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Abstract

In this paper, we analyze the existence of fixed points for mappings defined on a complete revised fuzzy
metric space satisfying a contractive condition of integral type.
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1. Introduction

Zadeh designed the hypothesis of fuzzy sets in 1965 [16]. Afterthat, Bose et.al introduce the
concept of Fuzzy mappings and fixed point theorems [3]. Later on Altun et.al initiate the concept
integral-type contractions on partial metric spaces and proved Fixed point theorems [2]. There
After many authors [2-6, 12, 14] proved the various integral type fixed point results in various
metric spaces.

Alexander Sostak [1] introduced the concept of “George-Veeramani Fuzzy Metrics Revised” in
2018 based on t-conorm. Later on Olga Grigorenko [11] et.al introduced “On t-conorm based
Fuzzy (Pseudo) metrics”, they develop the basics of the theory of  CB-fuzzy (pseudo) metrics
and compare them with “classic” fuzzy (pseudo) metrics [2020]. After that Tarkan Oner and
Alexander Sostak [15] initiate the concept of On Metric-Type Spaces through Extended t-
Conorms.

In 2021, Muraliraj. A & Thangathamizh. R [7] introduce the fixed point theorems based on
t-conorm in Revised fuzzy metric space. Later on Muraliraj. A & Thangathamizh. R [8 & 10]
prove the banach and Edelstein contractions in Revised fuzzy metric space.

,TM
286 Journal of Mathematical Sciences & Computational Mathematics SMART SOCIETY



ISSN 2688-8300 (Print) ISSN 2644-3368 (Online) JMSCM, Vol.3, No.3, April, 2022

2. Preliminaries
Definition 2.1: [1]

“A Revised fuzzy metric space is an ordered triple (X, u, @) such that X is a nonempty set, @ is
a continuous t-conorm and u is a Revised fuzzy set on X x X x (0,) — [0, 1] satisfies the
following conditions: Vx,y,z € Xand s, t > 0

(RGVD) ulx,y,t) <1,vt> 0

(RGV2) u(x,y,t) = Oifandonlyifx = y,t > 0

(RGV3) u(x,y,8) = u(y,x,t)

(RGV4) u(x,z,t + s) < u(x,y,t) ®u(,z5)

(RGV5) u(x,y,—): (0,00) = [0,1) is continuous.

Then u is called a Revised fuzzy metric on X”’.

Definition 2.2: [3]

“Let (X, u, @) be a Revised fuzzy metric space,

1. A sequence {x,} in X is said to be convergent towards a point x € X if
lim,ou(x,y,t) = 0 forallt> 0.

2. A sequence {x,} in X is called a Cauchy sequence, if for all 0 <e < 1andt > 0, there
exists ny € N such that u (x,,, x,,,,t) < € foreachn,m > n,.

3. A Revised fuzzy metric space in which each Cauchy sequence is converges is said to be
complete.

4. A Revised fuzzy metric space in which each sequence has a converging subsequence is called
compact”.

Lemma 2.3: [2]

“For each u,v € X, u(u,v,—) is non-increasing function, where (X,u,@®) is a revised fuzzy
metric space ”.where (X, 1, @) is a revised fuzzy metric space.

Definition 2.9.

Let (X, u, @) be a revised fuzzy metric space. A mapping f : X — X is called revised fuzzy
contractive mapping if there exists k € (0, 1), for all distinct x,y € X and t > 0 such that
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u(fx, fy,t) < kulx,y,t)
Theorem 2.10. (Revised Fuzzy Banach contraction theorem)

Let (X,u,®) be a complete Revised fuzzy metric space in which revised fuzzy contractive
sequences are Cauchy. Let f: X — X be a Revised fuzzy contractive mapping being k the
contractive constant. Then T has a unique fixed point.

Theorem 2.11. [2]
Let (X, d) be a complete metric space, € (0,1) ,and let T : X — X be a mapping such that

foreach x,y € X,

d(Tx,Ty) d(x,y)

f p(s)ds < k Of p(s)ds

0

where ¢ : [0,00) = [0,0) is a Lebesgue-integrable mapping which is summable on each
compact subset of [0, o), non negative, and such that for each ¢ > 0,

&

fgo(s)ds >0

0

lim T

then T has a unique fixed point z € X such that for each z € X, o oo

3. Main result

Theorem 3.1.

Let (X, i, ®) be a complete revised fuzzy metric space, € (0,1) ,andlet T: X — X bea
mapping such that for each x,y € X,

0 p()ds < k770 g(s)ds ®

where ¢ : [0,00) = [0, o) is a Lebesgue-integrable mapping which is summable on each
compact subset of [0, o), non negative, and such that for each ¢ > 0,

Jy ¢(s)ds >0 )

lim
— 00

then T has a unique fixed point z € X such that for each z € X, N T"x = z.

