
 

RECOVERING THE INITIAL CONDITION OF HYPERBOLIC 

EQUATIONS FROM LATERAL CAUCHY DATA AS A GENERALIZED 

PROBLEM OF MOMENTS 

 

 
1,2María B. Pintarelli 

 

1Departamento de Matematica de la Facultad de Ciencias Exactas 

Universidad Nacional de La Plata, LaPlata -1900. Argentina 

 

2Departmento de Ciencias Basicas de la Facultad de Ingenieria 

Universidad Nacional de La Plata -1900. Argentina 

Corresponding Author Email: mariabpintarelli@gmail.com 

 

Abstract  

It will be shown that to recover the initial condition and finding the solution of a hyperbolic equation with 

Cauchy conditions can be solved in two steps writing the hyperbolic equation as an integral equation, 

which can be solved numerically applying the techniques of inverse generalized moments problem. In a 

first step, the initial condition is found in approximate form, and in a second step we numerically 

approximate the solution of the hyperbolic equation using the initial condition found. 

The method is illustrated with examples. 

Keywords: hyperbolic equation, integral equations, generalized moment problem, inverse problem. 

 

INTRODUCTION 

 

We want to find 𝑤(𝑥, 𝑡) and 𝜑(𝑥) such that 

 

                                       𝑤𝑡𝑡 − 𝑤𝑥𝑥 = 𝑓(𝑥, 𝑡) and  𝑤(𝑥, 0) = 𝜑(𝑥)  

with 𝑓(𝑥, 𝑡)   known about a D   domain where  𝐷 = {(𝑥, 𝑡); 𝑎1 < 𝑥 < 𝑏1, 𝑡 > 0}. 

The underlying space is  𝐿2(𝐷)  under the conditions 

𝑤(𝑎1, 𝑡) = 𝑓1(𝑡)  𝑤(𝑏1, 𝑡) = 𝑓2(𝑡) 𝑡 ≥ 0 
 

𝑤𝑥(𝑎1, 𝑡) = 𝑘1(𝑡)  𝑤𝑥(𝑏1, 𝑡) = 𝑘2(𝑡) 𝑡 ≥ 0 
 

𝑤𝑡(𝑥, 0) = 𝑔1(𝑥)   𝑎1 < 𝑥 < 𝑏1 
 

 

The inverse problems for nonlinear partial differential equations have received considerable 

attention in the literatura. For example in [1] it is proposed a numerical method to solve an 
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inverse source problema of computing the initial condition of hyperbolic equations from them 

easurements of Cauchy data. This problema arises in thermo and  photo- acoustic tomography in 

a bounded cavity, in which the reection of the wave makes the widely-used approaches, such as 

the time reversal method, not  applicable. In order to solve this inverse source problem, we 

approximate the solution to the hyperbolic equation by its Fourier series with respect to a special 

orthonormal basis of L2. 

In [2] is devoted to some inverse boundary problemas as sociated with a time-dependent 

semilinear hyperbolic equation, where both non linearity and sources (including initial 

displacement and initial velocity) are unknown. It is shown in several generic scenarios that one 

can uniquely determine then on linearity and/or the sources by using passive or active boundary 

observations. 

In [3] the main aim of this paper is to solve an inverse source problem for a general nonlinear 

Hyperbolic equation. Combining the quasi-reversibility method and a suitable Carleman weight 

function, is defined a map of which fixed point is the solution to the inverse problem. 

In [4] it is  considered the inverse problem of determining the initial states or the source term of a 

Hyperbolic equation damped by some non-local time-fractional derivative. This frame work is 

relevant to medical imaging such as thermoacoustic or photoacoustic tomography. 

In [5] this paper aims to determine the initial conditions  for quasi-linear hyperbolic equations 

that include non local elements. It is suggested a method where  is approaching the solution of 

the hyperbolic equation by truncating its Fourier series in the time domain with a polynomial-

exponential basis. 

In [6]  this paper, approaches to the numerical recovering of the initial condition in the inverse 

problem for a nonlinear singularly perturbed reaction–diffusion–advection equation are 

considered. The feature of the formulation of the inverse problem is the use of additional 

information about the value of the solution of the equation at the known position of a reaction 

front, measured experimentally with a delay relative to the initial moment of time. In this case, 

for the numerical solution of the inverse problem, the gradient method of minimizing the cost 

functional is applied. 

