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Abstract  

In this paper, making use of concept splitting the limits of summation identities and Bailey’s lemma, an 

attempt has been to establish the transformations involving Bailey’s lemma and Truncated Basic 
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INTRODUCTION 

Bailey [2] established a simple but very useful identity 

 If  

(1.1) 𝛽𝑛 = ∑ 𝑢𝑛−𝑟𝑣𝑛+𝑟𝛼𝑟
𝑛
𝑟=0  

and 

 (1.2)𝛾𝑛 = ∑ 𝑢𝑟−𝑛𝑣𝑟+𝑛𝛿𝑟
∞
𝑟=𝑛  

Where 𝛼𝑟 , 𝛿𝑟 , 𝑢𝑟 and 𝑣𝑟 are any functions of r only such that, the series 𝛾𝑛 exists, then subject to 

the convergence of the series. 

(1.3) ∑ 𝛼𝑛𝛾𝑛 = ∑ 𝛽𝑛𝛿𝑛
∞
𝑛=0

∞
𝑛=0  

Making use of (1.3), a number of mathematicians , notably Slater[7] ,Verma [10] ,Verma and 

Jain[12], Denis[3], Gasper[4], Andrews[1], Shrivastav [6] others made use of Bailey’s Lemma and 

gave a number of transformation formulae involving Basic Hypergeomtric Functions.In this paper, 

using concept of splitting the limits of summation identities, an attempt has been made to establish 

very interesting transformation formulae involving Truncated Basic Hypergeometric Functions. 
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DEFINITIONS AND NOTATIONS 

The Basic Hypergeometric Functions is defined as; 

(2.1)    A Φ B [
𝑎1, 𝑎2, … … … , 𝑎𝐴   ; 𝑞; 𝑧

 𝑏1, 𝑏2, … … … , 𝑏𝐵             ] = ∑
(𝑎1;𝑞)𝑛(𝑎2;𝑞)𝑛……….(𝑎𝐴;𝑞)𝑛 𝑧𝑛

(𝑏1;𝑞)𝑛(𝑏2;𝑞)𝑛…………(𝑏𝐵;𝑞)𝑛(𝑞;𝑞)𝑛

∞
𝑛=0  

and 

 (𝑎1, 𝑎2, … … … 𝑎𝐴; 𝑞)𝑛 = (𝑎1; 𝑞)𝑛(𝑎2; 𝑞)𝑛 … … … . (𝑎𝐴; 𝑞)𝑛 

With the q-shifted factorial defined by 

(2.2) (𝑎; 𝑞)𝑛 = {1,                                                                            
(1−𝑎)(1−𝑎𝑞)(1−𝑎𝑞2)………(1−𝑎𝑞𝑛−1),

     
𝑖𝑓 𝑛=0         
𝑖𝑓  𝑛=1,2,…

 

The Truncated Basic Hypergeometric Functions is defined as; 

(2.3) A Φ B [
𝑎1, 𝑎2, … … … . . , 𝑎𝐴   ; 𝑞, 𝑧

𝑏1, 𝑏2, … … … . 𝑏𝐵
]

𝑁
= ∑

(𝑎1;𝑞)𝑛(𝑎2;𝑞)𝑛……….(𝑎𝐴;𝑞)𝑛𝑧𝑛

(𝑏1;𝑞)𝑛(𝑏2;𝑞)𝑛…………(𝑏𝐵;𝑞)𝑛(𝑞;𝑞)𝑛

𝑁
𝑛=0  

Where max (|𝑞|, |𝑧| < 1) and no zero appears in the denominators. 

Respectively, we shall use the following known identities in our script, 

(2.4)  (𝑎; 𝑞)𝑛 =
(𝑎;𝑞)∞

(𝑎𝑞𝑛;𝑞)∞
 

(2.5)  (𝑎; 𝑞)𝑛+𝑘 = (𝑎; 𝑞)𝑛(𝑎𝑞𝑛; 𝑞)𝑘 

(2.6)   (𝑎𝑞𝑛; 𝑞)𝑘 =
(𝑎;𝑞)𝑘(𝑎𝑞𝑘;𝑞)

