this case can be  written  as
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m /
N,pr (E)_ gv Z 3D(E177g!nz)H(E_EnZD13) 113)

Where’ T13D(E’779 1 nz) :[IlS(E’ng) _hz(nzﬂ'—/dz)z(zmc)_l]

The sub band energies E, p;;in this case given by

{h‘(nzﬂ-/ dz)z}(zmc)%L = |13(EnzD13’779) (114)

The EM in this case can be expressed as

m*(EFlHD’ng!nz) = mc[|1,3(EFlHD77791nz)] (115)

The 2-D electron statistics in this case can be written as
m,

Nyp = hgzv ZI-—I—13D(EF1HD’77g’nz) +T14D(EF1HD’ﬂg’nz)] (116)

Where, T14D (EFlHD ) 779 ) nz) = Z L(r)l.—l-l3D (EFlHD ’ 779 ! nZ )]

r=1
The 2D electron dispersion relation in the absence of band tails this case assumes the form

n’k: W

Zmi + o (hz/d)?=1,(E) (117a)
The EM in this case can be written from (127a) as
m*(EFS): mc[|13(EFS ) (117b)

The total 2D DOS function can be written as

N,or (E) = ( CQV)Z {ll,(E)/ H(E-E, )} (118)
where, the sub band energies E,, can be expressed as
hZ
I..(E )= /d)? 119
(8, )= g (07 /d.) (119)
The 2D electron concentration assumes the form
m zmax
o =2 erw(Es,nz)ﬂsg(Es, n,)] (120)
=1

Where T57(EFS’ z) [IlS(EFs) m (C; )] ndTSB(EFS’ z) ZL(r)TSY(EFS’ z)

The expression of electron concentration for bulk specimens of 111-V semiconductors (in the
absence of band tails) can be written in accordance with the model of Stillman et. al. [85] as

= (CIM, (E) + N, (E0) (121)

where, Mo (E,) = [ (E I and Ny (E) =Y LM o(E,)]

r=1
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2.3. The EES in Quantum Wells (QWSs) of HD I1-VI materials

The carrier energy spectra in bulk specimens of I1-VI compounds in accordance with
Hopfield model [110] can be written as

E =a/k? +blk? + Ak, (122)
where aj=n°/2m7, by =r*2/m;, and 4, represents the splitting of the two-spin states by the spin
orbit coupling and the crystalline field.

Therefore the dispersion relation of the carriers in HD 11-VI materials in the presence of Gaussian
band tails can be expressed as

73(E.,) = agky + ik £ Aok, (123)
Thus, the energy spectrum in this case is real since the corresponding E-k relation in the absence
of band tails as given by (123) is a no pole function in the finite complex plane.

The transverse and the longitudinal EMs masses are, respectively, given by

M (Eq, 7) = {7 (B, Y I+ (e ) (124)
\/(ﬂo) +48,7,(E, 17,) e,

and

M’ (Eryo125) =M {5 (B ), . (125)

Thus the transverse EM in HD I1-VI semiconductors is a function of electron energy and is double
valued due to the presence of 4, and due to heavy doping the same mass exists in the band gap.

In the absence of band tails,, — 0, we get

i (Eg) = [+ (el )] (126)
JUo)* +48,E)

and

m(E.)=m’ (127)

The volume in k- space as enclosed (123) <can be expressed as

4 3 (%) {J75(E.m,) W ) 75(Einy)

VEM) = =Tl E S Loy (Eary) + “0’ oD ) (129)
38)Jo; 8 J_ (o)’
75(Eimpg) + 1,

Therefore, the electron concentration can be written as
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Ny =

372 ,\/_[|124(EFh177g)+ZL(r)[I1Z4(EFh7ng)]] (129)

where,

_ %)’ 5(E,
B 1) = [0 (E )y 2 )y

The dispersion relation of the conduction electrons of QWs of HD 11-VI materials for dimensional
quantization  along  z-  direction can  be  written  following  (123) as

7s(Eimy) = aok2+b( Z) £ ok, (130)
The EM can be expressed following (130) as

— o T (fO) ) 1/2]72:(EF1HD!779) (131)
[(4) _4%b0(T) +4ao7/3(EF1HD!779)]

z

Thus we observe that the doubled valued effective mass in 2-D QWs of HD I1-VI materials is a
function of Fermi energy, size quantum number and the screening potential respectively together
with the fact that the same mass exists in the band gap due to the sole presence of the splitting of
the two-spin states by the spin orbit coupling and the crystalline field.

m*(EFlHD’nz’ng) =m,[1F

The sub-band energy in this case is given by

, 7n
73(En2014’779 =0 d ? (132)

z

The surface electron concentration at low temperatures assumes the form

Nyp = 2T Z (73(EF1HD|779) E "‘(Z)zmih_z) (133)

T2
7h" o

The dispersion relation of the conduction electrons of QWs of 1I-VI materials for dimensional
quantization along z- direction in the absence of band tails can be written following (122) as

E =d,k? +b5(r:;—”)2 + Tk, (134)
Using (144), the EM in this case can be written as

n,)=m: [1F— V) ] (135)
()" - 4aipy (7Y + 4,1

The sub-band energy E, assumes the form

m’(E

Fs*"'z

E,. =b (né_fr)z (136)

The area of constant energy 2D quantized surface in this case is given by where

A.(E,n,)= [( )[(/1) +2a,(E - E, )+ 4[(%)* +43,(E - Ens)]}/]]
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The surface electron concentration can be expressed in this case as

2gv Nz max
Neo = 527 ij[A (Ern)+ A (Een)] = {f (E)}E (137)

where f,(E) is the Fermi-Dirac occupation probability factor.

From (137) we get

m kT e
Nyp = 9\1”#25 Zl Fo(7,.) (138)

Where! nnZS = (EFs - EnZS + (Z)mih_z)(kBT)_l

2.4. The EES in Quantum Wells (QWSs) of HD IV-VI materials

a) The Model of Dimmock

The dispersion relation of the conduction electrons in 1V-VI semiconductors can be expressed in
accordance with Dimmock [85] as

A e Eo k2 K’
o g T g g = PR (139)

where, z is the energy as measured from the center of the band gap E, ,m; and my represent the
contributions to the transverse and longitudinal effective masses of the external L and L;bands
arising from the k.p perturbations with the other bands taken to the second order.

. h’E
Substituting, P? = (2°E, / 2m;), R’ ( g) andz = [E+(—)](Where m, and m, are the transverse

and the longitudinal effective masses at k =0,(139) gets transformed as

nk; Bk Ik Rk Kk
[E- ——Il+a ]— : (140)
2m, 2m 2mt 2 2m, 2mI
From (140), we can write
41,4 2
ah+k +h2k52[( 1*—i7)+aE( 17_ 1+) ah? kz]
am'm; 2mt 2m, 2m;  2m’" 4mm/
2 41,4
ke I(Z) Ly 2K s aE) =0 (141)
2m, 2m mI m"~"  4m'm

t

Using (141), the dlspersion relation of the conduction electrons in HD IV-VI materials can be
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expressed as

:‘n?rlfn Zy(E. 1) + WKLy (B Y(KE + 20 (B2 )]+ [y (B, K + g (B, )KE = g (Eo17,)] =0 (142)

t

where, Z,E, ng)=—[1+Erf( )] (B = 2o (E ),

2 2

. ah ah
2’71(E’77g) =[ mm; ZO(E'ng)+ am-m’ Zo(E,ﬂg)]'

| 1700

A (Eimy) = [( m: o ,)Z (E\m, 2 o +)7/0( 1)1,
ﬂ%(E,ng)z[(Zml Zh_)z (E, ng)+“h (W_z 70 (E)]

ali*Z,(E.n,)

e and 4,5(E,n,) =[»,(E,n,) + a6, (E,n,)]

/’{74(E1779)=

Thus, the energy spectrum in this case is real since the corresponding dispersion relation in the
absence of band tails as given by (142) is a pole-less function with respect to energy axis in the
finite complex plane.