In [7] the inverse problem of restoring the initial condition for the time derivative for the one-

dimensional wave equation is considered. As an additional condition, the solution of the wave 

equation at a finite time is given. 

 

The objective of this work is to show that we can solve the problem using the techniques of 

inverse moments problem. We focus the study on the numerical approximation. 

 

The interest is not to compare with the existing methods, but to present a different method to my 

novel criteria, and the one that I have already applied in other cases of partial differential 

equations under other conditions, for example the Parabolic equation under Cauchy conditions or 

Dirichlet or Neumann. It turns out that a change in conditions implies a different approach. This 

is a significant change in the problem statement for its resolution. 

 

The generalized moments problem [8,9,10], is to find a function  𝑓(𝑥) about a domain  Ω ⊂
 𝑅𝑑  that satisfies the sequence of equations 

                                                         𝜇𝑖 = ∫ 𝑔𝑖Ω
(𝑥)𝑓(𝑥)𝑑𝑥      𝑖𝜖𝑁 − − − − − − − − − −   (1) 
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where N is the set of the natural numbers, (𝑔𝑖(𝑥)) is a given sequence of functions in 𝐿2(Ω) 

linearly independent known and the succession of real numbers {𝜇𝑖}𝑖𝜖𝑁 are known data.  

The moments problem is an ill-conditioned problem in the sense that there may be no solution 

and if there is no continuous dependence on the given data [8,9,10]. There are several methods to 

build regularized solutions. One of them is the truncated expansion method [8].  

This method is to approximate (1) with the finite moments problem   

                                                       𝜇𝑖 = ∫ 𝑔𝑖Ω
(𝑥)𝑓(𝑥)𝑑𝑥      𝑖 = 1,2, … , 𝑛. − − − − − − −  (2) 

where it is considered as approximate solution of to  𝑝 𝑛(𝑥) = ∑ 𝜆𝑖
𝑛
𝑖=0 𝜙𝑖(𝑥) , and the functions 

{𝜙𝑖(𝑥)}𝑖=1,..,𝑛  result of orthonormalize 〈𝑔1, 𝑔2, … , 𝑔𝑛〉  being 𝜆𝑖   the  coefficients based on the 

data 𝜇𝑖.  In the subspace generated by 〈𝑔1, 𝑔2, … , 𝑔𝑛〉 the solution is stable. If 𝑛 𝜖 𝑁 is chosen in 

an appropriate way then the solution of (2) it approaches the solution of the problem (1).  

In the case where the data 𝜇𝑖are inaccurate the convergence theorems should be applied and error 

estimates for the regularized solution (pages 19 - 30 of[8]). 

 

ARTICLE ORGANIZATION 

 

To find  𝑤(𝑥, 𝑡)  and 𝜑(𝑥)   such that 

 

                                          𝑤𝑡𝑡 − 𝑤𝑥𝑥 = 𝑓(𝑥, 𝑡)  and   𝑤(𝑥, 0) = 𝜑(𝑥)   

with 𝑓(𝑥, 𝑡) known about a D domain where  𝐷 = {(𝑥, 𝑡); 𝑎1 < 𝑥 < 𝑏1, 𝑡 > 0} 

under the conditions 

𝑤(𝑎1, 𝑡) = 𝑓1(𝑡)  𝑤(𝑏1, 𝑡) = 𝑓2(𝑡) 𝑡 ≥ 0 

 
𝑤𝑥(𝑎1, 𝑡) = 𝑘1(𝑡)  𝑤𝑥(𝑏1, 𝑡) = 𝑘2(𝑡) 𝑡 ≥ 0 

 

𝑤𝑡(𝑥, 0) = 𝑔1(𝑥)   𝑎1 < 𝑥 < 𝑏1 

 

we will do it in two steps. 

The next section describes the first step.  

The section that follows explains the second step. 

Then it is explained how the generalized moment problem is solved with the truncated expansion 

method. 

Finally the numerical example and the conclusions. 

