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Abstract

Three edges eq, e, and ez in a graph G are consecutive if they form a cycle of length 3 or a path in this
order. A k-injective edge-coloring of a graph G is an edge-coloring of G, (not necessarily proper), such that
if edges e, e,, e; are consecutive, then e; and e; receive distinct colors. The minimum k for which G has
a k-injective edge-coloring is called the injective edge-coloring number, denoted by y;(G). In this paper,

injective edge-coloring numbers of H- graph and generalized H-graph are determined.

Keywords: Edge-coloring; k-injective edge-coloring; injective edge-coloring number; H-graph and

generalized H-graph.
1. Introduction

The terminology and notations we refer to Bondy and Murthy [2]. Let G be a finite, simple,
undirected and connected graph. Let A(G) denote the maximum degree of G. A proper vertex
(edge) coloring is a mapping from the vertex (edge) set to a finite set of colors, such that adjacent
vertices (edges) receive distinct colors. A k-injective coloring of a graph G is a mapping v :
V(G) - {1,2, ..., k} such that if two vertices have a common neighbor, then they receive distinct
colors. The injective chromatic number of G, denoted by y;(G), is the minimum k for which G has
a k-injective coloring. The injective coloring of graphs was originated from the Complexity
Theory on Random Access Machines, which was proposed by Hahn et al. [9] and applied to the
theory of error correcting codes and the designing of computer networks [1]. Similarly, Cardoso
et al. [6] introduced the concept of injective edge-coloring, motivated by a Packet Radio Network
problem. Three edges e,, e, and e5 in a graph G are consecutive if they form a cycle of length 3
or a path in this order. A k-injective edge-coloring of a graph G is a mapping ¢ : E(G) -
{1,2, ..., k}, such that if e, e,, e are consecutive, then (e;) # Y(es). If there is a k-injective
edge-coloring of G, then we say that G is k-injective edge-colored. The minimum k for which

G has a k-injective edge-coloring is called the injective edge-coloring number of G, denoted by
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xi(G). Cardoso et al. [6] showed that it is NP-complete to decide whether y;(G) = k. They
determined the injective edge-coloring numbers for paths, cycles, complete bipartite graphs, and

Petersen graph and they also gave bounds on some other classes of graphs.
Proposition 1.1. [6]

Let P,(Cy) be a path (cycle) of order n, K, , be a complete bipartite graph, and P be the Petersen
graph. Then

=

xl(B) = 2,forn > 4.
' _ (2 ifn=0(mod4)
X2 (Cn) = {3 otherwise
Xi (Kp,q) = min{p, q}.
xi(P) =5.

N

B~ W

A graph G is an ' edge injective colorable (perfect EIC-) graph if x;(G) = w'(G), where
w'(G) is the number of edges in a maximum clique of G. In [11], Yue et al. constructed some
perfect EIC-graphs, and gave a sharp bound of the injective edge-coloring number of a 2-connected
graph with some forbidden conditions. Bu and Qi [5] and Ferdjallah [8] studied the injective edge
coloring of sparse graphs in terms of the maximum average degree. Kostochka [10] studied the
injective edge-coloring in terms of the maximum degree. Recently, in [3,4], Bu et al. presented
some results on the injective edge-coloring numbers of planar graphs. In this paper, we will

consider the injective edge-coloring of H-graph and generalized H-graphs.
1. Injective edge-coloring of H- graph.
In this section, injective edge-coloring number of H-graph will be discussed.
[7] The H-graph H(r),r = 2, is the 3-regular graph of order 61, with vertex set
VH(r)) ={u,vp,w; /0<i<2r—-1}
and edge set (subscripts are taken modulo 2r)
E(H™)) = {(us wip), Wy, wipq), (i, v2), (v, wy)/0 < i < 2r — 1}

U{(v, v2i41)/0Si <1 =1}
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Theorem 1.1. If r > 2, Then 3 < )(;(H(r)) <4,
Proof.
We consider two cases.