The respective transverse and the longitudinal EMs’ in this case can be written as

W (B 1) =220 (B, V¥ 22 (0 s (. )Y + e

2o (1, )Y [ (Evy) + (Ao B )T | (143)

where, 278(E,779)z[4/170(E 14) 5 (E17y)]

and ' (B 1) = [ @y + CorEm Y Vs € )Y + 2 s B )Y
JUa(B.1,))” + 455 (E,17,)

lee, (144)

in which,

A23(E.11,) A5 (E77,)
E,n,)=——"-and 4 (E, e
A4 (E17,) LA(E’ng)an s (E174) = T En)

Thus, we can see that the both the EMs’ in this case exist in the band gap.
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In the absence of band tails, 7, >0, we get
. W’ . a E)Y
m(Ep) = - [Ha )y + 2t (145)
. (E) E-E,
where,
2m'm; aE l1l+aE 2mm 1
oy (E)=——+ iz ~ 0ty (E),apy, (E) = [mt 2mt*+ om lasg, =——— oh — (@) = [ [mt m 11
1 1 a’ U2 (0311(E)
E)=
()= [16[mm m,m+] T LG L
aE(l+aE) (1+aE)
E +
o ()= I
and
1 l1+aE «aE., « a(l+2aE
m(E.) = (TEMy % @ )+£{2[2m|*+ 2m; _Zmr](Zm, 2m,) (ml‘ml )}] (146)
TR o Mome amT 2 1 1+aE «E, aE@+aE) E-E:
! ! [+ -1+ ]
2m,  2m;  2m, m,m’

The volume in k- space as enclosed by (142) can be written through the integral as

V(E. ) =27 [ [ (B2 K + g (B 12 Y1+ g (B 7 K+ g (B 77, )KZ + A (E. 77, Tk, (147)

Wt (E 1)V +4755(E.m,) — s (i) An(Eon,)
2 21°Z,(E\n,)

Whereiﬂse(E’ng)E[ ]1/2’/179(5779)E

r(En) =) G Y 2L (B )P Ao (B, ) = D (Ev, )T
g 4h4[ZO(E,779 )]2 g [¢] g [¢]

Az =[2251 (B, 1) 00 (B, 114) = A0 (B 17 ) Aas (B, 11) = 440 (B, 774) 74 (B, 77,)]
Az =[2250(B,114) 200 (B, 115) = A0 (B 774 ) A (B 1) — 4400 (B, 774) 274 (E 1 174)]

A5 (B )EM and A,4(E,n,) =[44,,(E,774) 4,5 (E, 77,)]
"= Oz, (En, )T : o5

Thus,
V (B, 1) = Uar (B 1[I KE + g (E,77, KE + g (E,11,) = Ao (E. 77, I, (148)

E, 5 (E, ]
where, %7(E’”9)52”m’%(51%)5282( 7y) g (E.77,)

A5 (E774) A5 (E.774)
E, o (E.77,)¥
and ﬂgo(E’ﬂg)EZ”[&g( ﬂg){;ﬁ( )} + A0 (E1174) A9 (E774)]

The (148) can be written as

’Aﬂag(Ev’?g)E
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V(E,17,) =47 (E.775) A5 (E, 774) — A0 (E, 17)] (149)
in which,

E.
s En) =2 [ (.1, 2B,

[6ar(E., )Y + Uy (B, ¥ + 2000 (o ¥ Filos(Ety ) s (Eu )]
E,

ol 4 €00 + U (B ¥ + 200 (B Y]

[€or (B, )Y + e (B YTy (Bt )Y+ (B, )T,

U E1)F = 21U E1,)Y ~ 4 (E11,) + i (E.1, )1 E U (E. 1), ar(Eo, )

+(

is the incomplete elliptic integral of the 2" kind and is given by [105],

E,[Aes (E. 7). Aoy (B2 )1 = [ " HL~{As (B, )Y sin? 121

£ is the variable of integration in this case,
6 E’ 9 2 2
ﬂgg(E,ng)Etan—l[jzzﬁE,Zg;]{zgz(E,ng)} = L) T En, P 2B ))
1 E, g ‘- 2 E, g ?
() = 30 ”ﬂj}(E f‘)’( T € ) e Eny)

is the incomplete elliptic integral of the 1% kind and is given by [105],
F s (B2, Aaa (B 1= [ " ML~ (g (E. 1 ) sin? £ V21

The DOS function in this case is given by
NHD(E,UQ)=497;3 [{7 (B, 716)¥ 255 (B, 11) +{/5 (B, 714 )Y A7 (E,11g) {50 (E,77)¥ ] (150)
Therefore the electron concentration can be expressed as
= s s (B ) + 5 L By, (151)
where,

Lo (Er, 1 715) = [{s7 (Er, 117, ) o5 (Er, 1 714) —{ o0 (Er, 1 776)3]
The 2D dispersion relation of the conduction electrons in QWs of IV-VI materials in the absence
of band tails for the dimensional quantization along z direction can be expressed as
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212 H2K2 2 212 H2k2
E(1+aE)+aE(hk Sy e ”Z” T S
4 s 2Xq 2%, 2X,
h2k2 #2k? h2k2 #2k? hkz 2k2 K2 K2
—a( W( y%—( ) ( 5 -(+a B——(Z)
2 4 Xl dz z
K2 A kz hzkf B2 A kz i k§ h2
—a— n, _ z n, = + z 152
( Z)( X, 2 ) (dz) ( ) m 2m2 om, (d )* (152)
. m’ +2mI 3m'm/ - m, +2m, 3am;m,
where, X, =m/",X; = Xg = X =M, X, = Xy = ————
3 2m’ +m/ 3 2m; +m,
. m, +2m, 3m'm;
m=m,m,=———andm, =———-.
3 m, +2m,
Therefore, the HD 2-D dispersion relation In this case assumes the form
hzkz h2k2 h kz 2k2
yAEnQ+denQ( (E mﬂ——(z)—ﬂ+wdEnQX & )
4 z
;7 *ky . h L *k; wky h k2 h? ?
—a( y)( y)— ( ) (Z) —0+a%AEnJ%——(Z)
2X1 2 2 Xl z z
h2 A kz 2ky2 K2 A kz fi ki K2
—a (L - 2 N7y2 + z 153
( Z) (= X, 2 ) 2X (dz) ( ) m 2m2 om, (d %y (153)
Substltutlng, k, =rcosd and k, =rsing (where r and @ are 2D polar coordinates in 2D wave
vector space) in (153), we can write
1 #*cos? 0. h’sin’ @ h2c052¢9 h’sin’ @ 1.,h%cos’d H’sin®@
r'la —( X )]+ 2—[( + )
X2 X4 X5 1 m2
n? h® cos? 0. h°sin* @ 1’ cos’ 0. K’ sin® @, h’
+a——(z)( ) +a( )——(Z)
4 5 Xl XZ Z
cosze sin®@ cos’ @ sin 6
+1* (1+ oy (E, 17))( ) =R ay,(E,ny)( + )
2 4 5
W onrz., n onrz., n
7, (E,n.) + oy, (E,n, ) — ()2 = A+ ay, (E, 77, ) — ()2 — . 0 154
[72(E.ng) + ays( %)b%(m) 1+ ay,( %»Zg(dz) tﬂ4&6( Z)H (154)