 

APPROXIMATION OF THE INITIAL CONDITION   φ(x) - FIRST STEP 

 

We consider 

𝑤𝑡𝑡 − 𝑤𝑥𝑥 = 𝑓(𝑥, 𝑡)  − − − − −     (2) 

the conditions are: 

𝑤(𝑎1, 𝑡) = 𝑓1(𝑡)  𝑤(𝑏1, 𝑡) = 𝑓2(𝑡) 𝑡 ≥ 0 
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𝑤𝑥(𝑎1, 𝑡) = 𝑘1(𝑡)  𝑤𝑥(𝑏1, 𝑡) = 𝑘2(𝑡) 𝑡 ≥ 0 

 

𝑤𝑡(𝑥, 0) = 𝑔1(𝑥)   𝑎1 < 𝑥 < 𝑏1 

 

We take as an auxiliary function 

𝑢(𝑚, 𝑟, 𝑥, 𝑡) = 𝑒−
𝑚

𝑏1
𝑥𝑒−(𝑟+1)𝑡 

Note that    𝑢𝑥𝑥 = (
𝑚

𝑏1
)

2

𝑢 and 𝑢𝑡𝑡 = (𝑟 + 1)2𝑢. 

We define the vector field 

𝐹∗ = (𝐹1(𝑤), 𝐹2(𝑤)) = (𝑤𝑥 , −𝑤𝑡) 

Since 𝑑𝑖𝑣(𝐹∗) = −𝑓(𝑥, 𝑡)  we have to: 

∬ 𝑢
𝐷

𝑑𝑖𝑣(𝐹∗)𝑑𝐴 = ∬ 𝑢
𝐷

(−𝑓(𝑥, 𝑡))𝑑𝐴 

In addition, as   𝑢𝑑𝑖𝑣(𝐹∗) = 𝑑𝑖𝑣(𝑢𝐹∗) − 𝐹∗. 𝛻𝑢, so 

∬ 𝑢
𝐷

𝑑𝑖𝑣(𝐹∗)𝑑𝐴 = ∬ 𝑑𝑖𝑣(𝑢𝐹∗)𝑑𝐴
𝐷

− ∬ 𝐹∗

𝐷

. 𝛻𝑢𝑑𝐴 

where 𝛻𝑢 = (𝑢𝑥 , 𝑢𝑡). 

And 

∬ 𝐹∗

𝐷

. 𝛻𝑢𝑑𝐴 = ∬ (𝐹1𝑢𝑥 + 𝐹2𝑢𝑡)𝑑𝐴
𝐷

 

Integrating by parts with respect to𝑥: 

∬ 𝐹1
𝐷

𝑢𝑥𝑑𝐴 = ∫ ∫ 𝐹1

𝑏1

𝑎1

∞

0

𝑢𝑥𝑑𝑥𝑑𝑡 = 

= ∫ (𝑤(𝑏1, 𝑡)𝑢𝑥(𝑚, 𝑟, 𝑏1, 𝑡) − 𝑤(𝑎1, 𝑡)𝑢𝑥(𝑚, 𝑟, 𝑎1, 𝑡))𝑑𝑡
∞

0

− ∬ 𝑤𝑢𝑥𝑥
𝐷

𝑑𝐴 = 

∫ (𝑤(𝑏1, 𝑡)𝑢𝑥(𝑚, 𝑟, 𝑏1, 𝑡) − 𝑤(𝑎1, 𝑡)𝑢𝑥(𝑚, 𝑟, 𝑎1, 𝑡))𝑑𝑡
∞

0

− ∬ 𝑤
𝐷

(
𝑚

𝑏1
)