Case 1. If riseven, r > 2.
We define i : E(H(r)) — {1,2,3} as follows:

Yuguy) = 1 =P (uguy—q)

2 ifi=12mod4
1 ifi=3,0mod4

Fori e {12, ..,2r =2}, Y(wjujs1) = {
Forie {0,1,2, e, ' — 1}, lp(uZiuZi+1) = 3,
1 ifi=0mod4
Fori € {0,1,2,...,2r — 1}, Y (wv,;) = 13 ifi=13mod4
2 ifi=2mod4
2 ifi=0mod4
Fori € {0,1,2,...,2r — 1}, Y (v,w;) = [3 ifi=13mod4
1 ifi=2mod4
¢(W0W1) =2= ¢(W0W2r—1):

1 ifi=12mod4
2 ifi=3,0mod4

Fori € {12, ...,2r — 2}, W(wiwesy) = {
It is easy to check that v is injective edge-coloring of H(r). Hence, x;(H(r)) = 3.
Case 2. Ifrisodd, r > 3.
We define ¢ : E(H(r)) - {1,2,3,4} as follows:

Yuow) =1 =9 (uouy—1)

2 ifi=12mod4

Forl € {1I21 ---12r - 4'}: lp(uiui+1) = {1 lfl = 3 0m0d4

Y(uwui) =4, ifi=2r-3,2r -2,

FOI’l € {0,1,2, e, ' — 1}, lp(uZiuZi+1) = 3,
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1 ifi=0mod4
Fori €{0,1,2,...,2r — 3}, Y (wv,;) = {3 if i =1,3mod4
2 ifi=2mod4

4 ifi=2r-2
Wluw) = {3 ifi=2r—1

2 ifi=0mod4
Fori € {0,1,2,...,2r — 5}, Y(v,w;) = {3 ifi=13mod4
1 ifi=2mod4

4 ifi=2r—4
lp(viwi)={3 ifi=2r—3,2r—-1
1 ifi=2r—2

Y(wowy) = 2 = P(wowy,_1)

1 ifi=12mod 4

Forie {1,2, v, 2T — 6}, ll)(WiWH_l) = {2 lfl =30 mod 4

4 ifi=2r—52r—4
Ywiwiyy) = {1 ifi=2r—232r—2

It is easy to check that v is injective edge-coloring of H(r). Hence, x;(H(r)) = 4.
2. Injective edge coloring of Generalized H-graphs.
In this section, we study the injective edge-coloring number of generalized H-graph.

We now consider a natural extension of H-graphs. For every integer r > 2, the generalised H-

graph H'(r) with [ levels, | > 1, is the 3-regular graph of order 2r(l + 2), with vertex set
VH' () ={ul/0<i<l+10<j<2r-1}.
And edge set (subscripts are taken modulo 2r)
EH' (1) = {@fufy), T ufiD/0 < j <r—1}uful,ubj,/1<i<L0<j<r-—1}
Ufu,u,,/1<i<0<j<2r—1}
TMmmﬂiJHZSmMZzzmm3§x4W&»£4

Proof.
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We consider six cases and in each case, we first define v : E(H’(r)) - {1,2,3,4} as follows:

30

Yuguy) =1,

2 if j =1,2mod 4
1 if j =3,0mod4

Forj € {1,2,..,2r — 5}, Yp(uluf,,) = {
lp(ugugr—l) = 1'

Fori €{1,2,..,l—1}and j € {0,1,2, ...,r — 3}

If i =1mod3, lp(uéjuéjﬂ) =3, forj€{0,12,..,r—3}

o o 2 if j €{024,..,r — 4}
If i = 2mod 3, Y(upjusy)ss) ={1 if j €{135,..,r—3}

o o 1 if j €{024, ..,7 — 4}
If i = 0mod 3, Y(uzjuzjss) = {2 if j €{135,..,r—3}

Forj €{0,1,2, ..., 2r — 5}, P(ulu}) =

1 if j =0mod4
13 if j =1,3mod4
2 if j =2mod4

Forie{1,2,..,l—2}andj €{0,1,2,..,2r — 5}

2 if j =0mod4
3 if j=13mod4
1 if j =2mod4

If i =1modé6, P(ujui*t) =

2 if j =0,3mod 4

If i = 2mod 6, l/)(uéu]é-'—l) 1 if j =1,2mod4

]

o 3 if j =02mod4
Ifi=3mod6, Y(uu*') =41 if j =1mod4
2

i
if j =3mod4

o 3 if j=02mod4
Ifi=4mod6, Y(wut') =142 if j =1mod4
1 if j =3mod4

1 if j =0,3mod4

If i = 5mod 6, l/)(u]l:ul:-'-l =12 if j =1,2mod4

]
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if j =0mod4
if j =1,3mod4
if j