𝑛

(𝑎;𝑞)𝑛
 

(2.7)     (𝑎; 𝑞)𝑘𝑛 = (𝑎, 𝑎𝑞, … . . , 𝑎𝑞𝑘−1; 𝑞𝑘)𝑛 

(2.8)     (𝑎2; 𝑞2)𝑛 = (𝑎, −𝑎; 𝑞)𝑛 

(2.9)  (𝑎3; 𝑞3)𝑛 = (𝑎, 𝑎𝜔, 𝑎𝜔2; 𝑞)𝑛      where 𝜔 = 𝑒2𝜋𝑖/3 

Also, we shall use the following well known q-series in our present script,  

(2.10)      0Φ0 [
−
−

 ; 𝑞; 𝑧] = (𝑧; 𝑞)∞             (Slater 8 [App. IV (IV.10)]) 

(2.11)   1Φ0 [
𝑎
−

; 𝑞; 𝑧] =
(𝑎𝑧;𝑞)∞

(𝑧;𝑞)∞
 ,     |𝑧| < 1 , |𝑞| < 1            (Slater 8[App. IV (IV.10)]) 

(2.12) 2Φ1[
𝑎, 𝑏; 𝑞; 𝑐/𝑎𝑏

𝑐      
] =

[𝑐/𝑎,𝑐/𝑏;𝑞]∞

[𝑐,𝑐/𝑎𝑏;𝑞]∞
                (Slater 8[App. IV (IV.10)]) 

(2.13) 3Φ2 [
𝑎, 𝑏, 𝑞−𝑛; 𝑞; 𝑞
𝑐  , 𝑑              

] =
(𝑐/𝑎 ;𝑞)𝑛(𝑐/𝑏;𝑞)𝑛

(𝑐 ; 𝑞)𝑛(𝑐 𝑎𝑏⁄ ;𝑞)𝑛
                      (Slater 8[App. IV (IV.4)]) 
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(2.14) 4Φ3[
𝑞−𝑛, 𝑏𝑥2𝑞𝑛+2, 𝑥, −𝑥𝑞; 𝑞; 𝑞

𝑥𝑞√𝑏, −𝑥𝑞√𝑏, 𝑥2𝑞2
] =

𝑥𝑛[𝑞;𝑞]𝑛[𝑏𝑥𝑞2;𝑞]
𝑛

[𝑏𝑥2𝑞3;𝑞2]
𝑚

[𝑏𝑞2;𝑞2]
𝑚

[𝑥𝑞2;𝑞]
2𝑚

[𝑥𝑞;𝑞]𝑛[𝑏𝑥2𝑞2;𝑞]𝑛[𝑞2;𝑞2]𝑚[𝑥2𝑞3;𝑞2]𝑚[𝑏𝑥𝑞2;𝑞]2𝑚
  

                                                                                                                          (Verma and Jain [12 ;( 3.2)]) 

(2.15) 5Φ4[
𝑥, 𝜔𝑥𝑞, 𝜔2𝑥𝑞, 𝑥3𝑞𝑛+4, 𝑞−𝑛   ; 𝑞; 𝑞    

(𝑥𝑞)
3

2, −(𝑥𝑞)
3

2, 𝑥
3

2𝑞2, −𝑥
3

2𝑞2                      
] =  

𝑥𝑛[𝑥2𝑞4 ;𝑞]
𝑛

[𝑞;𝑞]𝑛[𝑥3𝑞6;𝑞3]
𝑛

[𝑥𝑞3;𝑞]
3𝑚

[𝑥3𝑞4;𝑞]𝑛[𝑥𝑞;𝑞]𝑛[𝑞3;𝑞3]𝑚[𝑥2𝑞4;𝑞]3𝑚
 

                                                                                                                                                                 (Verma and Jain [12]) 

(2.16) 6Φ5[
𝑎

1

3, 𝜔𝑎
1

3, 𝜔2𝑎
1

3, 𝑞√𝑎  , 𝑎𝑞𝑛+1, 𝑞−𝑛; 𝑞; 𝑞

√𝑎, −√𝑎, √𝑎𝑞, −√𝑎𝑞, 𝑞2√𝑎            
] =   

[𝑞;𝑞]𝑛[√𝑎;𝑞]
𝑛

[𝑎𝑞3;𝑞3]
𝑚

[𝑞6√𝑎;𝑞3]
𝑚

(√𝑎)
𝑛−𝑚

[𝑎𝑞;𝑞]𝑛[𝑞2√𝑎;𝑞]
𝑛

[𝑞3;𝑞3]𝑚[√𝑎;𝑞3]
𝑚

 