Proof.
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Let x € X be an arbitrary point define a sequence x,, = T ™x. For each integer n > 1, using (1)

U(xnXn41,t) u(xn—1,%n,t)
f p(s)ds < k f p(s)ds
0 0

repeating this process n times we get

u(xXnXnt1,t) u(xg,x1,t)
[ ewas <kt [ e
0 0

Taking limit n — co we obtained

#(xn:xn+1:t)

Lim f p(s)ds =0

n
0
which from (2) implies

M (ks X1, 8) = 0 ©

Now we have to show that (x,,) is a Cauchy sequence. Suppose that (x,,) is not a Cauchy
sequence. Then there exists € > 0 and sub-sequence (m,) and (n,) such that m, <n, <m,,
with

u(xmp Xy =e K (xmp Xnp-1 t) - (4)

by using (3), we get

ﬂ(xmp :xmp_l ,t) It(xnp 'xmp—l ,t)
f @(s)ds = f o(s)ds
0 0

from triangular inequality and (4),

U (xmp—l » Xny—1 t) Su (xmp—l » Xmy, o t) S u (xmp » Xn,—1 :t)
<u (xmp—l » Xmy, 'g) DSu (xmp—l » Xnp—1 :%) (5)
Hence

Ayt g (e)ds < ) p(s)ds ®)

By using (1),(3) and (6) we have
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. Uy, Xy 1)

f p(s)ds < f p(s)ds

0 0

< k foﬂ(xmp—l ’xnp_l !t) (,D(S)dS

< fog @(s)ds

which is a contraction so (x;,) is a Cauchy sequence. Since X is complete so there exist z € X
such that x,, = z. Now, using (1) and taking n — oo we get,

ﬂ(TZ Xn+1 't) #(Z Xn ,t)

j p(s)ds <k Of p(s)ds

0
<k [ p(s)ds = 0

which implies that u(Tz,z,t) = 0 and hence Tz = z, that is, z is fixed point of T. For
uniqueness let us suppose that y and z are two distinct fixed points of T then from (1)

uy.z,t) u(Ty,Tzt)
[ owas= [ o
0 0

<k fou(y Z k) @ (s)ds
sincek < 1s0 u(y,z,t) =0.Which implise u(y,z,t) =0o0ry = z.
Remark 3.2.

The Theorem 2.10 is a special case of our main result. That is by putting ¢(s) = 1in the
inequality (1) for each t > 0, we get the inequality (2.9). The example 3.7 shows the generality
of our main result.

Remark 3.3.

We have used the idea of integral Revised fuzzy contraction to generalize Revised Fuzzy Banach
contraction theorem, but in a similar way we can generalize other results also related to
contractive conditions of some kind, such as the ones contained in [2, 3, 4, 10, 12, 13].

Remark 3.4.

Theorem 3.1 is not true if we take zero value almost everywhere near zero for the mapping ¢,
following example shows our claim. In a similar way, Theorem 3.1 is not true for the negative
value of ¢, as in Example 3.5.
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Example 3.5.

Let X = N with revised fuzzy metric defined by u(x,y,t) = % Let T:X — X and
@ : R* - R™ be defined by

_(1 x#1 _J1—eis s=1
o=, I ‘p(s)_{ 0 sef01]

Now, since for every x,y € X and t > 0, u(Tx,Ty,t) < 1, hence for arbitrary k € (0,1)
1 1 u(x,y,t)

f,u(Tx Ty, t) p(s) ds < f(p(s) ds=0<k j p(s) ds

0
Thus (1) satisfied for all k € (0,1), but T has no fixed point.

Example 3.6.

Let X = R* with revised fuzzy metric defined by u(x,y,t) = % Let T:X — X and

@ : R > R* be defined by T(x) = x + 1and ¢(s) = 1. then for an arbitrary k € (0,1)

u(Tx,Ty,t)

f @(s) ds = —u(Tx,Ty,t)
0

= —u(x,y,t)
< —k ux,y,t)
= kfou(x'y't)w(s) ds

Thus (1) satisfied for all k € (0, 1), but T has no fixed point.

Example 3.7
Let X = {%:n € N} U {0} with revised fuzzy metric by u(x,y, t) = % Define a map
T:X - X by
n _ 1 N
T(xX)=41+n —;,ne
0 X

1
then T is a integral revised fuzzy contraction with ¢(s) = ss ?[1 — logs] and k = % .
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