N W -

If i = 0mod 6, l/)(u}u}“ =

= 2mod 4

Casel.Ifl=3mod6

Y(ububyy) =4 forjef{012,..,r—3}
Y™™ = 1,9 (ugtuztly) = 1
Forj€{0,1,2,..,2r — 5},

2 if j =0mod4
zp(u]l-_1u]l-) =14 if j =1,3mod4

1 if j =2mod4

1 if j =0mod4

Y(uutt) =14 if j =13mod4
2 if j =2mod4

2 if j =1,2mod 4
+1, 1+1Y) _
LAt —{1 if j =3,0mod4

Ifrisodd

2 if j=2r—=52r—4
0,0 ) _
W (ufuss ‘{4 if j=2r—32r-2

2 ifj=2r—4
l/)(u;)u]l :{3 ifj=2r—3,2r—1
4 ifj=2r—2

Ifje{r—-2 r—1}andi €{1,2,..,1 —1}
3 if i =1mod3

lp(uéjuéj-rl) = {1 if i =2mod3
2 if i =0mod3

lp(ulzj'ulzj'ﬂ) =4,if jeE{r—-2, r—1}
Forie{1,2,..,1—2}

1 if j=2r—4,2r-2

i7i= tmode W) =5 1 1250750
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o o 1 if j=2r—4,2r—-2
If i =2mod6, 1.,[)(M}M}Jr1 :{2 if j=2r—3,2r—1
3 if j=2r—4,2r—-2

Ifi=3mod6 Y(ww™) =15 1 5o 3971

. if j=2r—42r—2
If i = 4mod 6, lp(u}u}“ ={i if J r=mar

if j=2r—32r—1

. o 2 0if j=2r—4,2r—2
If i =5mod 6, zp(u}u}“ ={1 i; j‘=2r—3,2r—1

o o 2 if j=2r—4,2r—2
If i = 0mod 6, zp(u}u}“ ={3 if j=2r—3,2r—1
~ 1if j=2r—4,2r-2
-1, 1) _
Y ) = 4 if j=2r—32r—1

2 if j=2r—4
‘l’[)(u]l,u]l.+1)=<4‘ lf]=27'—3,27'—1
3 if j=2r—2

2 if j=2r—572r—4
+1 1+1Y _
l/’(uj Ui+ ‘{3 if j=2r—3,2r—2

It is easy to verify that v is injective edge-coloring of H'(r). Hence )({(Hl(r)) =4,

Ifriseven

1if j=2r—52r—4
0,,0 — ’
W (uusy —{2 if j=2r—32r-2

1 ifj=2r—4
l/)(u;)u]l :{3 ifj=2r—3,2r—1
2 ifj=2r-2

Forie{1,2,..,1 —1}

3 if i =1mod3

Ifj=r-2, l/)(uizjuéjﬂ):*z if i =2mod3
1 if i =0mod3

3 ifi =1mod3

Ifj=r—1, Y(ubub,,) ={1 if i =2mod3
2 if i =0mod3
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l/)(uZZjuZZ]'+1) =4,ifje{r—-2, r—1}

Forie{1,2,..,1 —2}

If i = 1mod 6, P(wjuj*') =

Ifi=2mod6, Pp(uu*')=

3
If i = 4mod 6, 1,[)( ! ‘+1)= 2
1

if j=2r—4
if j=2r—3,2r—1
if j=2r—2

if j=2r—4,2r—1
if j=2r—3,2r—2

if j=2r—42r—-2
if j=2r-3
if j=2r—1

if j=2r—4,2r-2
if j=2r—3
if j=2r—1

if j=2r—4,2r-1
if j=2r—3,2r—2

if j=2r—4
if j=2r=3,2r—-1
if j=2r-2

1
If i=5mod6, Y(uju*t) =1,
1
If i = 0mod 6, Y(ujuf*! 3
2
2 if j=2r—4
l/)(u]l_lu]l): 4 lf]=2r—3,2r—1
1 if j=2r-2
1 ifj=2r—4

(gt —{

2 if j=2r—2

1
l/)(qu l+1 :{2

if j=2r—32r—1

if j=2r—5,2r—4
if j=2r—=32r-2

JMSCM, Vol.3, No.1, October, 2021

It is easy to verify that v is injective edge-coloring of H!(r). Hence, )({(Hl(r)) =4