                                                                                                  (Verma and Jain [12]) 

(2.17) 8Φ7[
𝑎, 𝑞√𝑎, −𝑞√𝑎 , 𝑏, 𝑐, 𝑑, 𝑎2𝑞1+𝑛 𝑏𝑐𝑑⁄ , 𝑞−𝑛

√𝑎, −√𝑎, 𝑎𝑞 𝑏⁄ , 𝑎𝑞 𝑐⁄ , 𝑎𝑞 𝑑⁄ , 𝑏𝑐𝑑𝑞−𝑛 𝑎⁄ , 𝑎𝑞1+𝑛
 ; 𝑞; 𝑞] 

                                                                                                                                                               =  
(𝑎𝑞,𝑎𝑞 𝑏𝑐⁄ ,𝑎𝑞 𝑏𝑑⁄ ,𝑎𝑞 𝑐𝑑⁄ ;𝑞)𝑛

(𝑎𝑞 𝑏⁄ ,𝑎𝑞 𝑐⁄ ,𝑎𝑞 𝑑⁄ ,𝑎𝑞 𝑏𝑐𝑑⁄ ;𝑞)𝑛
 

                                                                                                         (Jackson, F.H.,[5]) 

MAIN RESULTS  

(3.1) 0Φ0 [
−
−

 ; 𝑞; 𝑧]
𝑛

 = 𝑧𝑛+1(𝑧; 𝑞)∞ + (1 − 𝑧)  0Φ0[−
−

; 𝑞; 𝑧2] 

(3.2) 1Φ0[𝑎
−

; 𝑞; 𝑧]
𝑛

= 𝑧𝑛+1 (𝑎𝑧;𝑞)∞

(𝑧;𝑞)∞
+ (1 − 𝑧)  1Φ0[ 𝑎

−
; 𝑞; 𝑧2] 

(3.3) 2Φ1 [
𝑎, 𝑏; 𝑞; 𝑐/𝑎𝑏

𝑐          
]

𝑛
= 𝑧𝑛+1 [𝑐/𝑎 ,𝑐/𝑏 ;𝑞]∞

[𝑐,𝑐/𝑎𝑏 ;𝑞]∞
+ (1 − 𝑧) 2Φ1[

𝑎, 𝑏; 𝑞; 𝑐𝑧/𝑎𝑏
𝑐               

] 

(3.4) 3Φ2[
𝑎, 𝑏, 𝑞−𝑛; 𝑞; 𝑞
𝑐, 𝑑               

]
𝑛

= 𝑧𝑛+1 (𝑐/𝑎;𝑞)𝑛( 𝑐/𝑏 ;𝑞)𝑛

(𝑐;𝑞)𝑛( 𝑐/𝑎𝑏 ;𝑞)𝑛
+ (1 − 𝑧)  3Φ2[

𝑎, 𝑏, 𝑞−𝑛; 𝑞; 𝑞𝑧
𝑐, 𝑑               

] 

 

(3.5) 4Φ3[
𝑞−𝑛, 𝑏𝑥2𝑞𝑛+2, 𝑥, −𝑥𝑞; 𝑞; 𝑞

 𝑥𝑞√𝑏, −𝑥𝑞√𝑏, 𝑥2𝑞2            
]

𝑛

 = 𝑧𝑛+1 𝑥𝑛[𝑞;𝑞]𝑛[𝑏𝑥𝑞2;𝑞]
𝑛

[𝑏𝑥2𝑞3;𝑞2]
𝑚

[𝑏𝑞2;𝑞2]
𝑚

[𝑥𝑞2;𝑞]
2𝑚

[𝑥𝑞;𝑞]𝑛[𝑏𝑥2𝑞2;𝑞]𝑛[𝑞2;𝑞2]𝑚[𝑥2𝑞3;𝑞2]𝑚[𝑏𝑥𝑞2;𝑞]2𝑚
 

                                                                                                                      + (1 − 𝑧) 4Φ3 [
𝑞−𝑛, 𝑏𝑥2𝑞𝑛+2, 𝑥, −𝑥𝑞; 𝑞; 𝑧𝑞

𝑥𝑞√𝑏, −𝑥𝑞√𝑏, 𝑥2𝑞2 
] 