The area A(E,n,)of the 2D wave vector space can be expressed as

A(E,n)=1J, -7, (155)

where J, = 2 jo”’%de (156) in
2

and J,=2[" abl—ilde (157)

which
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cos’ 49 sin?6,,cos?@ sin’0

a=la( . 2)(X4+X5)],

n=(HES S0 (—)(Z TG L)
(—)(Z )l[(““z sin”0) S

L+ az(E, ng»(“’sg ) € )Ly,

and c, Etyz(E,m+ay3(E,ng)(;7>(”c;—”>2 —(1+ay3(E,ng))(;—X)(”5—”)2 —a(J—Xx"é—”)“]

z 3 z

The (156) can be expressed as
_ J.nlz t,,(E,n,)dé
o A.(E,n)cos’@+B,(E,n,)sin’

1

2

where, t31(E,nz>zc1,An<E,nZ)szh—tll(E,nz).
m

1

2
L(En,) = [1+m[i02i( Ny, ol o, 1) eraEim)y
X1X6 dz Xl X4
2
Bu(E.n,) =0 —tu(EN,)
2
o onz, ah® nz, l+ay(En,) ar(En,)
dt. (E =N a JURY: n,7.» g/ g
and t, (E.n,) = +rnz[2x3x5(dz ) +2x2x6 ( d, ' X, X 1
Performing the integration, we get
J, = 7t (E,n)[A,(E,n,)B,(E,n)] ™" (158)
From (157)we can write
2 4
J, = B, (159)
2B;,(E.n,)
Where, | _I (atl—i_aZZ )(a3+a4z )dZ ( ) _(Ail(Elnz)) (160)
0 [(@)°+2°T B, (E.n,)

. : 1 1 1 1 A(E,n)
inwhich a,=—,a,=—,z=tané, 6 is a new variable,a,=—,a, =— and (a)’ =(=—=%).

& =% & X, =% B.(E,n.)

The use of the Residue theorem leads to the evaluation of the integral in (160) as
T
| = E[aia4 +3a,3,] (161)

Therefore, the 2D area of the 2D wave vector space can be written as
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7ty (E.n,) 2113 aty (E,n,)n*
Ao(E:n)= \/AM(E ,)B,L(E,n,) " Xs(X1+X2) SBlzl(E,nZ) ] (162)

The EM for the HD QWs of IV-VI materials can thus be written as

m"(E,n,) =h—22[65HD(E,nZ>] (163)

E=Er1np

1,1 3 at,(En)r

where, O (E.n) =l (- ) sl LA B n)BLE )T
! 11(E ) 1/2 Ail(E ) 1/2
E’anElz 31E’z _31E 1E’z 11E’z
A (BB (B s (B )Y ~ta (B0 M A Y gl + HBEN) S
1 WEnJah 11 3y (e ) B (E 0 )Y (E.N,)Y — 2B, (E.n){Bu(E.n,)Y 1 (E.n,)]

8 A (En)BL(En) % X X
Thus, the EM is a function of Fermi energy and the quantum number due to the band non-
parabolicity.

The total DOS function can be written as

Zmax

2DT(E) ( )ngHD(E )H(E_En ) (164)

2Z7HD

where  the sub-band energy (E,) in this case can be written as

Wonrx Wonz
72(EnZ7HD 'ng)+a7/3(En27HD ,779)7(—)2 —(1+0573(En27HD ’ﬂg))g(d_)z

6 z 3 z
W nz., h h?
_ Y4 Z _ Z 165
a2x3(dz) ( ) [ ( )] (165)
The use (164) Ieads to the expression of 2D electron statistics as
g, <
nZDZZEZ[TSSHD(EFlHD’ N,) +Tssrp (Errrp s z)] (166)
n,=1

(Erinp:N,)
WherETSSHD(EFlHD’ z)_AHD%andTSGHD(EFlHD’ z) ZL(r)TSSHD(EFlHD’ z)

In the absence of band-tails the EM in QWSs of IV-VI materials can be written as
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m*(E,nZ)=§[95(E,nZ)] (167)
where, B
6,(E.n,) s[l—xi(ijui)w

,” 8[B, (E,n )T 1[A,(E.n,)B,(E,n )"

" ' 1 Blo(E n ) 1/2 AlO(E n )
A B (E 1 (B —{ha B )Y G A Y L2 s + B (EN, g gy
1 t,(E,n)an’ o 2 ' '
1 —(— )[Bm(E,nz)] B (E.1)¥ {t(Eu,)} — 2By (B0, By (En)Y 1y (E.,)]

8 JA,(E.n,)By(E.N,) X
ty,(E,Nn,) =c¢,,

G E[E(1+aE)+aE(;—)(“Z—”)2—(1+aE)(h—)(“Z—”)Z B )( MTye
Xs  d, 4x3 s d,
" 1 ak’® n, Wwonz., 1+aE_aE
A,(E,n,)=—— om, to(E,n,) to(E,n,) =[1+m, [X—42—X3( d ) 2X1X6 (d_z) . —X4 1]

hz
BlO(E’nz) Emtzo(Ea nz)

2
and

ah® nr., ah® nr, l+aE «oFE
to(E,n,)=[1+m —z (== _
0(En) =M+ 2[2X3X5(dz) +2X2X6(dz) X ]]
Thus, the EM is a function of Fermi energy and the quantum number due to the band non-

parabolicity.

The total DOS function can be written as
Naor (E) = (- )fe(En)H(E E, ) (168)
where the sub-band  energy (E.) in this case can be written as
E, (1+aE, )+aE, i(”d”) ~@+ak, ) - iy
X 4,
o (e Iy (e (169)
2%, d, " 2x, d, 2m, d,

In the absence of band-tails, the expression of 2D electron statistics can be written as
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max

Z I.TSSO(E Fs? z)+T56O(E Fs? z)] (170)

A\)(EFS’ z) ﬂtSO(E ) _i i i at30(E’nz)h4
WETE: TolEr )= AlEN)Z JAS(En,)B, (E,n T %) 8Bz E )

and

TSGO(EFS’ z) Z L(r)TSSO(EFs’ nz)

For bulk specimens of IV-VI materials, the expression of electron concentration assumes the forms

= ()M (B )+ N, (EL)] (172)
where,
1 al
“n [E[m’m m(mj]_4m[m§m(mj]
MAA(EFb):[asJAl(EFb)—as(EFb)FAl(EFb)_%[fA(EFb)]s]’%:[ZZ;Tt_ 0,1

A4<EFD>

_ 2 2 2 7 (Br)
Jo(Eg) = ~[H(A(ER )+ Ba(B, )E(4, Q) + 2B, (Br )F (4, )] + —— ==
[(7, (Eg,)) +A2(E )+ 2B (B AR (ER ) + 7 (B )T[BA(E ) + 74 (B )T

EAGS JAZ(EF,,) B (Ey,)