Case2. If l=4mod 6

L1 — .
l/)(uzjusz) =3, forje{0,12,..,r—3},
lp(ul‘l'lul‘l'l) —_ 2 lp(ul‘l'lulz‘::ll — 1’
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.,2r — 5},

2 if j =1,0mod4

+1, 1+1) _
e _{1ifj = 2,3 mod 4

3
() =141
2
3
Y(wu™) =2
1
Ifrisodd

if j =0,2mod4
if j =1mod4
if j =3mod4
if j =0,2mod4
if j =1mod4
if j =3 mod4

2 if j=2r—52r—4
0,,0 —
¢05WH)‘{3ifj=2r—azr—2

2 ifj=2r—4 2r-1
w@h}={1ﬁj=m—3
3 ifj=2r—2
Fori € {1,2,...,1}
1 if i =1mod3
Ifj=r-2, l/)(uéjuéj+1)=‘3 if i =2mod3
2 if i =0mod3
2 if i =1mod3
Ifj=r-—1, l/)(uizjuéjﬂ):*l if i =2mod3
3 if i =0mod3
Fori € {1,2,...,1}
N 3 if j=2r—4
If i =1mod 6, w(u}u}“ =31 if j=2r—-3,2r—2
2 if j=2r—1
N 3 ifj=2r—4 2r—1
Ifi=2mod6, Y(uu™)=1{2 ifj=2r-3
1 ifj=2r-2
1 if j=2r—4
If i =3mod 6, Y(wjuj*') =42 if j=2r—3,2r-2
3 if j=2r—1

34
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1 ifj=2r—4, 2r—-1
If i =4mod6, P(uu*')={3 ifj=2r-3

2 ifj=2r—2

2 if j=2r—4
Ifi=5mod6, Y(uut')=143 if j=2r—32r-2

1 if j=2r—1

2 ifj=2r—4, 2r—1
If i = 0mod 6, lp(u}u}“ =31 ifj=2r-3

3 ifj=2r—2

3 ifj=2r—4,2r—3

+1, 1+1) _
A _{1 if j=2r—2

JMSCM, Vol.3, No.1, October, 2021

It is easy to verify that v is injective edge-coloring of H'(r). Hence X{(Hl(r)) = 3.

If ris even

1 if j=2r—4,2r-3

0,,0 —
(el _{2 if j=2r—2

1 ifj=2r—4
Y(ufu} ={3 if j=2r—32r
2 ifj=2r-2

Fori € {1,2,...,1}

3
Ifj=r-2, l/)(uéjuéj+1) =2
1
3
Ifj=r—-1, lp(uleule+1) =11

=W N

Ifi=1modé6, P(uui*) = {

o 2
Ifi=2mod6, P(uju™ 1
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if i =1mod3
if i =2mod3
if i =0mod3
if i =1mod3
if i =2mod3

2 if i =0mod3

if j=2r—4
if j=2r—32r—1
if j=2r—2

if j=2r—42r—1
if j=2r—32r—2
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3

If i =3mod6, l/)(u}u}“ ={1
2

. . 3

If i =4mod6, P(ujui*') =12
1

If i = 5mod 6, Y(uuit) =}
fl: mo , lp ujuj = 2
1

If i = 0mod 6, lp(u}u}“ ={3

N

2 if j=2r—4,

+1, 1+1Y) _
Yy _{1 if j=2r—2

if j=2r—4,2r—-2
if j=2r-3
if j=2r—1

if j=2r—4,2r—2
if j=2r-3
if j=2r—1

if j=2r—4,2r—-1
if j=2r—3,2r—2

if j=2r—4
if j=2r—3,2r—1
if j=2r—2

2r—3

JMSCM, Vol.3, No.1, October, 2021

It is easy to verify that v is injective edge-coloring of H'(r). Hence X{(Hl(r)) = 3.

Case 3. Ifl=5mod 6

¢(u12ju12j+1) =4, forje€{0,12,.