2

𝑢𝑑𝐴 

Besides 

∬ 𝐹2
𝐷

𝑢𝑡𝑑𝐴 = ∫ ∫ 𝐹2

𝑏1

𝑎1

∞

0

𝑢𝑡𝑑𝑥𝑑𝑡 = ∫ ∫ (−𝑤𝑡)𝑢𝑡𝑑𝑥𝑑𝑡
𝑏1

𝑎1

∞

0

= 

= − ∫ 𝑤(𝑥, 0)
𝑏1

𝑎1

𝑢𝑡(𝑚, 𝑟, 𝑥, 0)𝑑𝑥 − ∫ ∫ 𝑤𝑢𝑡𝑡𝑑𝑥𝑑𝑡
𝑏1

𝑎1

∞

0

 

then 

∬ 𝐹∗

𝐷

. 𝛻𝑢𝑑𝐴 = ∫ (𝑤(𝑏1, 𝑡)𝑢𝑥(𝑚, 𝑟, 𝑏1, 𝑡) − 𝑤(𝑎1, 𝑡)𝑢𝑥(𝑚, 𝑟, 𝑎1, 𝑡))𝑑𝑡
∞

0

− 

 

ISSN 2688-8300 (Print) ISSN 2644-3368 (Online) JMSCM, Vol.6, No.1, January, 2025

55 Journal of Mathematical Sciences & Computational Mathematics



− ∬ 𝑢𝑥𝑥
𝐷

𝑤𝑑𝐴 − ∫ 𝑤(𝑥, 0)
𝑏1

𝑎1

𝑢𝑡(𝑚, 𝑟, 𝑥, 0)𝑑𝑥 − ∫ ∫ 𝑤𝑢𝑡𝑡𝑑𝑥𝑑𝑡
𝑏1

𝑎1

∞

0

= 

 

= ∫ (𝑤(𝑏1, 𝑡)(−
𝑚

𝑏1

)𝑢(𝑚, 𝑟, 𝑏1, 𝑡) − 𝑤(𝑎1, 𝑡)(−
𝑚

𝑏1

)𝑢(𝑚, 𝑟, 𝑎1, 𝑡)) 𝑑𝑡
∞

0

− 

 

− ∫ 𝑤(𝑥, 0)
𝑏1

𝑎1

(−(𝑟 + 1))𝑢(𝑚, 𝑟, 𝑥, 0)𝑑𝑥 − ∫ ∫ 𝑤𝑢 ((
𝑚

𝑏1
)

2

− (𝑟 + 1)2) 𝑑𝑥𝑑𝑡 =
𝑏1

𝑎1

∞

0

 

= 𝐴(𝑚, 𝑟) + 𝐵(𝑚, 𝑟) − ∫ ∫ 𝑤𝑢 ((
𝑚

𝑏1

)
2

− (𝑟 + 1)2) 𝑑𝑥𝑑𝑡
𝑏1

𝑎1

∞

0

 

where 

𝐴(𝑚, 𝑟) = ∫ (𝑤(𝑏1, 𝑡)(−
𝑚

𝑏1
)𝑢(𝑚, 𝑟, 𝑏1, 𝑡) − 𝑤(𝑎1, 𝑡)(−

𝑚

𝑏1
)𝑢(𝑚, 𝑟, 𝑎1, 𝑡)) 𝑑𝑡

∞

0

 

𝐵(𝑚, 𝑟) = − ∫ 𝑤(𝑥, 0)
𝑏1

𝑎1

(−(𝑟 + 1))𝑢(𝑚, 𝑟, 𝑥, 0)𝑑𝑥 

On the other hand, 

∫(𝑢𝐹∗)
𝐶

. 𝑛𝑑𝑠 = 

= ∫ 𝑢(𝑚, 𝑟, 𝑥, 0)𝑤𝑡(𝑥, 0)𝑑𝑥
𝑏1

𝑎1

− ∫ 𝑢(𝑚, 𝑟, 𝑏1, 𝑡)𝑤𝑥(𝑏1, 𝑡)𝑑𝑡
∞

0

− ∫ 𝑢(𝑚, 𝑟, 𝑎1, 𝑡)𝑤𝑥(𝑎1, 𝑡)𝑑𝑡
∞

0

= 𝐺(𝑚, 𝑟) 

∴ ∬ 𝑢 (−𝑓(𝑥, 𝑡))𝑑𝐴 = 𝐺(𝑚, 𝑟) − 𝐴(𝑚, 𝑟) − 𝐵(𝑚. 𝑟) + ∬ 𝑤
𝐷

𝑢 ((
𝑚

𝑏1
)

2

− (𝑟 + 1)2) 𝑑𝐴 

 