A = tan , L ALER ) =[z, (Ep ) +4J72 (Ep ) -4z, (E- )12 142,
s 170 AEy P AE) T ED J7h (Es) —47, (Ep)]
oy, (Eg,) o, (Eg)
By(Er) =[r, (Er) —[72 (Ex ) 47, (E )T /42, ma,k%, m (B ==,
A A
aE l+a.E 1 1 aE l+a.E
o, (Eg) = [ [ 5 b [+ ——]- T
m, 2m, mm°~ mm’ T om'm m 2mI 2m,
a.E 1+a.E 1 a.E l+a.E aE l+aE
o (Bg) =[——+ [~ f*’+ F"]] a,(E ) = [ g,
m; m, 2m,  2m, 2mt 2m,
1
%= 4 [m‘m+ m,‘mﬁ]'
2m'm; 1 a.E a.E 1 1+a.E a.E aE. (1+aE.)
TAi(EFb) [ ]1/2[ [ - B En]_l_[[ _ - . En ]2+ Ry — R ]1/2]1/2,
m, m, 2m, 2m, m, 2m, m, m,
is the in complete Elliptic integral of second kind, F(A,q) is the incomplete Elliptic integral of
first kind,
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Ny (En) = LM, (Ex,)

s (E) I (E) + 41, (E) (E,)_Zm m; [ N

l,,(E) =
17 (E) 5 s =

aE'(i—ﬁ)] 172)

and 1,(E) =M™ Err 4 oY)
ah’

b) The dispersion relation of the conduction electrons in bulk specimens of IV-VI semiconductors

in accordance with the model of Bangert and Kastner [111] is given by
o, (E)k? + w,(E)k? =1 (173)
where,
D\2 Q\2 ~\2
o (B)= (@) _OF Q)
E, A+aE) AL(Q+aE) A1+ aE)

] and

_ -1 ('E\)z (§+ (_?)2 V2 %1010 2
w,(E) = (2E) [Ego(1+a1E)+Ac”(1+a3 E)],(R) = 2.3x107°(eVm)?,

(S_)2 =4.6(F_2)2,a'l=Ei,a'2 =i,a3 = ! ,

4 144

g0 AC A
The electron energy spectrum in heavily doped IV-VI materials in this case can be expressed as

c

21(4) =k[{c,(&,E  E, )~ iD, (e, E. E )}(s—)2+{cz(%5’E )~1D,(az E.E )}(i?z

90 c

(e ) 10,0 E DT k2 e . E,) 1D, E B, )

90

(S ZQ) {c;(a,E,E )_iDs(asE’Eg)}] @74)
where,C
1 1 1 1+eaE
o =—,0,=—,0;=—,G, =——
E, A, A, M,
(a.E,
¢ (aE. ) =[ - J—]exp( uy)x [Z {exp(—
i=123,4,..
and
Di(ai,Eyﬂg)=[0:/;]exp(—Ui2)

i"lg
Therefore (174) can be written as,
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F.(E,779)ks +F,(E,77 )k, =1 (175)
where,

’
g AC

F.(E,7,) =[27,(E, 7, )]1[(2—)2{C1(a1E, E,) -iDy(a,, E, E)}+ (S_)Z{cz(az, E,E,)-iD,(a,,E,E,)}

N (?Z{Cs(“a’ E,E,)—iD,(as E, E )}
and
F,(E,7,) :[2%(5,779)]1[2(;)

g9

{Cl(ali E,Ug) - iDl(al’ E’Ug)}

+(S_Z”®2{C3(a3,E,E ) =Dy (e, E, Eg)H]

Since F,(E,7,) and F,(E,n,) are complex, the energy spectrum is also complex in the presence of
Gaussian band tails.

The EMs can be written as
. n* F(E .77,)
m; (Eq ,7,) = (—) Real part of [———2=
L F, o} 2 |:22(EFh ;779)
I:ZI(EFh 1779)
':22(EFh ’ng)
appears then that, the evolution of the masses needs an expression of the carrier concentration,

which in turn is determined by the DOS function.
The DOS function in this case can be expressed as

] (176)
It

my, (Ex .77,) = (h—zz) Real part of [ ] 177)

NHD(E’”Q) = 3?2/2 FS'(E’UQ)' F3(E’77g) :[Fl(E’ng)'\’ FZ(E’ng) . (178)

The electron concentration is given by

n, = 3?;2 Real part of [F3(EFh ,ng)+z L(r)[F3(EFh 1111 @79
r=1

The 2D dispersion relation in this case assumes the form
k52 = FG(Evng’nz)
[1_ FZ(E’ng)(nzﬂ-/dz)]

where, F,(E,n,,n,) =[ ] (180)
o F.(E.7,)
The EM in this case is given by
. n? ,
m (EFlHD!Ug'nz) :?Real part of [FG(EFIHD'ng'nz)] (181)
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The total DOS function can be written as
Naor (E) = 3;[ D, Fi(EnH(E=E ) (182)
where E, ,,,;; is the quantized energy in this case and is given by
1= Fz(EnZ71HDv779)(7mz /dz)2 (183)
The surface electron concentration can be expressed as
:g_;lz_Real part of [Z [Fs (EFlHD”]g’nz)+z L(N[F (EFlHDaUganz)]]] (184) In
the absence of band-tails the EMs can be written as
Fi(Ee)
11 185
m(F)()( (E)) (185)
2(Er)
m, (Eg) = ( )( i ) (186)
FlZ(E )
c ~\2
where, F,, (E) =[ A, (5+Q) 112ET™ It
E,Q+aE) AL (1+asE)

D)2 c\2 ~\2
and F, (E)=[— R , G ., . Q
E,Q+aE) Al(Q+a,E) AL (1+a,E)
appears then that, the evolution of the masses needs an expression of the carrier concentration,
which in turn is determined by the DOS function.

112ET"

The DOS function in this case can be expressed as

N(E)= 25 Fy(E). Fu(B)=[F,(E)JF,(E)]” (187)

The electron concentration is given by

= IR (E) + X LR ()] (188)

In the absence of band-tails, the 2D dispersion relation in this case assumes the form
=F(E.n,)

[L-F,(E)(n,z/d,)]

where, F4(E,n,)=[ ] (289)
° F11(Ev779)
The EM in this case is given by
« W’
m (EFS'nz):?[Flg(EFS'nz)] (190)

The total DOS function can be written as
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NZDT(E)ZZQ_;IZZ FGI(Elnglnz)H(E_EnZHHD) (191
n,=1
where E, ,,; is the quantized energy in this case and is given by
1= FlZ(Enz7ll’ng)(”nz /dz)2 (192)
The surface electron concentration can be expressed as
ny =210 [Ra(Ee )+ X LOOIRG(Ee )T (193)
n,=1 r=1

2.5The EM in Quantum Wells (QWs) of HD stressed Kane type materials
The electron energy spectrum in stressed Kane type semiconductors can be written [112] as

(e(E)) (b(E)) (E(ZE)) (194)

_ Ko(lE)_ , K,(E)=[E-Ce— gz'xy](?;
Ab(E)+§D0(E)

E
C, is the conduction band deformation potential, ¢ is the trace of the strain tensor & which can

where, [a,(E)])’ =

Ex &y O
be writtenas é=|¢,, ¢, 0|,
0 0 ¢

2z

C,is a constant which describes the strain interaction between the conduction and valance bands,
E, =E, + E-C.s, B,is the momentum matrix element,

(3, +C) 3b,e, bye
E)=[1- -
AB = E, 2E' 2E,

,_O=——(b +2m), b ——(I —-m), d,

&J’S?

|, m, N are the matrix elements of the strain perturbation operator , D,(E) = (d, J_)—,
9

]

K, (E) (6 (E)F: = Ky(E) and T, (E) <[ (@ +C) , 3bye,  bye

b, (E)J = :
e 1w L (E) 5 & %
2

The use of (194) can be written as
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(E-a)k> +(E—a,)K? +(E—a,)k? =t E® —t,E* + t,E +t, (195a)
where,

NG

b. _
> + (7)‘9xyd0]!

a, =[E, -Cie— (3, +C1)g+gl50¢czxx -—¢

a, =[E, -Cie - (& +Cl)g+§608xx _b_og_ (ﬁ)gwa()]’
2 2 2

3= b, 3

=[E, -Cie - (& +C)g+2bg 20 ],tlz(—ZBz

)t =(-=5)[6(E, —C,¢) +3C.e]