(i) =1,

For j € {0,1,2,...,2r — 5},

., 7 —3},

l/)( 1+1. 1+1 :{2 lf] = 1,2m0d4

W Uity

W) -

[N

if j =0mod4

3 ifj€e{024,..,
4 if j €{1,3,5,..,2r—5}

1 if j =3,0mod4

2r — 6}

w(ujl-ul-ﬂ) =14 if j =1,3mod4

J

2 if j =2mod4

Ifrisodd

2 if j=2r—52r—4
0,,0 — ’
W (ufusy —{4 if j=2r—32r-2
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2 ifj=2r—4
(! ={3qﬁ=2r—&2r—1
4 ifj=2r-2

Ifje{r—2 r—1}andi €{1,2,...,1}
3 ifi =1mod3
P(ubjuby) = {1 if i =2mod3
2 if i =0mod3
Fori € {1,2,...,1 — 1}, similar to case | = 3 mod 6 and r is odd.
2 if j=2r—4
Y (ubuft! {1ifj=2r—&2r—1
4 if j=2r—2

Plul ! ={2 if j=2r—52r—4

Y oW+ T4 if j=2r—3,2r—2
(ulﬂulztl ) =

It is easy to verify that v is injective edge-coloring of H'(r). Hence )({(Hl(r)) =

If riseven
1if j=2r—=572r—4
0,0 Y\ _
Y {4ifj=2r—&2r—2
1 ifj=2r—4
l/)(u;)u]1 :{3 ifj=2r—3,2r—1
4 ifj=2r-2

Fori e {1,2,..,1 —1}

3 if i =1mod3

Ifj=r-2, l/)(uizjuéjﬂ):*z if i =2mod3
1 if i =0mod3

3 if i =1mod3
if i =2mod3
2 if i =0mod3

—_

Ifj=r—-1, w(uéju§j+l) =

lp(uIZquZj-l-l) =4,if jeE{r—-2, r—1}

Fori € {1,2,...,1 — 2}, similar to case [ = 3 mod 6 and r is even.
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(ul 1ul) { if j=2r—4,2r—-2
if j=2r—32r—-1
1 ifj=2r—4

P(uhul*? { if j=2r—32r—1
2 if j=2r—-2

1 if j=2r—52r—4
+1, 1+1Y) _
LAt —{2 if j=2r—32r-2

zp(ul“ul{;ll -1
It is easy to verify that v is injective edge-coloring of H'(r). Hence X{(Hl(r)) =4
Cased. Ifl=1mod6andl + 1
w(ulzjulzjﬂ) =3, forje{0,12,..,7r—3},
( I+1 1+1) =2 ¢(ul+1ulz4r—11 =2
For j € {0,1,2,..,2r — 5},

1 if j=12mod4
+1 l+1
() { if j =3,0mod4

1 if j =0mod4
if j =1,3mod4
2 if j =2mod4

w

W) =

2 if j =0mod4
1/)( l+1)—<3 if j =1,3mod4
1 if j =2mod4

If ris odd
Fori € {1,2,...,1 — 2}, similar to case [ = 3 mod 6 and r is odd.

2 ifj=2r—42r—2
Yl ul) =43 ifj=2r-3
4ifj=2r—1

4 ifj=2r—4,2r—1
Yuut) =143 ifj=2r-3
1 ifj=2r-2
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4 if j=2r—=52r—4
+1, 1+1Y) _
A _{1 if j=2r—32r—2

JMSCM, Vol.3, No.1, October, 2021

It is easy to verify that v is injective edge-coloring of H'(r). Hence )({(Hl(r)) =4,

Ifriseven

1 if j=2r—572r—4
0,,0 —
Y _{2 if j=2r—32r—2

2r — 4

1 ifj=
(! :{3 ifj=2r—32r—1
2 ifj=2r—2

Fori € {1,2,...,1}

Ifj=r-2, ¢(uéju5j+1) =12

Ifj=r-1, lp(uéjuéj+l) =11

Fori € {1,2,...,1}

If i = 1mod 6, l/)(u]‘u =

Ifi=2modé6, Pluu™)=

]

]

]

i+1Y) _
J

]

3
If i =4mod6, P(uluitt) =42
1

If i =5mod 6, l/)(u]l

Journal of Mathematical Sciences & Computational Mathematics

{
3
If i =3mod 6, w(uéu}“) = {1
2
{

i+1

U; =

]

if i =1mod3
if i =2mod3
if i =0mod3
if i =1mod3
if i =2mod3
if i =0mod3

if j=2r—4
if j=2r—3,2r—1
if j=2r—2

if j=2r—4,2r—1
if j=2r—32r—2

if j=2r—42r-2
if j=2r-3
if j=2r—1

if j=2r—42r—2
if j=2r—3
if j=2r—1

if j=2r—42r—1
if j=2r—32r—2
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1 if j=2r—4
Ifi=0mod6, P(wui*') =43 if j=2r-32r—1
2 if j=2r—2

2 if j=2r—52r—4
+1, 1+1) _
A _{1 if j=2r—32r—2

It is easy to verify that v is injective edge-coloring of H'(r). Hence )({(Hl(r)) = 3.

