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Abstract

In this paper, making use of concept splitting the limits of summation identities and Bailey’s lemma, an
attempt has been to establish the transformations involving Bailey’s lemma and Truncated Basic
Hypergeometric Series.
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INTRODUCTION
Bailey [2] established a simple but very useful identity
If
(1.1) Bn = X¥=0 Un—rVnsrty
and
(1.2)yn = X¥in Ur—nVr+nbr

Where «,., 6,, u, and v, are any functions of r only such that, the series y,, exists, then subject to
the convergence of the series.

(1-3) Z?lozo An¥Yn = Z%ozo Bn6n

Making use of (1.3), a number of mathematicians , notably Slater[7] ,Verma [10] ,Verma and
Jain[12], Denis[3], Gasper[4], Andrews[ 1], Shrivastav [6] others made use of Bailey’s Lemma and
gave a number of transformation formulae involving Basic Hypergeomtric Functions.In this paper,
using concept of splitting the limits of summation identities, an attempt has been made to establish
very interesting transformation formulae involving Truncated Basic Hypergeometric Functions.
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DEFINITIONS AND NOTATIONS

The Basic Hypergeometric Functions is defined as;

A1) Azy e e e A4 B2 ] o (au@n(az@ne(aa;@n 2™
(21) a®s [bl, Doy eev v ,bg ] = Ln=o (D10 (b2 D v 05:D)n(@:@n
and
(a1» (2% I TTR TS ay; Q)n = (ay; Q)n(azi Q)n TR (aA} Dn

With the g-shifted factorial defined by

. 11 if n=0
(2'2) (@ @) = {(1—a)(1—aq)(1—aq2) ......... (1-aq™1), if n=1.2,..

The Truncated Basic Hypergeometric Functions is defined as;

aA1,A2, v ven v, Ay 54, Z (a1;D)n(a2;q) 7 e (ag;q)nz™
2. CD — N_ 1 n\42 n n
(23)a®e [ by, by, oo v ... b ]N =0 (b3 @) (b2:@)n o (DB D0 (G

Where max (|ql,|z| < 1) and no zero appears in the denominators.

Respectively, we shall use the following known identities in our script,

. — (4;9) o0

(29) (& Dnsr = (@ Qn(aq™; @k

(a;)k(aq"q)
n. =7
(26)  (aq™ @) =—7 -

27) (@ @Qkn = (a,aq,.....,aq" " q"),
(2.8) (a%q*)n = (a,—a;q)y
(2.9) (a®; qg)n = (a, aw, aw?; q), Where w = e?2mi/3

Also, we shall use the following well known g-series in our present script,

(210) o[- ;q:2] = (e (Slater 8 [App. IV (1V.10)])

2.11) 1o [%;q;z] = % Iz < 1,]ql < 1 (Slater 8[App. IV (IV.10)])
a,b;q;c/ab] _ [c/ac/bqle

(212) 204 ) ]_—[C’C e (Slater 8[App. IV (IV.10)])
a,b,q7 ™ q; q] _ (c/a;nlc/b;d)n

(2.13) 3(1)2[6, ‘ = {aDulc/pin (Slater 8[App. IV (IV.4)])
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-n 2 n+2 _ C e nr,. 2. 2,3.,2 2,42 2,
(2.14) 4®3lq ,bx“q" %, x, —xq; q; ql _ x™a;qla[bxa?;q], [bx?*a3;q%], [ba%;a?],,[xa%al,,,

xqVb, —xqV'h, x*q* " [xq;alnlbx?q%q1nla%0% m[x?a%a2m bxa%;q)2m

(Verma and Jain [12 ;( 3.2)])

x, wxq, w?xq, x3q"t*

(2.15) s5d4

4" 5qq _ x"[x2q*;q], [a:qln[*3a%q3] [xa%dl,,,
(xq)g, —(xq)%, xng’ _xng — [¥¥a%alulxaialnla®iadlnlx?a%alsm

(Verma and Jain [12])

-1 1 1 -m
(216) 55| © @05 08,0V g™, 47 g; QI _ lwahlvaal o'l o @], ()"

| Va,—Va,\/aq, —\[aq,q*Va lag:alnla?Vaial, la%aIm[Vaia®],,
(Verma and Jain [12])
(217) 50 [ a,qVa,—qVa,b,c,d,a’*q"*"/bcd,q 7" l
. 7 y 4,
° Va,—Va,aq/b,aq/c,aq/d,bcdqg"/a,aq**" 4

_ (aqaq/bc,aq/bd,aq/cd;q)n
(aq/b,aq/c,aq/d,aq/bcd;q)n

(Jackson, F.H.,[5])

