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Abstract

In this paper, we examine the existence of fixed point results for Banach and Edelstein contraction theorems
in Revised fuzzy metric spaces with the assistance of Grabiec. Thus, we create a new path in Revised fuzzy
theory to obtain fixed point results. We hope that this paper creates a new way to come up with several
fixed point results in the Revised fuzzy metric spaces.
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INTRODUCTION

Zadeh designed the hypothesis of fuzzy sets in 1965 [11]. The class of elements with grade of
membership deals in fuzzy metric space was presented at first by Kramosil and Michalek [7]. Later
on, George and Veeramani [3] gave the altered idea of fuzzy metric spaces because of Kramosil
and Michalek [7] and examined a Hausdorff geography of fuzzy metric spaces. As of late, Gregori
et al. [5] gave many fascinating instances of fuzzy metrics with regards to the feeling of George
and Veeramani [3] and have additionally applied these fuzzy measurements to shading picture
handling. In 1977 B. E. Rhoades [10] established the various definitions of contractive
mappings, which are very import results for the researchers. Later M. Grabiec [5] and Goebel
[4] introduce the existence of fixed points in fuzzy metric space in 1988 and existence of fixed
point in metric space. As late of many authors have examined the concept of fuzzy metric
space in various aspects.

Alexander Sostak [1] described the concept of “George-Veeramani Fuzzy Metrics Revised”. Later
on Olga Grigorenko [9], Juan jose Minana, Alexander Sostak, Oscar Valero introduced “On t-
conorm based Fuzzy (Pseudo) metrics”. In 2020, Alexander Sostak and Tarkan Oner [2] initiate
the concept of On Metric-Type Spaces supported Extended t-Conorms. In 2021, Muraliraj.M
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& Thangathamizh.R [8] firstly introduced the existence of fixed point theorems in Revised
fuzzy metric space [8] in 2021.

2. PRELIMINARIES
To initiate the concept of Revised fuzzy metric space, which was introduced by Alexander Sostak
[1] in 2018 is recalled here.

Definition 2.1: [1]
A binary operation @: [0,1] x [0,1] — [0, 1] is a t-conorm if it satisfies the following
conditions:

a) @ is associative andcommutative,

b) @ is continuous,

c) a® 0= aforallac€e [0,1],

d a®b < c®dwhenevera < candb < d

forall a,b,c,d € [0,1].
Examples 2.2: [2]

i.Lukasievicz t-conorm: a @ b = max{a, b}
ii.Product t-conorm: a®b =a+b—ab
iii.Minimum t-conorm: a® b = min(a+b, 1)

Definition 2.3: [1]

A Revised fuzzy metric space is an ordered triple (X, i, ®) such that X is a nonempty set,
@ is a continuous t-conorm and u is a Revised fuzzy set on
X x X x (0,00) — [0,1] satisfies the following conditions:

Vx,y,z€ Xand s,t > 0

(RGVD) u(x,y,t) <1,vt> 0

(RGV2) u(x,y,t) = Oifandonlyifx = y,t > 0

(RGV3) u(x,y,8) = u(,x,t)

(RGV4A) u(x,z,t + s) < u(x,y,t) ® u(y,z5s)

(RGV5) u(x,y,—): (0,00) = [0,1) is continuous.

Then u is called a Revised fuzzy metric on X.

Example 2.4: [1]

Let (X, d) be a metric space. Define a @ b = max{a, b} for all a,b € [0,1], and
define u: X x X x (0,00) — [0,1] as
d(x,y)
ulx,y,t) = m

Vx,y,z € X and t > 0. Then (X, u, ®) is a Revised fuzzy metric space.
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Definition 2.5: [1]

Let (X, u, ®) be a Revised fuzzy metric space, for t > 0 the open ball B(x,r, t) with a centre
x € X and a radius 0 < r < 1 is defined by

B(x,r,t) = {yeX:ulx,yt) <r}
A subset A c X is called open if for each x € A, there exist t > 0 and

0 <r < 1suchthat B(x,r,t) c A. Let t denote the family of all open subsets of X.
Then t is topology on X, called the topology induced by the Revised fuzzy metric u.

We call this fuzzy metric induced by the metric d as the standard Revised fuzzy metric.
Definition 2.6: [8]
Let (X, u, ®) be a Revised fuzzy metric space,

1. Asequence {x,} in X is said to be convergent to a point x € X if
lim,u(x,y,t) = 0 forallt > 0.

2. Asequence {x,} in X is called a Cauchy sequence, if foreach0 <e < 1
and t > 0, there exists n, € N such that u (x,, x,,,t) < € for each
n,m =ng,

3. A Revised fuzzy metric space in which every Cauchy sequence is
convergent is said to be complete.

4. A Revised fuzzy metric space in which every sequence has a convergent
subsequence is said to be compact.

Lemma 2.7: [8]
Let (X, u, ®) be a Revised fuzzy metric space. For all u, v € X, u(u, v, —) is non-
increasing function.

MAIN RESULT
Theorem 3.1: (Banach Contraction Theorem in Revised Fuzzy metric)

Let (%, u, ®) be a complete Revised fuzzy metric space. Let F : X — X be a function
satisfying,

uw(FSFn,A) < p(n ) (3.1)
forall {,n € X. 0 < k < 1. Then z has unique fixed point.
Proof:
Let { € Y and {{,,} = f"(a) (n €N).

