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Abstract 

 
This study is on determining the characteristics of the three models commonly used in descriptive 

time series analysis when the trending is curve quadratic. The purpose is to provide basis for choosing 

the most appropriate decomposition model for any study data. The procedure is based on the row, 

column, and overall averages and standard deviation of the Buys-Ballot table proposed by Iwueze and 

Nwogu (2004) and Iwueze and Ohakwe (2004). Results show that for the additive model, the joint 

plots of the column means and standard deviations against column (j) appear to move upwards, the 

column means are greater than standard deviations and hence, the coefficients of variation are less 

than 100% and decreased with increasing j. For the mixed model, the joint plots of the column mean 

and standard deviation against column (j) appear to follow the seasonal pattern, the column means are 

greater than the standard deviations and hence, the coefficients of variation are less than 100% and 

decreased with increasing j. And for the multiplicative model, the joint plots of the column mean and 

standard deviation against column (j) appear to follow the seasonal pattern, the column means show 

no particular pattern of variation with the standard deviations and hence, the coefficients of variation 

are less than 100% for some columns and more than 100% for others columns. Therefore, the study 

recommends the use of the column means and standard deviations to characterize the decomposition 

models when trend-cycle component is quadratic. 

 

Keywords: Decomposition models, Characterization, Buys-Ballot table,column means and standard 

deviation, quadratic trend 

 
1 Introduction 

 
In the descriptive time series analysis, the models commonly used for the decomposition of 

the observed data are the  

Additive Model:  
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ttttt eCSTX         (1.1) 

Multiplicative Model:  

ttttt eCSTX         (1.2) 

and Mixed Model/Pseudo-Additive;  

ttttt eCSTX         (1.3) 

where  for time n...,,2,1t   tX is the observed series, tT is the trend (long term direction), 

tS is the seasonal effect (systematic, calendar related movements), tC is the cyclical (long 

term oscillations or swings about the trend) and irregular  te  (unsystematic, short term 

fluctuations) (Kendal and Ord, 1990; Chatfield, 2004). If short period of time are involved, 

the cyclical component is superimposed into the trend (Chatfield, 2004) and the observed 

time series  n...,,2,1t,X t   can be decomposed into the trend-cycle component  tM , 

seasonal component  tS  and the irregular/residual component  te .  Therefore, the 

decomposition models are restated as 

Additive Model:  

tttt eSMX          (1.4) 

Multiplicative Model:  

tttt eSMX          (1.5) 

  and Mixed Model Pseudo-Additive/;  

tttt eSMX          (1.6) 

However, one of the greatest challenges in descriptive time series analysis is when to use any 

of the three models for analysis. The reliability of any result from any analysis depends on 

how well the appropriate model was chosen. Use of wrong model will certainly lead to 

erroneous decomposition of a study series.  
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Several of attempts have been made by scholars in the literature to address this problem. 

Chatfield (2004) proposed the use of the run sequence plot (time plot).  In his opinion, the 

appropriate model is additive if the seasonal variation stays roughly the same size regardless 

of the mean level, and multiplicative if it increases in size in direct proportion to the mean 

level. No test for the choice was provided and the choice is between additive and 

multiplicative models. According to Puerto and Rivera (2001), the appropriate model is 

Additive if the coefficient of variations of seasonal quotients (CV(c)) is greater than the 

coefficient of variations of seasonal differences (CV (d)). No test for the choice was provided 

and the choice is limited to between additive and multiplicative models. In his opinion, Linde 

(2005) says that the differences between the Multiplicative and the Additive models are: (i) in 

the additive model, the seasonal variation is independent of the absolute level of the time 

series, but it takes approximately the same magnitude each year while in the multiplicative 

model, the seasonal variation takes the same relative magnitude each year. Here again, no test 

for the choice was provided and the choice is between additive and multiplicative models. 

 

The use of the relationship between the seasonal means  
j.

X  and the seasonal standard 

deviations   
j.

̂  of the Buys-Ballot table to choose the appropriate model for 

decomposition was proposed by Iwueze et al (2011). In their views, the additive model is 

appropriate when the seasonal standard deviations show no appreciable increase or decrease 

relative to any increase or decrease in the seasonal means.  On the other hand, the appropriate 

model is multiplicative when the seasonal standard deviations show appreciable 

increase/decrease relative to any increase /decrease in the seasonal means. For details of 

Buys-Ballot table/procedure, see Wei (1989), Iwueze and Nwogu (2004 and 2005), Iwueze 

and Ohakwe (2004). However, in the proposals by Iwueze et al (2011), no test was provided 
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for choice of appropriate model and the emphasis is still on additive and multiplicative 

models.  