(3.6) 5Φ4[
𝑥 , 𝜔𝑥𝑞 , 𝜔2𝑥𝑞 ,  𝑥3𝑞𝑛+4,  𝑞−𝑛   ; 𝑞 , 𝑞

(𝑥𝑞)
3

2, −(𝑥𝑞)
3

2, 𝑥
3

2𝑞2, −𝑥
3

2𝑞2
]

𝑛

= 𝑧𝑛+1  
𝑥𝑛[𝑥2𝑞4 ;𝑞]

𝑛
[𝑞;𝑞]𝑛[𝑥3𝑞6;𝑞3]

𝑛
[𝑥𝑞3;𝑞]

3𝑚

[𝑥3𝑞4;𝑞]𝑛[𝑥𝑞;𝑞]𝑛[𝑞3;𝑞3]𝑚[𝑥2𝑞4;𝑞]3𝑚
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                +(1 − 𝑧) 5Φ4[
𝑥 , 𝜔𝑥𝑞 , 𝜔2𝑥𝑞 ,  𝑥3𝑞𝑛+4,  𝑞−𝑛   ; 𝑞 , 𝑞    

(𝑥𝑞)
3

2, −(𝑥𝑞)
3

2, 𝑥
3

2𝑞2, −𝑥
3

2𝑞2
] 

(3.7) 6Φ5 [
𝑎

1

3, 𝜔𝑎
1

3, 𝜔2𝑎
1

3, 𝑞√𝑎  , 𝑎𝑞𝑛+1, 𝑞−𝑛; 𝑞, 𝑞

√𝑎, −√𝑎, √𝑎𝑞, −√𝑎𝑞, 𝑞2√𝑎            
]

𝑛

 

                                                                                                                     = 𝑧𝑛+1
[𝑞;𝑞]𝑛[√𝑎;𝑞]

𝑛
[𝑎𝑞3;𝑞3]

𝑚
[𝑞6√𝑎;𝑞3]

𝑚
(√𝑎)

𝑛−𝑚

[𝑎𝑞;𝑞]𝑛[𝑞2√𝑎;𝑞]
𝑛

[𝑞3;𝑞3]𝑚[√𝑎;𝑞3]
𝑚

 

                                                                   

     +(1 − 𝑧)6Φ5 [
𝑎

1

3, 𝜔𝑎
1

3, 𝜔2𝑎
1

3, 𝑞√𝑎  , 𝑎𝑞𝑛+1, 𝑞−𝑛; 𝑞, 𝑞𝑧

√𝑎, −√𝑎, √𝑎𝑞, −√𝑎𝑞, 𝑞2√𝑎            
] 

 

 (3.8) 8Φ7 [
𝑎, 𝑞√𝑎, −𝑞√𝑎 , 𝑏, 𝑐, 𝑑, 𝑎2𝑞1+𝑛 𝑏𝑐𝑑⁄ , 𝑞−𝑛

√𝑎, −√𝑎, 𝑎𝑞 𝑏⁄ , 𝑎𝑞 𝑐⁄ , 𝑎𝑞 𝑑⁄ , 𝑏𝑐𝑑𝑞−𝑛 𝑎⁄ , 𝑎𝑞1+𝑛
 ; 𝑞; 𝑞]

𝑛

 

                                                                                                                                                 = 𝑧𝑛+1  
(𝑎𝑞,𝑎𝑞 𝑏𝑐⁄ ,𝑎𝑞 𝑏𝑑⁄ ,𝑎𝑞 𝑐𝑑⁄ ;𝑞)𝑛

(𝑎𝑞 𝑏⁄ ,𝑎𝑞 𝑐⁄ ,𝑎𝑞 𝑑⁄ ,𝑎𝑞 𝑏𝑐𝑑⁄ ;𝑞)𝑛
 

                                   +(1 − 𝑧) 8𝛷7[
𝑎, 𝑞√𝑎, −𝑞√𝑎 , 𝑏, 𝑐, 𝑑, 𝑎2𝑞1+𝑛 𝑏𝑐𝑑⁄ , 𝑞−𝑛

√𝑎, −√𝑎, 𝑎𝑞 𝑏⁄ , 𝑎𝑞 𝑐⁄ , 𝑎𝑞 𝑑⁄ , 𝑏𝑐𝑑𝑞−𝑛 𝑎⁄ , 𝑎𝑞1+𝑛
 ; 𝑞; 𝑧𝑞] 