MAIN RESULTS

(31) o002 ;a2 =2z Qe + (1 —2) o®o[;q;2%]

(3.2) 1(1)0[‘_1 3 q; Z]n = yn+l % +(1-2) lq)o[ ®.q; Zz]

a,b;q;c/ab] _  ni1le/ac/bidle _ a,b; q;cz/ab
(3.3 2CI)1[ . ]n =2 bl +(1-2) 2@1[ c ]

a, bl q_n; q; Q] _ n+1 (C/aJQ)n( C/b i‘I)n _ [a' bl q_n; q; qZ]
(3.4) SCDZ[ c,d n =7 (c;n(c/ab;qn + (1 —2) 202 c,d

n+2

- 2 vy n
(3.5) 4<I>3lq ™ bx?q™*?, x, —xq; q,ql _nar Xrlasala[bxa®al, [0x2a%a?),, 007 0%),, [x0% 4],
n

xqVb, —xq\/'b, x*q> [xq;q1n[bx2q?;q]nla?:a%1m[x%q%;0%Im[bxq?;q)2m

—n'bxz n+2'x’_x 1 q;
£ (1= 2) s lq q a;q qu

xqVh, —xqVb, x?*q?
3 ,n+4

2 -n .
X, wxq, w°xq, x°q , q 4,4 _ x"[x2q4;q]n[q;q]n[x3q6;q3]n[xq3;q]3m
[x3q*%qlnlxq;alnla®:a3Imx2a%:qlzm

(3.6) 5@4[

3 3 3 3
Py > o2 > A2
(xq)z, —(xq)2, x2q%, —x2q n
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n+4

, 4" 5q,q
3 3 3 3
(xq)z, —(xq)?, x2q*, —x2q*

2 3
X, wxq, w’xq, x3q
+(1—Z)5CI)4[

1 1 1
(3.7) D5 a3, waz, w?az, qva ,aq"*t,q 7" q, q]
n

Va,—Va,\Jaq, —Jaq, ¢Va

_ o+ [@:a)n[Va:q] [aq%a%] [aVaa®] ,(Va)
a lag;qlnla®Vaia] [a%:a3lm[Vaia3],

1 1 1
a3, waz, w?a3, qgva ,aq"1,q " q,qz

+(1 — 2)eDs Va—a Jaq, —Jaq.qa

a,qVa,—qVa,b,c,d,a*q"*"/bed,q" l
Va,—a,aq/b,aq/c,aq/d, bedg"/a,aqg*’ T

_ _n+1 (agqaq/bcaq/bd,aq/cd;q)n
(aq/b,aq/c,aq/d,aq/bcd;q)n

a,qVa,—q\a,b,c,d,a*q**"/bed ,q7"
Va,—/a,aq/b,aq/c,aq/d,bcdqg™"/a,aq**"

(3.8) sd7

n

+(1—2) 8Py ;q; 2q

PROOF OF MAIN RESULTS

In order to proof our main results, if we take u, = v, = 1, in (1.1) and (1.2).
We get

(4.1) Bn= ?:0 oy

and

(42) yn =X,

By substituting (4.1) and (4.2) in (1.3)

(4.3)  Xnzo@n(Xrin6r) = Xnzo(Xr=0 @r)bn

By splitting the limits and simplifying, we get,

(4.5) Xm0 @n X0 6r = Xinzo On Xr=0 tr + Y=o @n Xir=0 6r — Xn=0 @0y
Where a,, and &,, are arbitrary functions in the form of finite and infinite sequences .

(=:Dr
(a—;Dr

Now, by taking a,. = z" & 6§, =2z"in(4.5) and summing, we get
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(4.6) @0 [~ 5q;2] =2" (@) + (1~ 2) o®o[; q; 2%]

(a;q)
qr 77

By taking «, = )

& 6, = z" in (4.5) and summing, we get

4.7) 1(Do[f ' q; Z] = z"t1 ((azzqq))oo +(1-2) 1(Do[ 3 q;Z ]
(a.b;q)r

By taking «, = oo

(c/ab)" & &, =z"in(4.5) and summing, we get

a,b;q;c/ab] _  ni1le/ac/bidle a,b; q;cz/ab
(4.8) 201 [ c ]n =z [c.c/ab ;qleo +(1-2) 2(1)1[ c ]

(arb:q_nFCI)r qT

By taking a, = (@.c.d:0)r

& &, = z" in (4.5) and summing, we get

a,b,q7";q;q o+t (/aDn(e/bin | [a b,q™ ™ q; qZ]
(4.9) 32 [ c,d (c;@n(c/ab;qn +(1-2) P

(q—n bxzqn+2 X,—Xq; q)