 

In a framework for choice of model and detection of seasonal effect in time series, Iwueze 

and Nwogu (2014) showed that when the trend-cycle component is linear, the column 

variances are constant for the additive model, but contain the seasonal component for the 

multiplicative model. Thus, choice between additive and multiplicative models reduces to test 

for constant variance to identify the additive model. Therefore, they suggested that any of the 

tests for constant variance can be used to identify a series that admits the additive model. In 

this method, Iwueze and Nwogu (2014) attempted to solve the problem of providing test for 

choice of model but this is limited to choice between additive and multiplicative models 

when trend-cycle component is linear.  

 

Thus, in all these methods outlined above, including the Buys-Ballot procedure, the emphasis 

has been on the choice between additive and multiplicative models, with little or no reference 

to the mixed model. Furthermore, only Iwueze and Nwogu (2014) proposed a test for choice 

of model but this only identifies the additive model (when the column variance is constant), 

but does not tell the analyst the alternative model when the variance is not constant.  The 

implication of this is that when the test for constant variance says the appropriate model for a 

study series is not the additive model; an analyst still faces the challenge of distinguishing 

between multiplicative model and the mixed model.  

 

The only attempt which considered the mixed model is the work of Nwogu, Iwueze, Dozie 

and Mbachu (2019). In it, Nwogu et al (2019) proposed a statistical test for choosing between 

mixed and multiplicative models when trend-cycle component is linear based on the column 
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variances of the Buys-Ballot table. However, this work is limited to choice between mixed 

and multiplicative models when trend-cycle component is linear. For other trending curves, it 

is not clear whether this test stands or not. 

 

From the foregoing, it is clear that no attempt has been made at providing bases for choice 

model among the three decomposition models when the trend-cycle component is not linear. 

Therefore, the aim of this study is to provide bases for choosing the most appropriate 

decomposition model for any study series with quadratic trend-cycle component using the 

characteristics of the three models. Specifically, the method adopted is the Buys-Ballot 

method. So, (i) the first step taken here is the review of the Buys-Ballot procedures for the 

three decomposition models. The characteristics on bases of which the decomposition models 

are described are the row, column and overall means and variances of the Buys-Ballot table. 

(ii) So in the next step the row, column and overall means and variances are derived for each 

of the three decomposition models (iii) The characteristics which are peculiar to each of these 

models are identified and described. And hence, (iii) procedures for identifying the most 

appropriate model for any study series are proposed. (v) the proposed procedures are 

illustrated with empirical examples. 

 

2 Methodology 

 
Following the ways of Iwueze and Nwogu (2004, 2005) and Iwueze and Ohakwe (2004), the 

row, column and overall means and variances obtained for the three decomposition models 

are shown in Tables 2.1 through 2.3.  

 

As Tables 2.1 through 2.3 show, the row means and variances are for 

 

Additive model: 
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Thus, in the additive model the row means and variances are quadratic functions of the row (

1i ). The intercept and the coefficient of ( 1i ) of the row means do not depend on the 

seasonal effects. The row variances are also quadratic functions of the row ( 1i ). However, 

the intercept and the coefficient of ( 1i ) depend on the seasonal effects through  
1

C , 
2

C

and 


s

1j

2

j
S . This means, the row standard deviations may turn out to be linear in ( 1i ).  

 

The row variance in (2.2) is a quadratic function of the row ( 1i ) and can be written 

equivalently as 

 2

10

2

i
)1i(   

 
22

1100
)1i()1i(2                                                   (2.3) 

Equating corresponding components in (2.2) and (2.3) yields the expressions for 
0

 and 
1

 . 

Thus, the standard deviation is linear in )1i(  . That is, 

 )1i(ˆ
10i

                                                                                       (2.4) 

Hence, in the regression equations of the row means and standard deviations on the rows for 

the Additive model, while the mean is a quadratic function of  )1i(  , the standard deviation 

is a linear function of )1i(  . 
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For the mixed model the row mean and standard deviation are respectively,  
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Thus, in the mixed model the row means are quadratic functions of the row )1i(  . The 

coefficient (
2sc ) of 

2)1i(   in mixed model is the same as in the additive model. However, 

in contrast to the additive model, the intercept and the coefficient of )1i(   depend on the 

seasonal effects through  
1

C and 
2

C . The row variance is a fourth order polynomial (quartic) 

function of the row )1i(   plus the error variance. All the coefficients of regression of row 

variances on )1i(   depend on the sum of squares and cross-products of the seasonal effects.  