By Mathematical induction, we obtain
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1 G D) < 1 Cor) (32)

foralln > 0and A > 0. Thus for any non-negative integer p, we have

A A
ﬂ((m(nﬂw’l) < .u((' (n+1"5)® e (p - times) e ®ﬂ((n+p—lr<n+p‘15)

<u(d 5n+1vp%)® o+ (p—times) - @ u({, (1,2#)
by (3.2) and the definition of Revised fuzzy metric space conditions,
we get

limy, e ,u((n,(nw,l) <0® ---(p—times) --- B0 =0

Therefore, {¢,,} is Cauchy sequence and it is convergent to a limit, let the limit point is 7.
Thus, we get

u(Fn,0,2) < 0 (F, FG D) @t (Gnens 1,3

A A
S :u'(n' (n’§)®y({n+1lnlz) - 0 @ 0 = 0
Since we see that u({,n,A) = 0 iff { =7

We get Fn = n, which is the fixed point of Revised fuzzy metric space. To show the
uniqueness, let us assume that Fw = w for some w € X

pl pl pl
0 < u((,w,A) = u(Fn,FwFw,) Su((,w,g) = y(F{,Fw,E) < u(n,w,ﬁ)
S---Su((,a),%) - 0as n—- o

From the definition of Revised fuzzy metric space, We get 1 = w.
Therefore z has a unique fixed point.
Lemma 3.2:
Let (%, u, ®) be a complete Revised fuzzy metric space. Then,
@ If lim,& {, = (and lim,_ .M, =1, then

u(,n,A —e€) = lim,,o sup pu(Gn,Mn, A)

(b) Iflim,, ¢, = ( and lim, N, =N, then
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pn(@mA+e) < limy o inf u(lnMp, A)
forallA > 0and 0 < e < A.
Proof for (a):

By the definition of Revised fuzzy metric space, conditions (iv)

1 A) < u((n,(;)@(fﬂb’l‘ €) & u(nn,n;)

limpy oo sup p(GpMp,4) < 0@ u((n,A-€)®0
Hence, lim;,,o, sup p($n,Mn, ) < p($,n,4 —€)
Proof for (b):
By the definition of Revised fuzzy metric space, conditions (iv),

HGmA+€) <u ((n; ¢ E) Ou(CnMn, €)O 1 (nnl N, g)

u(¢,n,A+€) < limy,_,o inf 1(Gn, M, €)

Corollary 3.3:
If lim,,o {, = aandlim,_ ., N, =N
a) (@A) = limy,esup p(lpMw ... (3.3)
u(@,n ) < lim,_ inf u({Mwd)....... (3.4)

forallA > 0and 0 <e< 1
Theorem 3.4:  (Edelstein Contraction Theorem in Revised Fuzzy metric)

Let (Z, u, ®) be compact Revised Fuzzy metric space. Let F: ¥ — X be
a function satisfying

u(Fe Fn,.) < pu(,m,.) (3.5)
Then F has fixed point.
Proof:
Leta € Yanda, =F"{(n € N).

Assume ,, # {4+, for each n (If not F{,, = {,) consequently a,, # a,,,; (n # m), For
otherwise we get
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/’l((ni(n+1'-) = /’L(Zm' (m+1'-) < H((m—lJ (mJ-) << ﬂ((nr(n+1'-)

where m > n, which is a contradiction.
Since X is compact set, {¢,,} has convergent sub sequence {{,; }.
Let n =lim;,o ¢y, , Also we assume that n such that Fn € {(,, ;i € N}
According to the above assumption, we may now write
WFG Fn,.) < u(Gnyoms-)
forall i € N. Then by equation (3.3) we obtain
lim sup u(Fén;, Fn,A) < limpu(&n;,m,4) = p(mn,A) = 0
foreach 4 > 0.
Hence,
limF¢,, = Fn.... (3.6)
Similarly lim F?¢,, = F?n.... (3.7)
(we recall that lim F{,, = Fn forall (i € N), Now observe that,
(i Fong ) = O(F Gy, F2n;,2) 2+ 2 0(n; , Finy ) A)
> O(FGn; F2nyyy M) 2002 OF Gy, F20ny D)
> O(Fl,,, F20n; ) =2 0.

forall 2 > 0. {u(Gn,, Fén;, A} and {0 (F{y, ,cmnl. ,A)} (A > 0) are convergent to a
common limit point . So by equations (3.2) , (3.4) and (3.5) and we get,

u@m, zn,A) < lminf u(Gy; , Fén;, 2) = liminf u(F¢y , F23y,, )
< lim sup u(Fln;, F?¢n; )
< u(Fn,F?n,2)
forall A > 0. Suppose b # Fn, By equation (3.5)

u(m, Fn,.) > u(Fn,F?n,.)

which is a contradiction , because the above function are right continuous ,non - increasing
respectively.
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Hence n = Fn is a fixed point.

To prove the uniqueness of the fixed point, let us consider F({) = w forsome { € X.
Then

A A A
0 < u@w) = ulFn, Fw, 1) < M(('wﬁz) = M(FTIJF(‘)JE) <-0 = ﬂ({:w:k_n)

Now, we easily verify that {Ij—n} Is an s-increasing sequence, then by assumption for a
given € € (0,1), there exists n, € N such that

A
.u'((;ka_n) <€

Clearly,

u@G w) =0
Thus n = w. Hence proved.
CONCLUSION

The main purpose of this paper is to introduce a new class of Banach contraction and Edelstein
Contraction in revised fuzzy metric space and to present fixed point theorems.
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