ZB2

t,= ( )3(E, -C.e)? +6C.e(E, -Cie) - ZCngy]

2 2
and

1
t, = (E)[C’)—Cf(lfg ~C.e)* +2Ceq 1.
2
The (195a) can be written as
Ek* -TkZ —T27kf -T,k* =[0,,E® - R,,E* +V,E+ p,,] (195b)
where, Ti7=a1, T27= a2, T37= 03, t1=(e7, 12=Re7, t3=Ve7 and t4=pe7
Under the condition of heavy doping (195b) can be written as
L(4)K? =T, @K? =T, | K —T k21 @) =[de; 1 (6) — Rey | (5) + Vi 1 (4) + iy | )] (1.195¢)
where,

16)=[" (E-V)’'FV)av (196)
The (186) can be written as
1(6)=E*1(1)—3E?I(7)+3EI(8)-1(9) (197)
In which,
(D)= VFV)av (198)
18)=]" VEF(V)dv (199)
1©) =" VEFV)av (200)
Using (4), together with simple algebraic manipulations, one obtains
-n _EZ
1(7) = —2 201
") yNC3 n ) (201)
18) = [+ Erf (5] (202)
4 Ny
and
_77 _E2 E2
1(9) =—7=ex — 203
9= odr p 7 77;] (203)

Thus (197) can be written as
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_E E e + 3027+ T exp(CE)[4E? 4+ 7
I(6)_[2[1+ Erf(ng)][E +2ng]+2\/;exp( 77; JMAE® +7,]] (204)

Thus, combining the appropriate equations, the dispersion relations of the conduction electrons in
HD stressed materials can be expressed as

B (E, 7, K2 + Qu(E. 7K + Sy, (EL 17, K2 =1 (205)
ahere, P () <2212~ T 2L EVLE/ )]y
A14(Ea’7g)
A (Evty) =[G AS T+ Erf (E/n IE? + 171+ 2 exp(CE)4E? + 21}
14 g 67 2 g 2 g 2\/; 7792 g

—Reyeo(E,ngvayo(E,ng)+%[1+ Erf (E/n,)1],

Yo (E\ny) = (T, /2)[L+ Erf (E/ng)]]
A14(E,779)

Q11(E:779) =[

and
¥o(Eing) = (T /2)[L+ Erf (E/ng)]]
A14(E,779)
Thus, the energy spectrum in this case is real since the dispersion relation of the corresponding

materials in the absence of band tails as given by (194) has no poles in the finite complex plane.
The EMs along x, y and z directions in this case can be written as

Sll(E:Ug) =[

My (Ex, .77,) = %[[70(Eph 1) = (T 1 2)[1+ Erf (Eg )7 [Aw (Er, 7)Y [0 (Er, 1 17,) = (T, / 2)[L+ Exf (Er ,17,)]1]

B exp(Eay) (206)
My NX P

9

1
_AZIA(EFh!T]g)[E[l_'- Erf(
g
2

my, (B .77) = %[[%(Eﬁ 14) = (T 1 2L+ Exf (B 17 )1 1A (B, 1 10)Y [0 (B, 1 125) = (T 1 2)[L+ Exf (B, ,7,)]1]

A Es e Erf (B exp(CE Y] (207)
mret Ny mx g

and
2

m, (B, .77,) = %[[%(Eph 11g) = (T 1 21+ Erf (B )1 [Asa (Er, 7)Y [0 (Er, 1 71) = (Toy / 2)[1+ Exf (B¢, ,7,)]1]
E.

E
Ay (Eg 7, )[% [L+Erf(—)] —{’:i\/; exp(—)HI] (208)

1, 1,

Thus, we can see that the EMs in this case exist within the band gap.

In the absence of band tails,7, -0 we get
m:x(EF) = hZEO(EF ){ao(EF )}' (209)
M (Er) = 1%y (B )by (B )Y (210)
My, (Er) = 1°C, (E- )G, (B )Y (211)

The DOS function in this case can be written as
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NHD(E,ng)=3i—V2A100(E,ng) (212)
where,
Ay (E gy B 2L (B g oy TE gy g ¥~ (7 4 o E g

A (E/ny)=[[r5(E I ny) = (T, 1 2)0L+ Erf (E 1 J17o(E /) =(Ty7 [ 2)[L+ Erf (E /)]
[7o(Em,) = (T 1 2)[L+ Exf (E /7, )T

Using (212), the electron concentration at can be written as
My = o o (B 1) + ) LD (Ex )] (219)

r=1
where,

{A14(EFh 11y )¥?
Als(EFh’Ug)
The dispersion relation of the conduction electrons in HD QWs of Kane type semiconductors can

I_lZG(EFh’ng)z[ ]

be written as

P (. K+ Qu (B K + 8,0 (Ep, )7 =1 (214)

The EM ca; be expressed as

m*(EHHD,ng,nz)=h—22A£6(EF1HD,ng,nZ) (215)
AL 8, (B, ()]

where, A:,B(E,ng n,) Z

~ JPu(En)Qu(E.7,)
From (215), it appears that the EM is a function of Fermi energy, and size quantum number and
the same mass exists in the band gap.

Thus, the total 2D DOS function can be expressed as

g, &=
NZDT(E)Zz_Z ASG(EFlHDnganz) (216)
n,=1
The sub band energies (E,,,)are given by
Su(E, _.7,)(7n, /d,)* =1 (217)
The 2D surface electron concentration per unit area for QWs of stressed HD Kane type compounds
can be written as
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gv nma)(
Noo (E) = EZ[TWHD (Erinp+779:77,) +Tserin (Eenn 74, 77,)] (218)
n,=1
where, To;p (Eein 1 774177,) = Assrio (Eeanp 1 77477,)

andTeg0 (Epip 1T 7,) = z L(NTs7n0 (Eriio 1Ty ,)

r=I|
In the absence of band tails, the 2D electron energy spectrum in QWSs of stressed materials assumes
the form
k2 kJ 1

= 2 T o= 2 + = 2
[3,(E)]" [ (E)I" [G(E)]
The area of 2D wave vector space enclosed by (219) can be written as
A(E,n,) = zP*(E,n,)a, (E)b, (E)

where, P*(E,n.) =[1-[n,z /d c,(E)]’]

(nz/d,)? =1 (219)

From (219), the EM can be written as
()= [P (B ) (B B BT (220)
Thus, the total 2D DOS function can be expressed as
NZDT(E)=(§—7vr)nnzmzjf1 6,(En)H(E-E, ) (221)
in Z which,

0, (E.n,) =[2P(E,n, {P(E,n,)} & (E)b, (E) +{P(E,n,)}’ {&,(E)} by(E) +{P(E,n,)}{by(E)} &,(E)]

The sub band energies ((Enzu )) are given by
S (E,, ) =n,7/d, (222)
The 2D surface electron concentration per unit area for QWs of stressed Kane type compounds
can be written as
N =§—7V[r:szl['l'61(EFS,nz)+T62(EFS,nZ)] (223)
where, Z

T (Exi1,) E[pz(EFs ' nz)go(EFs)EO(EFs)]and T, (Eon,) = ZS: L()Te (Exo1,)

The DOS function for bulk specimens of stressed Kane type semiconductors in the absence of

band tail can be written as
D,(E) =g, (37°) T, (E) (224)
where

T,(E) =[a,(E)b, (B)[&, (B)] +&,(E)[ b, (E) ] 5 (E) +[a (B)] by (E)G, (E)]
Combining (224) with the Fermi-Dirac occupation probability factor and using the generalized
Sommerfeld lemma the electron concentration in this case can be expressed as
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N, =9,(37%) "M, () + N, (E;)] (225)
where,

M, (. ) = (8 (E- )by (E, )5 (E-)and N, (E, ) = S LM, (E;.)

r=1
Thus, we can summarize the whole mathematical background in the following way.