The row variance is a polynomial of order four in 1i  and as such, can be written in 

equivalent form as 

 22
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Equating corresponding components in (2.6) and (2.7) yields the expressions for 
0

 , 
1

 and 

2

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Table 2.1: Row, Column and Overall Means and Variances for the Additive Model  
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Table 2.2: Row, Column and Overall Means and Variances for the Mixed Model 
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Table 2.3: Row, Column and Overall Means and Variances for the Multiplicative Model 
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Thus, the standard deviation is Quadratic in )1i(  . That is, 

 
2

210i
)1i()1i(ˆ                                                      (2.8) 

Hence, in the regression equations of the row means and standard deviations on the rows, 

both are quadratic functions of )1i(  .  

 

The row mean and variances for the multiplicative model are respectively,  
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         (2.10) 

 

As in the mixed and additive models, the row mean in the multiplicative model is a 

quadratic function of the row )1i(  . However, in contrast to the additive and the mixed  

models, all the coefficients of regression of the row means on )1i(   depend on the 

seasonal effects and the error terms. The row variance is a fourth order polynomial 

(quartic) function of the row )1i(  . This means that the row standard deviations are 

quadratic in )1i(   as in the mixed model. However, unlike the mixed model, all the 

regression coefficients depend on the square of the seasonal effects and the error variance.   
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As with the mixed model, the row standard deviation is quadratic function of  1i . That 

is, 
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210i
)1i()1i(ˆ                                                                      (2.11) 

Hence, in the regression equations of the row mean and standard deviation on the rows, 

both are quadratic functions of )1i(  .  

 

From the foregoing, it is clear that in the regression equations of the row means and 

standard deviations on the rows for the  Additive Model, while the row means are 

quadratic functions of the row ( 1i ), the standard deviation is a linear function of the row 

( 1i ) . For the Mixed and Multiplicative models, both the row means and standard 

deviations are quadratic functions of the row ( 1i ). 

 

Also from Tables 2.1 through 2.3, the column means and variances for the additive model 

are respectively, 
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The column mean is a quadratic function of the column (j) with the seasonal effect, the 

error mean and terms of the trend parameters as part of the intercept. And. The other 

regression coefficients are in terms of the trend parameters only.  
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The column variance, on the other hand, is a quadratic function of the column (j). In this 

regression, the intercept is the sums of the squares of the seasonal effects, the error 

variance and functions of the squares of the trend parameters, while the other regression 

coefficients are in terms of functions of the squares of the trend parameters. The column 

variance in (2.12) can be written in equivalent form as 
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jj2                                          (2.14) 

Equating corresponding components (2.12) and (2.13) yields the expressions for 
0

 and 

1
 . Thus, the standard deviation is linear in )1i(  . That is, 

 jˆ
10j

                                                                                           (2.15) 

Hence, in the regression equations of the column means and standard deviations while the 

column mean is a quadratic function of j, the column standard deviations is a linear 

function of j. 

 

For the mixed model, the column means and variance are respectively, 
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Equation (2.17) can be written in equivalent form as 
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Here also, as in the mixed model, the column variance is a quadratic function of j. 

Therefore, the column standard deviation is linear in j. However, the coefficients of 

regression equations of both the column mean and standard deviation are adjusted by the 

seasonal effects. That is 
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For the multiplicative model, the column mean and standard deviation are given as 
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where 
j

B  is as defined in (2.19). 

In the multiplicative model, both the column means and variances are a quadratic 

functions of j. Hence, the column standard deviation is linear in j. That is, 

  
j10

Ŝˆjˆ                                                                            (2.26) 

Thus, in the regression equations of the column mean and standard deviation on j, the 

column mean is a quadratic function of j while the column standard deviation is linear in j. 

However, while the regression coefficients of the column mean on j are adjusted by the 

seasonal effects only, the regression coefficients of the column standard deviation are 

adjusted by the seasonal effects and the error standard deviation. 

 

From the foregoing, it is clear that in the regression equations of the column means and 

standard deviations on j, while the column mean is a quadratic function of j, the column 

standard deviations is a linear function of j in all the decomposition models. However, in 

the additive model, the seasonal effect and error variance formed part of the intercept only. 

In the mixed model, all the regression coefficients are adjusted by the seasonal effects. 

While in the multiplicative models the regression equations are adjusted by the seasonal 

effects and error variance. 

3. Empirical Examples 

The empirical examples consist of 100 simulations of 120 observations each are from (a) 

tt

2

t
eStctbaX  with  a  =  5.00,  b = -0.35 and  c = 0.35, ),0(N~e 2

1t
   

and 
j

S  given in  Table 4.1  for the Additive model 
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(b)  
tt

2

t
eStctbaX  , with  a  =  5.00,  b = -0.35 and  c = 0.35, 

),0(N~e 2

1t
   and 

j
S given in  Table 4  for the Mixed model and 

(c)  
tt

2

t
eStctbaX  , with  a  =  5.00,  b = -0.35 and  c = 0.35, ),1(N~e 2

2t
   

and 
j

S  given in  Table 4.2  for the Multiplicative model.  