By taking o = - s, q)r( q)" &8, = z" in (4.5) and summing, we get
(4 10) ® q_n’ beqn+2, X, —Xq;4;q o n+1 xn[q;Q]n[bxqZ;Q]n[bx2q3;q2]m[qu;qz]m[xqz;q]zm
: 403 xqVB, —xqvb, x2q? . - [xq;:q]n[bx?q%:qlnlq%a?lmlx?a?;q2Imlbxq?;ql2m
—n' bxz n+2'x’ —-Xq;q; Z
+(1—Z)4(I)3q 1 gg 1
xqVb, —xq\b, x%q

(x wxq,w?xq, x3q"**, q7™q),

(q,(xq)3/2,—(xq)3/2,x3/2qz,—x3/2q2;q)r

By taking Take a, = q" & 6, = z" in (4.5) and summing,

we get
2 3 n+4 -n
X, wxq, wxq, x°q""7, q 4,4
(4.11) 5®4 ] 303 3, l
(xq)z, —(xq)?,x2q*, —x2q n
R xn[x2q4-;q] [4:q]n[x3q%43] [qu;q]3m
N [x3q%q1n[xq:q)n[a3:a3]m[*2q% q)3m
2 3 n+4 -n
X, wxq, w"xq, Xx°q , q 4,4
+(1-2) 5<D4l 3 33 3
(xq)z, —(xq)z, x2q%, —x2q>
1 1 1
(a§,wa§,w2a§,q\/3,aq"“,q‘”;q)
By taking a, = (aVa—vada—vanaiad) rq" & 6, = z" in (4.5) and summing, we get
z z 2 z n+1 ,—n
(4.12) o5 |4 909 as, q\a ,aq™*t,q™q,q
Va,—Va,\/aq,—\/aq,q*Va

n
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_ [g:aln[Vaa] [aa%a%], [aVaa®],, (V&)
B lag;alnla®Vaia] la%:a3lm[Vaia3],,

1 1

1
a3, was, w?a3, qva ,aq™*t,q7"; q,qz
\/a; _\/a' VvV aq, _\/ aq’ qz\/a

q" & 6, =2z"in(4.5) and summing,

n+1

+(1 — 2)e®s

(a.gva-qva,bcda?q'*"/bed,q ™q),

By taking a; = (aVa~Vaaq/baq/caq/d,bcdq~"/a,aq**q),

we get
a,qva,—qVa,b,c,d,a*q**"/bcd,q " l
Va,—Va,aq/b,aq/c,aq/d,bedg/a,aq*n 1

— gn+l (aq,aq/bcaq/bd,aq/cd;q)n
(aq/b,aq/c,aq/d,aq/bcd;q)n

a,qVa,—q\a,b,c,d,a*q**"/becd ,q7"
Va,—/a,aq/b,aq/c,aq/d,bcdqg"/a,aq**"

(4.13) sd7

n

+(1—2) 8Py ;q;2q

REFERENCES:

[1] Andrews, G.E. and Berndt, B.C.(2005), Ramanujan’s Lost Note Book Part 1, Springer — Verlag ,New-
York.

[2] Bailey,W. N. (1949), Identities of Rogers-Ramanujan type, Proc. London Math. Soc., 2(50), 1-10.

[3] Denis, R.Y., Singh, S.N., Singh, S.P., and Nidhi, S. (2011), Applications of Bailey’s pair to gq-
identities,Bull. Cal. Math. Soc., 103(5), 403-412.

[4] Gasper, G. and Rahman (1990), M.,Special Functions, Book, Cambridge University Press.
[5] Jackson,F.H.(1921),Summation of g-hypergeometric series,Messenger Math.57,101-112.
[6] Singh, U.B. (1994), A note on a transformation of Bailey, Q. J. Math.Oxford, 2(45),111-116.

[7] Slater, L.J. (1951), Further identities of Rogers-Ramanujan type, Proc. London Math. Soc., 2(53), 460-
475.

[8] Slater, L.J (1996), Generalized Hypergeometric Functions, Cambridge University Press, Cambridge,.
[9] Stanton, D. (1989), g-series and partitions, Springer-Verlag. New York.

[10] Verma, A. (1980), On identities of Rogers-Ramanujan type, Indian J. Pure Appl.Math., 11 (6), 770 —
790

[11] Verma, A. (1972), Some transformations of series with arbitrary terms, Institute Lambardo (Rendi
Sc.), A, 106 ,342-353.

[12] Verma, A. and Jain, V. K.(1980), Some summation formulae of basic hypergeometric series, Indian J.
Pure Appl. Math., 11(8), 1021-1038.

461 Journal of Mathematical Sciences & Computational Mathematics