Thus, we can summarize the whole mathematical background in the following way.

In this Paper, we have investigated the 3D and 2D EMs from HD bulk and QWs of non-
linear optical materials on the basis of a newly formulated electron dispersion law considering the
anisotropies of the effective electron masses, the spin orbit splitting constants and the influence of
crystal field splitting within the framework of k.p formalism. The results for 3D and 2D EMs from
HD bulk and QWs of 1l1-V, ternary and quaternary compounds in accordance with the three and
two band models of Kane form a special case of our generalized analysis. We have also studied
the EM in accordance with the models of Stillman et al. and Palik et al. respectively since these
models find use to describe the electron energy spectrum of the aforesaid materials. The 3D and
2D EMs has also been derived for HD bulk and QWs of 11-VI, 1V-V1, stressed materials, by using
various appropriate band models respectively on the basis of the appropriate carrier energy spectra.
The well-known expressions of the EMs in the absence of band tails for wide gap materials have
been obtained as special cases of our generalized analysis under certain limiting conditions. This
indirect test not only exhibits the mathematical compatibility of our formulation but also shows
the fact that our simple analysis is a more generalized one, since one can obtain the corresponding
results for relatively wide gap materials having parabolic energy bands under certain limiting
conditions from our present derivation

3. RESULT AND DISCUSSIONS

Using the appropriate equations together with parameters as given elsewhere [113], we have
plotted the real part of the energy spectrum (Re[6,(E,7,)]) as a function of election energy in Fig.

2.1(a) and the Fig. 2.1(b) exhibits the dependence of the imaginary part of the energy spectrum Im
[4,(E,7n,)] on electron energy for HD n-CdsAsz(an example of tetragonal materials), respectively.

From Fig. 2.1(a), it appears that Re[&, (E,7,)]has an increasing trend with energy E for
positive values of E . Besides for negative values of E, the value of Re[6,(E,7,)]is positive
indicating its band-tailing nature. Beyond E=-1.0(eV), the value of Re[6,(E,7,)] becomes

negative and magnitude of the values are insignificant one. It is worth remarking that the band-
tailing nature of Re[6,(E, n,)]is clearly apparent from the Fig. 2.1(a).

From Fig. 2.1(b), we observe that Im [6,(E, ,)] has the Gaussian nature of variation with
energy E for both positive and negative values of E. The values of Im [6,(E,7,)] are negative
for all the values of E as considered in Fig. 2.1(b). It may be remarked that the graph of Fig. 2.1(b)
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clearly shows the tailing of Im [6, (E, »,)] into conduction band (i.e., for positive values of E ) and

the tailing within the spin-splitting band (i.e., for negative values of E) respectively. The
maximum contribution of Im [6,(E,7,)] appears at E=-0.25 (eV) for », =0.8 (eV) which is

beyond the band gap E, =0.095 (eV). From Fig. 2.2(a), we observe that the Re[6, (E,7,)] has an
increasing trend with positive value of E. For negative value of E, the Re[d,(E,n,)] becomes

positive exhibiting clearly the band-tailing nature of it. Besides beyond E =-1.0 (eV), the value of
Re[6,(E,n,)] becomes negative. In addition, the band-tailing nature of Re[6,(E,7,)] is clearly

apparent from the Fig. 2.2(a).

From Fig. 2.2(b), we can write that the nature of variation of the Im [6,(E, 7,)] versus E
is quite different from Im [6,(E,#,)]. Here, Im[6,(E,n,)] has a positive alues with positive
variations of E. Also, the positive values of Im [6, (E, 77,)] for negative E indicate the band-tailing
nature. Beyond E =-0.5 (eV), Im [6,(E, 7,)] becomes negative and the magnitude of the negative
values are significant. The nature of variation of Im [6,(E,7,)] is not Gaussian type but can

roughly be approximated to it. This occurs for 6 =0.085 (eV) (i.e., positive value of o). Because
for 6=-0.21 (eV) for CdGeAs, the nature of variation of Im[6,(E,n,)]is Gaussian. The

contribution of Re[6,(E,n,)] is of significant value as compared to Im [6,(E,7,)]. The band-

tailing is clearly shown in the variation of Im [0, (E, 7,)].

From Fig. 2.3(a), it appears that the nature of variation of the real part of the electron energy
spectrum for CdGeAsz(an example of non-linear optical materials) is more or les same as that for
the tetragonal materials as given by Fig. 2.1(a). In this case, the band tailing nature of variation of

Re[&,(E,n,)] for CdGeAs: is clearly shown in the graph. From Fig. 2.3(b), it appears that the

nature of variation of the imaginary part of the electron energy spectrum for non-linear optical
materials is more or less the same as that for the tetragonal material as given by Fig. 2.1(b). The
Gaussian distribution of Im [6,(E, 7,)] with respect of E is apparent from the graph and the band

tailing is clearly shown.

From Fig. 2.4(a), we can write that the band tailing effect is clearly shown in the graph.
From Fig. 4(b), it appears that the variation of Im [6,(E, 7,)] with respect to E is a Gaussian type
with negative From Fig. 2.5, we can write that the curve (a) is valid for 6 #0and A # A, for the
case of CdsAs; and the curve (b) is valid for 6=0,A=(A +A)/2 and A =A, to obtain the

corresponding three band model of CdzAs,. The curve (a) shows that the DOS increases with the
increase in the positive values of E . The band tailing is clearly being observed from the graph.
The variation of Im [&, (E, 77, )] with respect to E are unlike that with respect of Im [&, (E, 7, )] for

CdsAs; because of the negative value of ¢ (-0.21(eV) in CdGeAs,.
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The curve (b) also shows the same nature and finally the curve (b) merges with the curve (a). For
negative value of E , the curves (a) and (b) exhibit tailing in the DOS together with the oscillations.
It is worth remarking in this context that at the value of E corresponding to point MN, curve (a)
shows that the DOS becomes negative indicating the formation of a new forbidden zone in the
material. The value of E at those points lie between -1.45 (eV) at M and -1.65 (eV) at N which
corresponds to the region away or near to the spin-orbit splitting band of the material. Besides,
beyond -1.65 (eV), the DOS becomes positive.

The oscillatory nature of the DOS for negative values of E has been predicted by the present theory.
Also for v, (E,n,) = 7, the cosine function becomes negative indicating the negative value of

the DOS and hence the creation of a new forbidden zone. The curve (b) is widely separated
from the curve (a) for negative values of E. Also, it shows oscillation in this region with two points,
P and Q where the DOS for curve (b) shows negative value. For this value of the DOS, the new
forbidden zone appears for the curve (b). The value of E at P is -1.45 (eV) and at Q is -1.58 (eV).
Thereafter, the DOS again becomes positive. The oscillatory nature of the DOS for the Curve
(b),is also predicted by the present formulation. For the curve (b), the new forbidden zone (i.e.,
PQ) appears earlier than the same for the curve (a). The band tailing in the DOS for the curves (a)
and (b) are clearly indicated in the graph for negative values of E . In the plot, the value of the
DOS has been normalized by (1.0 x 10%°) factor.