Soif we do 𝑟 + 1 =
𝑚

𝑏1
: 

∫ −(
𝑚

𝑏1
)𝑢

𝑏1

𝑎1

(𝑚, (
𝑚

𝑏1
) − 1, 𝑥, 0) 𝑤(𝑥, 0)𝑑𝑥 = 𝐴 (𝑚, (

𝑚

𝑏1
) − 1) − 

− ∫ 𝑢
∞

0

(𝑚, (
𝑚

𝑏1
) − 1, 𝑏1, 𝑡) 𝑤𝑥(𝑏1, 𝑡)𝑑𝑡 − ∫ 𝑢

∞

0

(𝑚, (
𝑚

𝑏1
) − 1, 𝑎1, 𝑡) 𝑤𝑥(𝑎1, 𝑡)𝑑𝑡 − 

− ∬ 𝑢 (𝑚, (
𝑚

𝑏1
) − 1, 𝑥, 𝑡) 𝑓(𝑥, 𝑡)𝑑𝐴 = 𝜙(𝑚) 

 

∴ ∫ 𝑢
𝑏1

𝑎1

(𝑚, (
𝑚

𝑏1
) − 1, 𝑥, 0) 𝑤(𝑥, 0)𝑑𝑥 =

𝜙(𝑚)

−(
𝑚

𝑏1
)

= 𝜙1(𝑚) 

 

To solve this integral equation we give integer values to 𝑚, 𝑚 = 0,1,2, … 𝑛 

Then 
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∫ 𝜑(𝑥)𝐻𝑚(𝑥)𝑑𝑥
𝑏1

𝑎1

= 𝜙1(𝑚) = 𝜇𝑚 − − − − − − − (3) 

We interpret (3) as a generalized moments problem. 

𝑝1𝑛(𝑥)is the numerical approximation found with the truncated expansion method for  𝜑(𝑥) =

𝑤(𝑥, 0), with   𝐻𝑚(𝑥) = 𝑢 (𝑚, (
𝑚

𝑏1
) − 1, 𝑥, 0) = 𝑒

−
𝑚

𝑏1
𝑥

 𝑚 = 0,1,2, … 𝑛where nis conveniently 

chosen. 

In section 4 the truncated expansion method will be explained in detail and a theorem will be 

given that explains what is the accuracy of the approximation found by this method. 

 

APPROACH TO  𝑤(𝑥, 𝑡) - SECOND STEP 

 

To find an approximation of 𝑤(𝑥, 𝑡 ) a similar approach to the previous one is made where 

𝑤(𝑥, 0)is replaced by 𝑝1𝑛(𝑥) and we do not consider  𝑟 + 1 =
𝑚

𝑏1
. 

We take the auxiliary function   𝑢(𝑚, 𝑟, 𝑥, 𝑡) = 𝑒
−

𝑚

𝑏1
𝑥
𝑒−(𝑟+1)𝑡. 

Note that    𝑢𝑥𝑥 = (
𝑚

𝑏1
)

2
𝑢 and 𝑢𝑡𝑡 = (𝑟 + 1)2𝑢. 

We define the vector field    𝐹∗ = (𝐹1(𝑤), 𝐹2(𝑤)) = (𝑤𝑥 , −𝑤𝑡) 

Since𝑑𝑖𝑣(𝐹∗) = −𝑓(𝑥, 𝑡)  we have to: 

∬ 𝑢
𝐷

𝑑𝑖𝑣(𝐹∗)𝑑𝐴 = ∬ 𝑢
𝐷

(−𝑓(𝑥, 𝑡))𝑑𝐴 

In addition, as   𝑢𝑑𝑖𝑣(𝐹∗) = 𝑑𝑖𝑣(𝑢𝐹∗) − 𝐹∗. 𝛻𝑢, so: 

∬ 𝑢
𝐷

𝑑𝑖𝑣(𝐹∗)𝑑𝐴 = ∬ 𝑑𝑖𝑣(𝑢𝐹∗)𝑑𝐴
𝐷

− ∬ 𝐹∗

𝐷

. 𝛻𝑢𝑑𝐴 

Thus 

∴ ∬ 𝑢 (−𝑓(𝑥, 𝑡))𝑑𝐴 = 𝐺(𝑚, 𝑟) − 𝐴(𝑚, 𝑟) − 𝐵(𝑚, 𝑟) + ∬ 𝑤
𝐷

𝑢 ((
𝑚

𝑏1
)