Ifl=2mod6andl =0 mod6
2 if j =1,2mod 4

Ylud) = 1,Forj € (12,..,2r — 5}, Yp(wWudy,) =43 if j =34mod 4
1 if j =50mod4

¢(U8Ugr_1) = 1'
Forie{1,2,..,l}and j €{0,1,2,...,7r — 3}
3 if j =0mod3

1 if j =1mod3
2 if j =2mod3

If i=1mod3, lp(uéjuéjﬂ)

w

If i =2mod 3, l/)(uéjuéjﬂ) if j =1mod3

1 if j =2mod3

{2 if j =0mod3

[EN

if j =0mod3
if j =1mod3
3 if j =2mod3

N

Ifi=0mod3, P(ubjub,,)=

1 if j =0mod3
Forj € {0,1,2,...,2r = 5}, Y(w)uf) =43 if j =1mod3
2 if j =2mod3

Forie{1,2,..,l}andj € {0,1,2,...,2r — 5}

N

if j =05mod6
if j =1,2mod6
1 if j =34mod6

w

Ifi=1modé6, P(uu*) =

2 if j =0,3mod6
if j =14mod6
3 if j =25mod6

Ifi=2modé6, Yluu™)=

—_

40 Journal of Mathematical Sciences & Computational Mathematics SMART SOCIETY™



ISSN 2688-8300 (Print) ISSN 2644-3368 (Online)

41

If i = 3mod 6, P(ujuj**

If i = 5mod 6, P(wjuj*') =

If i = 0mod 6, P(uju*

Case5. Ifl=2mod 6

(ul+1 I+1

Forje{1,2,..,2r — 5}, l/)(u

Sub Case 5.1. If r = 0 mod 3

If i = 4mod 6, Y(wjuj*") ={

N N =

N W

if j =05mod6
if j =1,2mod6

2 if j =34mod6

if j =03mod6
if j =14mod6

1 if j =25mod6

if j =05mod6
if j =1,2mod6
if j =34mod6

if j =03mod6
if j =14mod6
if j =25mod6

1 if j =1,0mod6
Wit 2 if j =23mod6
3 if j=45mod6

I+1 l+1

2 if j=2r—52r—4
0,,0 —
Y _{3 if j=2r—32r—2

ifj=2r—4,2r—1

2
l/)(u;)u]1 :{1 ifj=2r-3
3 ifj=2r—2

Fori € {1,2,...,1}

Ifj=r-2, lp(uiZjuéj+1) =

Ifj=r—-1, l/)(uiZjuéj+1) =

Fori € {0,1,2,...,1}

w

—_

if i =1mod3
if i =2mod3
if i =0mod3
if i =1mod3
if i =2mod3
if i =0mod3
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If i = 0mod 6, l/)(

If i = 1mod 6, P(uj

3
Ifi=2mod6, Pp(uu*t)= {2

If i =3mod 6, P(uui*") =

If i =4modé6, P(yu

If i = 5mod 6, 1/)(

w(ul+1u124;11 =3, l/)(u”l l+1 {3

2
l+1 1
3
3
l+1) ={1
2

l+1

l+1

w

if j=2r—4,2r—-1

if j=2r-13
if j=2r—2
if j=2r—4
if j=2r—3,2r—-2
if j=2r—-1

if j=2r—4,2r-1

if j=2r-3
if j=2r—1
if j=2r—4
if j=2r—32r—2
if j=2r—1

if j=2r—4,2r-1

if j=2r—3
if j=2r—2
if j=2r—4
if j=2r—3,2r—2
if j=2r—-1

if j=2r—2

if j=2r—4,2r-3

JMSCM, Vol.3, No.1, October, 2021

It is easy to verify that v is injective edge-coloring of H'(r). Hence )({(Hl(r)) =