PROOF OF MAIN RESULTS 

In order to proof our main results, if we take 𝑢𝑟 = 𝑣𝑟 = 1, in (1.1) and (1.2). 

We get 

(4.1)  𝛽𝑛 = ∑ 𝛼𝑟
𝑛
𝑟=0  

and 

(4.2) 𝛾𝑛 = ∑ 𝛿𝑟
∞
𝑟=𝑛  

By substituting (4.1) and (4.2) in (1.3) 

(4.3) ∑ 𝛼𝑛(∑ 𝛿𝑟
∞
𝑟=𝑛 ) = ∑ (∑ 𝛼𝑟

𝑛
𝑟=0 )𝛿𝑛

∞
𝑛=0

∞
𝑛=0  

By splitting the limits and simplifying, we get, 

(4.5) ∑ 𝛼𝑛 ∑ 𝛿𝑟
∞
𝑟=0

∞
𝑛=0 = ∑ 𝛿𝑛 ∑ 𝛼𝑟

𝑛
𝑟=0

∞
𝑛=0 + ∑ 𝛼𝑛

∞
𝑛=0 ∑ 𝛿𝑟

𝑛
𝑟=0 − ∑ 𝛼𝑛𝛿𝑛

∞
𝑛=0  

Where 𝛼𝑛 𝑎𝑛𝑑 𝛿𝑛 are arbitrary functions in the form of finite and infinite sequences . 

Now, by taking 𝛼𝑟 =
(− ;𝑞)𝑟

(𝑞,− ;𝑞)𝑟
 𝑧𝑟

   &   𝛿𝑟 = 𝑧𝑟 in (4.5) and summing, we get 
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(4.6)  0Φ0 [
−
−

 ; 𝑞; 𝑧]
𝑛

 = 𝑧𝑛+1(𝑧; 𝑞)∞ + (1 − 𝑧)  0Φ0[−
−

; 𝑞; 𝑧2] 

By taking   𝛼𝑟 =
(𝑎 ;𝑞)𝑟

(𝑞,− ;𝑞)𝑟
 𝑧𝑟    &  𝛿𝑟 = 𝑧𝑟 in (4.5) and summing, we get 

(4.7)  1Φ0[𝑎
−

; 𝑞; 𝑧]
𝑛

= 𝑧𝑛+1 (𝑎𝑧;𝑞)∞

(𝑧;𝑞)∞
+ (1 − 𝑧)  1Φ0[ 𝑎

−
; 𝑞; 𝑧2] 

By taking   𝛼𝑟 =
(𝑎,𝑏;𝑞)𝑟

(𝑞,𝑐;𝑞)𝑟
(𝑐/𝑎𝑏)𝑟    &  𝛿𝑟 = 𝑧𝑟 in (4.5) and summing, we get 

(4.8) 2Φ1 [
𝑎, 𝑏; 𝑞; 𝑐/𝑎𝑏

𝑐          
]

𝑛
= 𝑧𝑛+1 [𝑐/𝑎 ,𝑐/𝑏 ;𝑞]∞

[𝑐,𝑐/𝑎𝑏 ;𝑞]∞
+ (1 − 𝑧) 2Φ1[

𝑎, 𝑏; 𝑞; 𝑐𝑧/𝑎𝑏
𝑐               

] 