2

− (𝑟 + 1)2) 𝑑𝐴 

Then 

∬ 𝑤
𝐷

𝑢 ((
𝑚

𝑏1
)

2

− (𝑟 + 1)2) 𝑑𝐴 = −𝐺(𝑚, 𝑟) + 𝐴(𝑚, 𝑟) + 𝐵(𝑚, 𝑟) + ∬ 𝑢
𝐷

𝑓(𝑥, 𝑡)𝑑𝐴 

where now 

𝐵(𝑚, 𝑟) − ∫ 𝑝1𝑛(𝑥)
𝑏1

𝑎1

(−(𝑟 + 1))𝑢(𝑚, 𝑟, 𝑥, 0)𝑑𝑥 

Equivalently 

∬ 𝑤(𝑥, 𝑡)𝐻𝑚𝑟(𝑥, 𝑡)𝑑𝐴
𝐷

=
−𝐺(𝑚, 𝑟) + 𝐴(𝑚, 𝑟) + 𝐵(𝑚, 𝑟) + ∬ 𝑢

𝐷
𝑓(𝑥, 𝑡)𝑑𝐴

((
𝑚

𝑏1
)

2
− (𝑟 + 1)2)

= 𝜙(𝑚, 𝑟) = 𝜇𝑚𝑟 − −(4) 

where 

𝐻𝑚,𝑟(𝑥) = 𝑢(𝑚, 𝑟, 𝑥, 𝑡) 
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We can consider (4) as a two-dimensional generalized moment problem if we discretize giving m 

and r non-negative integer values   𝑚 = 0,1,2, … 𝑛1  ;  𝑟 = 0,2, … , 𝑛2, where 𝑛1and 𝑛2 are 

conveniently chosen. 

An approximation   𝑝2𝑛(𝑥, 𝑡)  is found by the truncated expansion method for   𝑤(𝑥, 𝑡) where 𝑛 =
𝑛1 × 𝑛2. 

It could happen that when discretizing the function𝜙 we find that it is discontinuous in some 

integer values. In that case we can apply the following: 

If we are in the case of a two-dimensional problem, we take a base: 

𝜓𝑖𝑗(𝑚, 𝑟) = 𝑚𝑖𝑟𝑗𝑒−(𝑚+𝑟)  𝑖 = 0,1, … , 𝑛1 𝑗 = 0,1,2, … , 𝑛2 

and we multiply both members of (4) by  𝜓
𝑖𝑗

(𝑚, 𝑟)  and we integrate with respect to m and r. 

We have then the generalized moments problem   

∫ ∫ 𝑤(𝑥, 𝑡)𝐾𝑖𝑗(𝑥, 𝑡)
∞

0

𝑏1

𝑎1

= 𝜇𝑖𝑗 − − − − − − − (5) 

where 

𝜇𝑖𝑗 = ∫ ∫ 𝜙(𝑚, 𝑟)𝜓𝑖𝑗(𝑚, 𝑟)𝑑𝑚𝑑𝑟
∞

0

𝑏1

𝑎1

 

𝐾𝑖𝑗(𝑥, 𝑡) = ∫ ∫ 𝑢(𝑚, 𝑟, 𝑥, 𝑡)𝜓𝑖𝑗(𝑚, 𝑟)𝑑𝑚𝑑𝑟
∞

0

𝑏1

𝑎1

 

We apply the truncated expansion method and find a numerical approximation for 𝑤(𝑥, 𝑡). 
Analogously if we are in the one-dimensional case. The base would be 

𝜓𝑖(𝑚) = 𝑚𝑖  𝑖 = 0,1, … , 𝑛 

The following section details the truncated expansion method for the two-dimensional case. 

The one-dimensional case is analogous. 