Sub Case5.2. If r =1mod 3

3
l/)(u})u})+1 = {4

if j=2r—52r—4
if j=2r—32r—-2

ifj=2r—4,2r—1

3
l/)(u})u} :{2 ifj=2r-3
4 ifj=2r—2

Fori € {1,2,...,1}

Ifj=r—-2, l/)(uizjugjﬂ) = {1

Journal of Mathematical Sciences & Computational Mathematics
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if i =2mod3
3 if i =0mod3
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3 ifi =1mod3

|fj=r—1'l/)(u§ju§j+l)= 2 lfl = 2mod 3
1 if i =0mod3

Forie{1,2,..,1 —1}

1 if j=2r—4
If i = 1mod 6, P(uju** 2 if j=2r—3,2r—2
3 if j=2r—1

Ifi=2mod6, Pp(uu*')=

1if j=2r—42r—-1
3 if j=2r-3

2 if j=2r—1
2 if j=2r—4

If i=3mod6, Y(wui*') =43 if j=2r—32r-2
1ifj=2r-1

Ifi=4modé6, Y(uu*t) ={1 if j=2r-3

2 if j=2r—42r-1
3if j=2r—2

3 if j=2r—
Ifi=5mod6, Y(uu™™)=1{1 if j=2r—32r-2
2 if j=2r—1

If i = 0mod 6, Y(ujui*! 2 if j=2r-3

3if j=2r—4,2r—-1
1 if j=2r—-2

P(ugusly) = 4,

1if j=2r—4
3if j=2r—3
l+1
¥ (uju 2 if j=2r—2
4 if j=2r—1

2 if j=2r—5
Ytultl) =43 if j=2r—4,2r-3
4 if j=2r—2
It is easy to verify that v is injective edge-coloring of H!(r). Hence )({(Hl(r)) =4

Sub Case 5.3. If r =2 mod 3
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¢(OO _{1 if j=2r—52r—4
Ujljiq if j=2r—3,2r—2

1 ifj=2r—4
Y(udu! {3 ifj=2r—32r—1
4 ifj=2r—2

Forie{1,2,..,l}and j € {r —2,r — 1},
3 ifi =1mod3

Y (ubjub;q) ={2 if i =2mod3
1 if i =0mod3

Forie{1,2,...,1 —1}

\S]

. i j:2‘r‘—4,27'—2
If i =1mod6, l/)( l+1 :{3 i; j=2r—-3,2r—1

if j=2r—4,2r-2

If i =2mod6, l/)( ; Hl) if j=2r-3,2r—1

—~——
_ N

_{3 if j=2r—4,2r—2
1 if j=2r-3,2r—1

{3 if j=2r—4,2r—2
2 if j=2r-3,2r—-1

1if j=2r—4,2r—2
If i =5mod6, l/)( { l+1) {2 i; §:2r—3,27‘—1

1 if j=2r—4,2r—2
If i =0mod 6, Y(wy™ {31]]:]]—27‘—327‘—1

l/)(quulzJ;l 1) =4

if j=2r—42r-2

Y (ubuft _{1 if j=2r—3
4 if j=2r—1

3 if j=2r—5
Pl ={1 if j=2r—4,2r—3
4 if j=2r-2

It is easy to verify that v is injective edge-coloring of H!(r). Hence )({(Hl(r)) =4

Case 6. Ifl=0mod 6
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lp(ué+1ul1+1) =3

Forj€{12,..,2r -5}, Y(u/*'u

Sub Case 6.1. If r = 0 mod 3

2 if j=2r-5,
0,,0 —
Y ‘{3 if j=2r—3,

Fori € {1,2,...,1}

w

Ifj=r—2, lp(uéjuéjﬂ) =

—_

Ifj=r—1, l/)(uéjuéjﬂ) =

Fori € {0,1,2,...,1}
o 2
Ifi=0mod6, Pluju™t) =41
o 3
If i =1mod 6, P(ujui*') =41
o 3
Ifi=2mod6, Pluu™) =12
If i =3mod6, P(uui*) =

]