Table 3.1: Seasonal (Sj)  indices used in the simulation of the Additive series. 

  j   1   2   3   4   5   6   7   8   9   10   11   12 

𝑆𝑗 - 1.5  2.5  3.5 - 4.5 -1.5  2.5  3.5 - 4.5  -1.5 2.5 3.5 -4.5 

 

Table 3.2: Seasonal (Sj)  indices used in the simulation of the Mixed and Multiplicative 

              series. 

j  1  2  3  4  5  6  7  8  9  10  11  12 

Sj 0.91 0.88 1.00 0.98 0.98 1.12 1.26 1.20 1.05 0.92 0.80 0.90 

 

The simulated series were obtained using the MINITAB software. The row, column and 

overall means and standard deviations of the series arranged in Buys-Ballot table are 

shown in Appendix A for the Additive, Appendix B for the Mixed model and Appendix C 

for the Multiplicative model, while the corresponding graphs are shown in Figures 4.1 

through 4.3. For want of space the result for only ten simulations are reported in this study.  

 

Row means and Standard deviations of the models 
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As Figure 4.1a shows, for the additive model, the plot of the row means appears as a 

quadratic function of the row (i-1) while the plot of the row standard deviation appears as 

a  

linear function of the row (i-1) as noted in Section 2. Similarly, Figure 4.1b shows that for 

the mixed model, the plot of the row means and standard deviation appears as a quadratic 

function of the row (i-1), though the curvature does not appear to be visible.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

For the multiplicative model, Figure 4.1c shows that the plot of the row means and 

standard deviation appear visibly as quadratic functions of the row (i-1). 
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In all the decomposition models, the plots of the row means are clearly above the plots of 

the row standard deviations. 

The column means and Standard deviations of the models 

 

The joint plots of the column mean and standard deviations against j are shown in Figure 

4.2. As Figure 4.2a shows, both plots appear to be growing in an upward direction form as 

the season (j) increased. In other words, the column means and standard deviations appear 

to be dominated by the trend.  For all j, the column means remained higher than the 

standard deviations with the gap increasing as j increased. Recall that in the regression of 

the column means on j, the intercept is the sum of the trend parameters and the seasonal 

effects, while the other regression coefficients are in terms of the trend parameters only. 

The column standard deviation, on the other hand is a linear function of j. in the regression 

of the column standard deviation, the intercept contains the trend parameters, the seasonal 

effect and the error variance, while the other regression coefficients are in terms of the 

trend parameters only. 
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For the mixed model, Figure 4.2b shows that the joint plots of the column mean and 

standard deviations against j varied according to the seasonal pattern. In other words, the 

column means and standard deviations appear to be dominated by the seasonal effects. 

Here again, the column mean remained consistently higher than the standard deviations, 

with the gap increasing with increasing j as in the Additive model. Recall for the mixed 

model, in the regression equations the column mean is a quadratic function of j while the 

column standard deviation is linear in j, thus putting the column mean above the column 

standard deviation. However, the coefficients of both regression equations are adjusted by 

the seasonal effects, producing curves that are S-shaped in upward direction. 
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For the multiplicative model, Figure 4.2c shows that the joint plots of the column mean 

and standard deviations against j also varied according to the seasonal pattern as in the 

mixed model. In other words, the column means and standard deviations appear to be 

dominated by the seasonal effects. However, unlike the mixed model, the column mean is 

not consistently higher than the standard deviations, perhaps because of the additional 

influence of the error standard deviation. Recall, in the regression equations, the column 

mean of the multiplicative model is a quadratic function of j while the column standard 

deviation is linear in j, putting the column mean ahead of the column standard deviation. 

However, the coefficients of both regression equations are adjusted by the seasonal effects 

and error standard deviation producing curves that are S-shaped in upward direction. 