 

SOLUTION OF THE GENERALIZED MOMENTS PROBLEM 

 

We can apply the detailed truncated expansion method in [10] and generalized in [11] and [12] to find an 

approximation   𝑝𝑛(𝑥, 𝑡)  for the corresponding finite problem with   𝑖 = 0,1,2, … , 𝑛   where n  is the 

number of moments  μi. We consider the basis  𝜙𝑖(𝑥, 𝑡) 𝑖 = 0,1,2, … , 𝑛   obtained by applying the 

Gram-Schmidt orthonormalization process on  𝐻𝑖(𝑥, 𝑡) 𝑖 = 0,1,2, … , 𝑛. 

We approximate the solutionw(x, t)with [10] and generalized in [11] y [12]: 

𝑝𝑛(𝑥, 𝑡) = ∑ 𝜆𝑖𝜙𝑖(𝑥, 𝑡)

𝑛

𝑖=0

 

where 

𝜆𝑖 = ∑ 𝐶𝑖𝑗

𝑖

𝑗=0

𝜇𝑗      𝑖 = 0,1,2, … , 𝑛 

And the coefficients  𝐶𝑖𝑗verify 
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𝐶𝑖𝑗 = (∑(−1)
〈𝐻𝑖(𝑥, 𝑡)|𝜙𝑘(𝑥, 𝑡)〉

‖𝜙𝑘(𝑥, 𝑡)‖2

𝑖−1

𝑘=𝑗

𝐶𝑘𝑗) . ‖𝜙𝑖(𝑥, 𝑡)‖−1   1 < 𝑖 ≤ 𝑛 ; 1 ≤ 𝑗 < 𝑖 . 

The terms of the diagonal are ‖𝜙𝑖(𝑥, 𝑡)‖−1  𝑖 = 0,1, … , 𝑛 . 

The proof of the following theorem is in [12,13].  

In [13] the demonstration is made for 𝑏2  finite. If 𝑏2   = ∞ instead of taking the Legendre 

polynomials we take the Laguerre polynomials. En[14] the demonstration is made for the one-

dimensional case. 

This Theorem gives a measure about the accuracy of the approximation. 

 

Theorem 

We considerer  𝑏2 = ∞. 

Sea {𝜇𝑖}𝑖=0
𝑛 be a set of real numbers and suppose that  𝑓(𝑥, 𝑡) 𝜖 𝐿2((𝑎1, 𝑏1) × (𝑎2, 𝑏2)) for two 

positive numbers 𝜀 and M verify: 

∑ |∬ 𝐻𝑖
𝐸

(𝑥, 𝑡)𝑓(𝑥, 𝑡)𝑑𝑡𝑑𝑥 − 𝜇𝑖|

2

≤ 𝜀2         .

𝑛

𝑖=0

 

 

                   ∬ (𝑥
𝐸

𝑓𝑥
2 + 𝑡 𝑓𝑡

2 ) 𝐸𝑥𝑝[𝑥 + 𝑡]𝑑𝑡𝑑𝑥 ≤ 𝑀2 − − − − − − − (5). 

And it must be fulfilled that 
 

    𝑡𝑖𝑓(𝑥, 𝑡) → 0     si     𝑡 → ∞      para todo    𝑖 ∈ 𝑁 
 

then 

∫ ∫ |𝑓(𝑥, 𝑡)|2
∞

𝑎2

𝑏1

𝑎1

𝑑𝑡𝑑𝑥 ≤ 𝑚𝑖𝑛𝑖 {‖𝐶𝑇𝐶‖𝜀2 +
1

8(𝑛 + 1)2
𝑀2; 𝑖 = 0,1, … , 𝑛} 

 

whereC it is a triangular matrix with elements 𝐶𝑖𝑗  (1 < 𝑖 ≤ 𝑛;  1 ≤ 𝑗 < 𝑖) 

and 
 

                       ∫ ∫ |𝑓(𝑥, 𝑡) − 𝑝𝑛(𝑥, 𝑡)|2∞

𝑎2

𝑏1

𝑎1
𝑑𝑡𝑑𝑥 ≤ ‖𝐶𝑇𝐶‖𝜀2 +

1

8(𝑛+1)2
𝑀2. 