By taking     𝛼𝑟 =
(𝑎,𝑏,𝑞−𝑛;𝑞)𝑟 𝑞𝑟

(𝑞,𝑐,𝑑;𝑞)𝑟
     &  𝛿𝑟 = 𝑧𝑟 in (4.5) and summing, we get 

(4.9) 3Φ2[
𝑎, 𝑏, 𝑞−𝑛; 𝑞; 𝑞
𝑐, 𝑑               

]
𝑛

= 𝑧𝑛+1 (𝑐/𝑎;𝑞)𝑛( 𝑐/𝑏 ;𝑞)𝑛

(𝑐;𝑞)𝑛( 𝑐/𝑎𝑏 ;𝑞)𝑛
+ (1 − 𝑧)  3Φ2[

𝑎, 𝑏, 𝑞−𝑛; 𝑞; 𝑞𝑧
𝑐, 𝑑               

] 

By taking 𝛼𝑟 =
(𝑞−𝑛,𝑏𝑥2𝑞𝑛+2,𝑥,−𝑥𝑞;𝑞)

𝑟

(𝑞,𝑥𝑞√𝑏,−𝑥𝑞√𝑏,𝑥2𝑞2;𝑞)
𝑟

(𝑞)𝑟 & 𝛿𝑟 = 𝑧𝑟  in (4.5) and summing, we get 

(4.10) 4Φ3[
𝑞−𝑛, 𝑏𝑥2𝑞𝑛+2, 𝑥, −𝑥𝑞; 𝑞; 𝑞

 𝑥𝑞√𝑏, −𝑥𝑞√𝑏, 𝑥2𝑞2            
]

𝑛

 = 𝑧𝑛+1 𝑥𝑛[𝑞;𝑞]𝑛[𝑏𝑥𝑞2;𝑞]
𝑛

[𝑏𝑥2𝑞3;𝑞2]
𝑚

[𝑏𝑞2;𝑞2]
𝑚

[𝑥𝑞2;𝑞]
2𝑚

[𝑥𝑞;𝑞]𝑛[𝑏𝑥2𝑞2;𝑞]𝑛[𝑞2;𝑞2]𝑚[𝑥2𝑞3;𝑞2]𝑚[𝑏𝑥𝑞2;𝑞]2𝑚
 

                                                                                                                      + (1 − 𝑧) 4Φ3 [
𝑞−𝑛, 𝑏𝑥2𝑞𝑛+2, 𝑥, −𝑥𝑞; 𝑞; 𝑧𝑞

𝑥𝑞√𝑏, −𝑥𝑞√𝑏, 𝑥2𝑞2 
] 

By taking Take  𝛼𝑟 =
(𝑥 ,𝜔𝑥𝑞 ,𝜔2𝑥𝑞 , 𝑥3𝑞𝑛+4, 𝑞−𝑛;𝑞)

𝑟

(𝑞,(𝑥𝑞)3/2,−(𝑥𝑞)3/2,𝑥3/2𝑞2,−𝑥3/2𝑞2;𝑞)
𝑟

 𝑞𝑟 &  𝛿𝑟 = 𝑧𝑟 in (4.5) and summing,  

we get 

(4.11) 5Φ4[
𝑥 , 𝜔𝑥𝑞 , 𝜔2𝑥𝑞 ,  𝑥3𝑞𝑛+4,  𝑞−𝑛   ; 𝑞 , 𝑞

(𝑥𝑞)
3

2, −(𝑥𝑞)
3

2, 𝑥
3

2𝑞2, −𝑥
3

2𝑞2
]

𝑛

 

                                                                                                                   = 𝑧𝑛+1  
𝑥𝑛[𝑥2𝑞4 ;𝑞]

𝑛
[𝑞;𝑞]𝑛[𝑥3𝑞6;𝑞3]

𝑛
[𝑥𝑞3;𝑞]

3𝑚

[𝑥3𝑞4;𝑞]𝑛[𝑥𝑞;𝑞]𝑛[𝑞3;𝑞3]𝑚[𝑥2𝑞4;𝑞]3𝑚
 

                                       +(1 − 𝑧) 5Φ4[
𝑥 , 𝜔𝑥𝑞 , 𝜔2𝑥𝑞 ,  𝑥3𝑞𝑛+4,  𝑞−𝑛   ; 𝑞 , 𝑞    

(𝑥𝑞)
3

2, −(𝑥𝑞)
3

2, 𝑥
3

2𝑞2, −𝑥
3

2𝑞2
] 

By taking 𝛼𝑟 =
(𝑎

1
3,𝜔𝑎

1
3,𝜔2𝑎

1
3,𝑞√𝑎  ,𝑎𝑞𝑛+1,𝑞−𝑛;𝑞)