From Fig. 2.6, it appears that both the curves (a) and (b) of the DOS increase with increase
in E and finally the curve (b) converges with the curve (a). For negative value of E, the curve ()
exhibits oscillations with positive values of the DOS. Two oscillation peaks have been shown to
appear over the region of study of energy, E . For the curve (a), the value of the DOS becomes
negative as indicated by the region (X,Y), where the new forbidden zone has appeared. Besides,
beyond the point Y, the DOS becomes positive with an oscillatory nature. The value of E at X is
~-1.68 (eV) and at Y is =-1.8 (eV). The curve (a) is being widely separated from the curve (b)
for the negative values of E . In addition, the appearance of oscillations with the new forbidden
zone in the DOS has also been predicted by the theory. The curve (b) also shows oscillation in the
DOS as indicated in the figure. Between the point (R, S), the curve (b) shows negative values of
the DOS indicating the formation of a new forbidden zone for the three band Kane model
representation of CdGeAs:. The value of E at point R is E=-1.7(eV) and at point Sis E =-1.8(eV).
Besides beyond point S, the DOS becomes positive with oscillatory nature. The curve (b) is widely
separated from the curve (a) for negative values of E. The band tailing in the DOS for the curves
(@) and (b) is clearly indicated in the graph.

In Fig. 2.7, we have plotted the energy spectra of n-InSb where the graph 3r indicates the
real part T, (E, 7, ) for the perturbed three-band model of Kane in which the curve 3im exhibits the
imaginary part T, (E, 7,) .The curve 3y, indicates the unperturbed three-band model of Kane. The

curve (2) has been EESawn for the perturbed two-band model of Kane in which 2up indicates the
corresponding unperturbed EES). In Fig. 2.7, | indicate the perturbed parabolic band model and

lup exhibits the energy spectrum for unperturbed parabolic energy bands (i.e. E= h2k2/2mc).
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Fig. 2.1 (a) Plot of the electron energy spectrum of Re[d,(E,7,)] (in m?) versus energy, E (eV) for CdsAs;. (b)

Plot of the electron energy spectrum of Im[&, (E,7,)] (in m?) versus energy, E (eV) for CdsAs..
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Fig.2.2(a) Plot of the electron energy spectrum of Re[6&,(E,7,)] (in m?) versus energy, E (eV) for CdsAs,. (b)

Plot of the electron energy spectrum of Im[&,(E,7,)] (in m?) versus energy, E (eV) for CdsAs:.
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(b) Plot of the electron energy spectrum of Im[6,(E,7,)] (in m?) versus energy, E (eV) for CdGeAs..

422

Journal of Mathematical Sciences & Computational Mathematics



ISSN 2688-8300 (Print) ISSN 2644-3368 (Online) JMSCM, Vol. 1, No. 4, August 2020

2.0

CdGedAs,
15477 =08(eV)
1.0
0.5+
s
w
>: o.o A S A ' L A S L
g 1.0 20 3.0 4.0 5.0 8.0 7.0 8.0
= ENERGY SPECTRUM Rel6,(E.n,)] (meter)™
~0.5+
1.0
-1.5
a -2.0
CdGeAs, _
r7g = O.8(eV) Lts
3
-1.0
>
(U3
= 0.8 ﬁ
=
w
-D0.30 -0.25 -0.20 -0. -0.10 -0.‘50 0.0 0.:‘)0 0.410 0.‘;5
ENFERGY SPECTRUM
Im[é&, (E, 7, )] (meter)™
p—-2.5
b

Fig. 2.4 (a) Plot of the electron energy spectrum of Re[6,(E,7,)] (in m?) versus energy, E (eV) for CdGeAs:.
(b) Plot of the electron energy spectrum of Im[&,(E,7,)] (in m?) versus energy, E (eV) for CdGeAs;.
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Fig. 2.7 The energy spectrum of InSh has been plotted with the following notations: (a) 3r indicates the real part
T4, (E,77) for the perturbed three-band model of Kane; (b) 3im exhibits the imaginary part To, (E, 77,) ; () 3up

indicates the unperturbed three-band model of Kane; (d) (2) has been EESawn for the perturbed two-band model of
Kane; (&) 2y, indicates the corresponding unperturbed EES; (f) I indicates the perturbed parabolic band model;

(9)1up exhibits the energy spectrum for unperturbed parabolic energy bands (i.e. E = h2k2/2mc).
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Fig. 2.8 The energy spectrum of InAs has been plotted for all the cases of Fig. 7
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Using the other material constants form the Table of the Appendixwe have plotted the EESs for n-
InAs, InixGaxAsyP1.ylattice matched to InP and Hg:1xCdxTe for all the cases of Fig. 2.7 in Figs. 8,
9, 10, respectively. In Figs. 11-14 we have plotted the DOS function for all cases of Fig. 7 for n-
InSb, n-InAs, Inix GaxAsyP1.y lattice matched to InP and Hg1.xCdxTe, respectively. In this context,
it may be noted that we have taken the first fifteen terms of the finite series in T, (E, 7, ) for the

purpose of numerical evaluations since we have observed that the contributions of the higher terms
in the infinite series of T, (E,#n,) become negligible after it.

This statement is valid for all the cases in general. From Figs. 2.7-2.14, the following points can
be noted:

. When E; <A (e.g. InSb and Hg1xCdxTe), the imaginary part of the energy spectrum (3im) is most
prominent as compared to Inix GaxAsyP1.y lattice matched to InP where E; < A. The imaginary

part of energy spectrum enters in the conduction band where E >0 (i.e. tails in the conduction
band) as compared to the cases of n-InAs and Inix GaxAsyP1.y lattice matched to InP where the
tails are very small.

. When the imaginary part (3im) is prominent (Figs. 2.1 and 2.3), the tails of the real part is shortened.
The curves 3im exhibits tail of the conduction band and with this tail, the imaginary band enters
into the region of conduction band ( E >0). For Hg1-xCdxTe and n-InSb, the 3imtails in to the split-
off band.

. When the EESs of the conduction electrons of the materials are defined by the perturbed two-band
model of Kane, the imaginary part of the energy spectrum vanishes. The same is also true for
perturbed parabolic band model. The unperturbed bands never exhibit tails in the energy spectrum.

. The N, (E,7,)as given by (1.43) shows oscillations with E for E <0 . The oscillatory part is
not seen in Fig. 2.11 for E >0. This is because, for E < O,‘TsZ(E,ng) O T31(E,ng)‘. So 4, (E,n,)
is equal to zero leading to the non-oscillatory result Cos 4, (E,n,) ~1 for E>0. For E<O, the
value of 4, (E,7,) is significant and oscillations are found for N, (E,7,) for E>0, as evident

from Fig. 2.11. For 8, (E,n,) =, Cos 4, (E, n,) becomes negative leading to the negative values

of the DOS. The boundary points M and N in the graph mark the points where the DOS become
negative. The electrons cannot exist for negative values of the DOS so this region is forbidden for
electrons, which implies that, in the band-tails, there appears a new forbidden zone in addition to
the normal band-gap of the semiconductor. It appears beyond the spin-orbit splitting band. No
oscillations are found for the perturbed two band model of Kane and perturbed parabolic energy
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bands respectively although there is tailing in the DOS. For 7, —0, the oscillations and the

appearance of new band gap in the tailed zone of the DOS are absent.