 

Time plots of Column Coefficients of variation 

 

From the relationships between the column mean and the column standard deviation, for 

the additive and mixed models, the column means are consistently higher than the column 

standard deviation. The implication of these is that Column Coefficients of Variation is for 

all j less than 100%. The widening gap between the column means and standard deviations 

implies decreasing Coefficients of Variation with increasing j as shown in Figures 4.3a 

and 4.3b.   
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Fig 4.3c: Time Plot of Coefficient of Variation based on column means and std dev -  Mix Mod

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

For the multiplicative model, the column means are not consistently higher than the 

column standard deviation. The implication of these is that Column Coefficients of 

Variation is for some j, less than 100% and for others greater than less than 100%, as 

shown in Figure 4.3c.   
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4 Summary, Conclusion and Recommendation 

This study discusses the characterization of decomposition models in descriptive time 

series when the trending curve is quadratic. The purpose is to provide bases for choosing 

the most appropriate model for decomposition of an observed series. This is necessary 

because, use of wrong decomposition leads to biased estimates of trend parameters and 

seasonal indices. Choice of appropriate model for time series decomposition has been one 

of the greatest challenges in use of descriptive time analysis. Available efforts at choice 

appropriate model for time series decomposition are limited to choice between additive 

and multiplicative models. The only effort that considered the mixed model is that of 

Nwogu at al (2019) which considered only the linear trending curve.  

 

Buys-Ballot procedure proposed by Iwueze and Nwogu (2004 and 2014) and Iwueze and 

Ohakwe (2004) was adopted in this study. The row, column and overall means and 

standard deviations to derived from the Buys-Ballot were used to characterize the three 

decomposition models. 

 

The results show that in all decomposition models except the additive, the row means and 

standard deviations are quadratic functions of the row )1i(  . In Additive model, while 

the plot of the row mean is a quadratic function of  )1i(  , the plot of the row standard 

deviations is a linear function of )1i(  . In all decomposition models the plot of the row 

mean is consistently higher than the plot of the standard deviation. This is perhaps because 

for the additive model, the regression equation of the row mean on the row )1i(   is a 

quadratic, while the regression equation of the row standard deviations on the row )1i(   
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is a linear. For the mixed and multiplicative models, the regression equations of the row 

mean and standard deviation on )1i(   are both quadratic. However, while the regression 

coefficients of the row mean depend on trend parameters and seasonal indices, the 

regression coefficients of the row standard deviations depend on the sum of squares and 

cross-products of the trend parameters and seasonal indices. 

With regards to the column means and standard deviations, for the Additive model, both 

plots appear to be growing in an upward direction as the season (j) increased, perhaps 

because both the column means and standard deviations appear to be dominated by the 

trend.  For all j, the column means remained higher than the standard deviations with the 

gap increasing as j increased, perhaps because while the regression equation of the column 

means on j is quadratic the regression equation of the column standard deviation on j is 

linear. This implies that for each j, the corresponding coefficient of variation is less than 

100% which decreased with increasing j. For the mixed model, the column means 

remained higher than the standard deviations with increasing gap as j increased, perhaps 

because while the regression equation of the column means on j is quadratic, the 

regression equation of the column standard deviation on j is linear. This implies that the 

corresponding coefficients of variation is less than 100% which decreased with increasing 

j as in the additive model. However, unlike the additive model, the joint plot of the column 

means and standard deviations appear to follow the pattern of the seasonal effect. This 

may be because, in their regression equations, all the regression coefficients are adjusted 

by the seasonal effects. For the multiplicative model the joint plot of the column means 

and standard deviations appear to follow the pattern of the seasonal effect as in the mixed 

model. However, unlike the mixed model, the column means are not consistently higher 

than the standard deviations for all j, perhaps because in their regression equations, all the 
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regression coefficients are adjusted by the seasonal effects and the error standard 

deviation. 

 

In view of these observation, it is clear that the characterization of the three decomposition 

models may be based on the column means and standard deviations. For the additive 

model, the joint plots of the column means and standard deviations against column (j) 

appear to move upwards while the coefficients of variation remained less than 100% and 

decreased with increasing j. For the mixed model, the joint plots of the column means and 

standard deviations against column (j) appear to follow the seasonal pattern while the 

coefficients of variation remained less than 100% and decreased with increasing j. For the 

multiplicative model, the joint plots of the column means and standard deviations against 

column (j) appear to follow the seasonal pattern while the coefficients of variation shows 

no clear pattern of variation with j. While coefficient of variation remained less than 100% 

for some columns it is more than 100% for other columns 
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Appendix A1: Row Means and Standard Deviations of Mixed Model 
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Appendix A2: Column Means and Standard Deviations of Mixed Model 
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APPENDIX B1: ROW MEANS AND STANDARD DEVIATIONS OF THE ADDITIVE 

MODEL 
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APPENDIX  B2: COLUMN MEANS AND STANDARD DEVIATIONS OF THE 

ADDITIVE MODEL  

APPENDIX C1: Row Means and Standard Deviations of the Multiplicative Model 
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APPENDIX C2: Column Means and Standard Deviations of the Multiplicative Model 
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