𝑟

(𝑞,√𝑎,−√𝑎,√𝑎𝑞,−√𝑎𝑞,𝑞2√𝑎;𝑞)
𝑟

𝑞𝑟 & 𝛿𝑟 = 𝑧𝑟 in (4.5) and summing, we get 

(4.12) 6Φ5 [
𝑎

1

3, 𝜔𝑎
1

3, 𝜔2𝑎
1

3, 𝑞√𝑎  , 𝑎𝑞𝑛+1, 𝑞−𝑛; 𝑞, 𝑞

√𝑎, −√𝑎, √𝑎𝑞, −√𝑎𝑞, 𝑞2√𝑎            
]

𝑛
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                                                                                                                     = 𝑧𝑛+1
[𝑞;𝑞]𝑛[√𝑎;𝑞]

𝑛
[𝑎𝑞3;𝑞3]

𝑚
[𝑞6√𝑎;𝑞3]

𝑚
(√𝑎)

𝑛−𝑚

[𝑎𝑞;𝑞]𝑛[𝑞2√𝑎;𝑞]
𝑛

[𝑞3;𝑞3]𝑚[√𝑎;𝑞3]
𝑚

 

           +(1 − 𝑧)6Φ5 [
𝑎

1

3, 𝜔𝑎
1

3, 𝜔2𝑎
1

3, 𝑞√𝑎  , 𝑎𝑞𝑛+1, 𝑞−𝑛; 𝑞, 𝑞𝑧

√𝑎, −√𝑎, √𝑎𝑞, −√𝑎𝑞, 𝑞2√𝑎            
] 

By taking 𝛼𝑟 =
(𝑎,𝑞√𝑎,−𝑞√𝑎 ,𝑏,𝑐,𝑑,𝑎2𝑞1+𝑛 𝑏𝑐𝑑⁄ ,𝑞−𝑛;𝑞)

𝑟

(𝑞,√𝑎,−√𝑎,𝑎𝑞 𝑏⁄ ,𝑎𝑞 𝑐⁄ ,𝑎𝑞 𝑑⁄ ,𝑏𝑐𝑑𝑞−𝑛 𝑎⁄ ,𝑎𝑞1+𝑛;𝑞)
𝑟

𝑞𝑟    &   𝛿𝑟 = 𝑧𝑟in (4.5) and summing, 

we get 

(4.13) 8Φ7 [
𝑎, 𝑞√𝑎, −𝑞√𝑎 , 𝑏, 𝑐, 𝑑, 𝑎2𝑞1+𝑛 𝑏𝑐𝑑⁄ , 𝑞−𝑛

√𝑎, −√𝑎, 𝑎𝑞 𝑏⁄ , 𝑎𝑞 𝑐⁄ , 𝑎𝑞 𝑑⁄ , 𝑏𝑐𝑑𝑞−𝑛 𝑎⁄ , 𝑎𝑞1+𝑛
 ; 𝑞; 𝑞]

𝑛

 

                                                                                                                                                = 𝑧𝑛+1  
(𝑎𝑞,𝑎𝑞 𝑏𝑐⁄ ,𝑎𝑞 𝑏𝑑⁄ ,𝑎𝑞 𝑐𝑑⁄ ;𝑞)𝑛

(𝑎𝑞 𝑏⁄ ,𝑎𝑞 𝑐⁄ ,𝑎𝑞 𝑑⁄ ,𝑎𝑞 𝑏𝑐𝑑⁄ ;𝑞)𝑛
 

                        +(1 − 𝑧) 8𝛷7[
𝑎, 𝑞√𝑎, −𝑞√𝑎 , 𝑏, 𝑐, 𝑑, 𝑎2𝑞1+𝑛 𝑏𝑐𝑑⁄ , 𝑞−𝑛

√𝑎, −√𝑎, 𝑎𝑞 𝑏⁄ , 𝑎𝑞 𝑐⁄ , 𝑎𝑞 𝑑⁄ , 𝑏𝑐𝑑𝑞−𝑛 𝑎⁄ , 𝑎𝑞1+𝑛
 ; 𝑞; 𝑧𝑞] 
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