Form the above discussion, we observed that T, (E,7,) has a tail in the forbidden band and
extended further. As this tail crosses the forbidden band (when T, (E,n,) T, (E,n,) does not
vanish in the forbidden band for small E, ) and enters in to the split-off band where A exists and

in the split-off band the tail vanishes, leaving behind some part of it to cross; then the remaining
part of the split-off band interacts with the impurity atoms of the doped materials to produce a
complex band. This interaction produces complex energy spectrum in the heavily doped materials
whose unperturbed conduction electron are defined by the three-band model of Kane. Obviously
for E, [l A, the imaginary part of the complex energy spectrum will be most prominent and depth

of the tail will be small. In the case when E; [I A, the tails due to T, (E,7,) (i.e. the real part) lies

almost within the forbidden region; only a very thin tail enters into the spin-split off band. This
causes a prominent tail of T, (E,7,) and imaginary part is slightly present. For E; ~A (e.g, n-

InAs shown in Fig. 2.8), the tail of T, (E,7,) is present considerably in the forbidden band, but
T, (E,n,) does not vanishes to zero at the edge of the light-hole valance band where forbidden
band ends; rather enters in to the split-off band. In the split-off band (when A is comparable to E,
), the tail covers the band considerably. So the tail due to T, (E,7,)and the imaginary energy
spectrum due for to T, (E, 7,) are present prominently.

So from Figs. 2.7-2.10, we observe that the complex energy spectrum is due
to the interaction of the impurity atoms with the spin orbit splitting constant of the valance band
for the three-band model of Kane where no real energy band as well as impurity band exist. More
is the interaction (depends on the cross over region of A by the tail) causes more prominence of
the imaginary part than the other case. Under undoped condition the band-tailing vanishes and
there is no interaction with the splitting band. As a result, there exist no complex energy spectrum
i.e. T, (E,n,)approaches to zero asz, — 0.

From the 2D EES in QWSs of HD nonlinear optical and tetragonal materials (32),
we observe that constant energy 2D wave vector surfaces are the series of concentric quantized
circles in the complex energy plane which is the consequence of non-removable poles in the
corresponding EES in the absence of band tails. The (174) represents the 2D EES of HD 1V-VI
materials in accordance with the model of Bangert and Kastner and same conclusion is also
valid. From (43) we have the same inference for QWs of HD I11-V materials whose unperturbed
conduction electrons obey the three band model of Kane, which contains one non-removal pole
in energy axis. The 3D electrons in HD I11-V materials are also described by two band model of
Kane, parabolic energy bands, model of Stillman et al and the model of Palik et al with the 2D
EESs as given by (61), (78), (92) and (108) respectively. Since all the said EESs possess no poles
in the finite energy planes, the constant energy of 2D wave vector surfaces are the series of
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concentric quantized circles in the real plane instead of the complex one. The 2D EES (123) in
HD I11-VI materials reflects the fact that the constant energy 2D surface is series of concentric
displaced quantized circles in the real plane. The 2D EES (153) of HD IV-VI materials
represents constant energy 2D wave vector surface as the series of concentric quantized closed
surfaces in accordance with Dimmock model. The 2D EES (214) in QWs of HD stressed Kane
type materials reflects the fact that the constant energy 2D wave vector surfaces are the series
of concentric ellipses in the real plane.

The influence of quantum confinement is immediately apparent from the said 2D equations
since the EES depends strongly on the thickness of the quantum-confined materials in contrast
with the corresponding bulk specimens. The energy decreases with increasing film thickness in an
quantized way with different numerical magnitudes for QWs of HD materials. It appears that any
electronic property exhibits spikes for particular values of film thicknesswhich, in turn, depends
on the particular band structure of the specific material. Moreover, the electron energy in QWs of
HD compounds can become several orders of magnitude larger than of bulk specimens of the same
HD materials, which is also a direct signature of quantum confinement.

It may be noted that with the advent of MBE and other experimental techniques, it is
possible to fabricate quantum-confined structures with an almost defect-free surface.lf the
direction normal to the film was taken differently from that as assumed in this work, the
expressions for the EES forQWs of HDmaterials would be different analytically, since the basic
EESs for many materials are anisotropic. In formulating the generalized electron energy spectrum
for non-linear optical materials, we have considered the crystal-field splitting parameter, the
anisotropies in the momentum-matrix elements, and the spin-orbit splitting parameters,
respectively. In the absence of the crystal field splitting parameter together with the assumptions
of isotropic effective electron mass and isotropic spin orbit splitting, our basic relation as given by
(2) converts into the well-known three-band Kane model and is valid for [11-V compounds, in
general. It should be used as such for studying the electronic properties of n-InAs where the spin-
orbit splitting parameter (A) is of the order of band gap (Eg). For many important materials

A>>E; and under this inequality, the three band model of Kane assumes the form

E(1+EE,") =7n°k?/2m_ which is the well-known two-band Kane model. Also under the

condition, E; — oo, the above equation gets simplified to the well-known form of parabolic

energy bands as E =1’k? /2m,. It is important to note that under certain limiting conditions, all

the results for all the models as derived here have transformed into the well-known expression of
the EES for size quantized materials having parabolic bands. We have not considered other types
of compounds or external physical variables for numerical computations in order to keep the
presentation brief.

It may be noted that the complex band structures have already been studied for bulk
materials and superlattices without heavy doping[114, 115] and bear no relationship with the
complex energy spectrum as formulated in this Paper. The physical picture behind the formulation
of complex energy spectrum in doped small gap materials, whose unperturbed conduction band is
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defined by the three band model of Kane, is the interaction of the impurity atoms in the tails with
the spin-orbit splitting constant of the valence band as already noted. Besides, the complex spectra
are not related to same evanescent modes (extinction modes) in the band tails and the conduction
band. In this context, we wish to further note that many band tails models are proposed using the
Gaussian distribution of the impurity potential variation. In this Paper we have used the Gaussian
distribution function of the impurity potential and obtained an exact EES for heavily doped
nonlinear optical and tetragonal compounds and other materials forming band tails. Our method is
not at all related with the DOS technique as used in the aforementioned works. From the EES we
can obtain the DOS but the DOS technique as used in the literature [114, 115] cannot provide the
EES. Therefore our study is more fundamental than those in the existing literature because the
Boltzmann transport equation, which controls the study of the charge transport properties of
semiconductor devices, can be solved if and only if the EES is known. In this context it may be
noted that although we have used the Gaussian model to explain the band tailing in heavily doped
materials but it is not the only well-established one.

It may be noted that the presence of non-removable poles in the EES of the undoped material
creates the complex energy spectrum of the corresponding heavily doped sample. All
investigations of the transport properties of modern electronic devices made of heavily doped
materials should be reformulated since the Boltzmann transport equation which controls all the
transport properties should be solved at first for complex energy spectrum which is altogether a
new field of research. Consequently, all the band structure dependent properties of all the
electronic devices made of heavily doped materials will change leading to new physical ideas and
new experimental findings under different physical conditions. We have not considered the many
body effects in this simplified theoretical formalism due to the lack of availability in the literature
of proper analytical techniques for including them in the generalized system as considered in this
Paper. Our simplified approach will be useful for the purpose of comparison when methods of
tackling the formidable problem after inclusion of the many body effects for the generalized
systems appear. It is worth remarking in this context that the results of our simple theory, in the
limit the band gap tends to infinity, get transformed to the well-known formulation for wide gap
materials having parabolic energy bands. This indirect test not only exhibits the mathematical
compatibility of our formulation but also shows the fact that our simple analysis is a more
generalized one, since one can obtain the corresponding results for the relatively wide gap
materials having parabolic energy bands under certain limiting conditions from our present
derivation. The experimental results for the verification of the theoretical analyses of this Paper
are still not available in the literature. It may be noted in this context that our theoretical
formulation will be useful to analyze the experimental data when they appear. The inclusion of the
said effect would certainly increase the accuracy of the results, although the qualitative features of
the DOS discussed in this Paper would not change in the presence of the aforementioned effect.
An important feature of the present work is that the influence of the energy band parameters on
the EES and the DOS can be determined for various types of HD materials as considered in this
Paper.
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