Ifi=4modé6, P(uu*) =

3if j=10mod6
(1) =41 if j =23 mod6
2 if j =45mod6

2r—4

2r—2

if i =1mod3
if i =2mod3
if i =0mod3
if i =1mod3
if i =2mod3
if i =0mod3

if j=2r—4,2r-1

if j=2r—3
if j=2r—2
if j=2r—4

if j=2r—32r—2

2 if j=2r—1

if j=2r—4,2r—1

if j=2r-3
if j=2r—1
if j=2r—4
if j=2r—32r—2
if j=2r—1
if j=2r—42r—1
if j=2r—3
if j=2r—2
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2
If i =5mod 6, l/)(u}u}“ ={3
1
l[)(uéﬂulzﬂl =2
3 if j=2r—5
P(ultult] :{1if_i=2r—4,
2 if j=2r—2

JMSCM, Vol.3, No.1, October, 2021

if j=2r—4

if j=2r—3,2r—2
if j=2r—1
2r—3

It is easy to verify that v is injective edge-coloring of H'(r). Hence X{(Hl(r)) = 3.

Sub Case 6.2. If r =1 mod 3

3if j=2r—52r—4
0,,0 —
¢@H%H‘{4ifj=2r—3gr—2

3 if j=2r—4
1 if j=2r—3

0,,1) _
Y(y) = 4 if j=2r—2
2 ifj=2r—1

Fori € {1,2,...,1}

1 if i =1mod3
|fj=r—2'1/)(uéjuéj+l)=<2 if i =2mod3
3 if i =0mod3
2 if i =1mod3
|fj:r—1’1/)(uéjuéj+1):<3 if i =2mod3
1 if i =0mod3
Fori e {1,2,..,1 —1}
N 2 if j=2r—42r—1
Ifi=1mod6, Y(wut') =41 if j=2r-3
3 if j=2r—2
2 if j=2r—4
Ifi=2mod6, Y(uu™) =43 if j=2r—32r-2
1 if j=2r—1
1 if j=2r—4,2r—1
If i =3mod 6, Y(ujuj*") =43 if j=2r—3
2 if j=2r—2

46
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1if j=2r—4
Ifi=4mod6, Y(wui*') =12 if j=2r—32r-2
3 if j=2r—1
3 if j=2r—4,2r—1
Ifi=5mod6, Yp(uut')=<2 if j=2r-3
1 if j=2r-2
3 if j=2r—4
If i = 0mod 6, P(uju* 1 if j=2r—3,2r—2
2 if j=2r—1
3if j=2r—4
4 if j=2r—3
+1, 1+1 l+1
Y™t ) = 2, Pau 1ifj=2r-2
2 if j=2r—1

1 if j=2r-5

P(u =%ifj=2r—&%—3
2 if j=2r—2

JMSCM, Vol.3, No.1, October, 2021

It is easy to check that i is injective edge-coloring of H!(r). Hence )({(Hl(r)) =4

Sub Case 6.3. If r =2 mod 3

1if j=2r—=572r—4
0,,0 —
Y {4ifj=2r—&2r—2
1 if j=2r—4
3 if j=2r—3
0,1
Y(wy) = 4 if j=2r—2
2 ifj=2r—1

Fori € {1,2,...,1}

3 if i =1mod3
|fj:r—2’1/)(uéju§j+1):<2 if i =2mod3
1 if i =0mod3

2 if i =1mod3
Ifj =7 —1,Y(ubub;y,) =43 if i =2mod3
1 if i =0mod3

Forie{1,2,..,1 —1}
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If i = 1mod 6, l/)(

[EEN

If i = 2mod 6, P(wjuj*") =

If i =3mod 6, P(wjuj*') =

:
{

l+1

If i =0mod 6, P(yju

——
N W -

w(ulﬂultll =4,

Y (ubuf*t _*ifj=%—3
4 if j=2r—1

l/)(ulﬂ l+1 _{

JMSCM, Vol.3, No.1, October, 2021

l+1 {2 if j=2r—4,2r-1
3if j=2r—3,2r—2

if j=2r—4,
if j=2r—3,2r—-1
if j=2r—2
if j=2r—4
if j=2r—3,2r—-1
if j=2r—2

if j=2r—4,2r-1
if j=2r—3,2r—2

1 if j=2r—4,2r—2

if j=2r-3
if j=2r—1

if j=2r—4,2r—2
if j=2r—-3
if j=2r—1

1if j=2r—4,2r-2

2 if j=2r—5
if j=2r—4,2r-3
4 if j=2r—2

It is easy to verify that v is injective edge-coloring of H'(r). Hence )({(Hl(r)) =

3. Conclusion

In this paper,

generalized H-graphs. To derive similar results for other graph families is an open area of research.
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