 

If 𝑏2 it is not infinite then (5) change by 

 

∫ ∫ ((𝑏1 − 𝑎1)2𝑓𝑥
2 + (𝑏2 − 𝑎2)2𝑓𝑡

2)𝑑𝑥
𝑏1

𝑎1

𝑑𝑡
𝑏2

𝑎2

≤ 𝑀2 

 

 

NUMERICAL EXAMPLES 

 

Example 1 

We consider the equation 
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𝑤𝑡𝑡 − 𝑤𝑥𝑥 = 0  in 1 < 𝑥 < 3;  𝑡 > 0 

whose solution is: 𝑤(𝑥, 𝑡) = 𝑒−𝑥−3𝑡  𝜑(𝑥) = 𝑒−𝑥 

𝜙(𝑚, 𝑟)  and  𝜙(𝑚)  they are continuous. 

We take n=5 moments and is approaching 𝜑(𝑥) = 𝑤(𝑥, 0) where the accuracy is  

√∫ (𝑝15(𝑥) − 𝜑(𝑥))
2

3

1

𝑑𝑥 = 4.72331 × 10−12 

In the Fig.1 the graphics of:   𝑝
15

(𝑥) (magenta color) and 𝜑(𝑥) (light blue color) are superimposed. 

We take 𝑛 = 9  moments and is approaching 𝑤(𝑥, 𝑡)    where the accuracy is 

 

√∫ ∫ (𝑝29(𝑥) − 𝑤(𝑥, 𝑡))
2

∞

0

3

1

𝑑𝑡𝑑𝑥 = 0.00488935 

In the Fig. 2 the graphics of:   𝑝29(𝑥)(magenta color) and 𝜑(𝑥) (light blue color)  are  superimposed. 
 

                                                

                                                                 Fig. 1:  𝑝15(𝑥) and𝜑(𝑥) example 1 

 

                                          

                                                                  Fig. 2:𝑤(𝑥, 𝑡) and 𝑝29(𝑥, 𝑡) example 1 

 

Example 2 

We consider the equation 

𝑤𝑡𝑡 − 𝑤𝑥𝑥 =
1

4
𝑒−𝑡 (4 + 𝜋2 ) 𝑆𝑖𝑛 (

𝜋 𝑥

2
)   𝑖𝑛    0 <  𝑥 <  1;   𝑡 > 0  
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whose solution is: 𝑤(𝑥, 𝑡) = 𝑆𝑖𝑛 (
𝜋 𝑥

2
) 𝑒−𝑡        𝜑(𝑥) = 𝑆𝑖𝑛 (

𝜋 𝑥

2
) 

 

𝜙(𝑚, 𝑟) we find that it is discontinuous in some integer values. 

we takea base:   
𝜓𝑖𝑗(𝑚, 𝑟) = 𝑚𝑖𝑟𝑗𝑒−(𝑚+𝑟)  𝑖 = 0,1,2 𝑗 = 0,1,2 

 

and we multiply both members of (4) by  𝜓
𝑖𝑗

(𝑚, 𝑟) and we integrate with respect to m and r. 

We take  n=5 moments and is approaching 𝜑(𝑥) = 𝑤(𝑥, 0) where the accuracy is  

√∫ (𝑝15(𝑥) − 𝜑(𝑥))
2

1

0

𝑑𝑥 = 0.000975088 

 

In the Fig.3 the graphics of: 𝑝15(𝑥) (magenta color) and 𝜑(𝑥) (light blue color) are superimposed. 

𝜙(𝑚, 𝑟) is continuous. We take 𝑛 = 9  moments and is approaching 𝑤(𝑥, 𝑡)where the accuracy is 

√∫ ∫ (𝑝29(𝑥) − 𝑤(𝑥, 𝑡))
2

∞

0

1

0

𝑑𝑡𝑑𝑥 = 0.0214964 

In the Fig. 4 the graphics of:𝑝29(𝑥)(magenta color) and 𝜑(𝑥) (light blue color)  are  superimposed. 

 

 

                                                       

                                                                     Fig. 3:  𝑝15(𝑥) and𝜑(𝑥) example 2 

 

                                                 

                                                                        Fig. 4:𝑤(𝑥, 𝑡) and 𝑝29(𝑥, 𝑡) example 2 
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CONCLUSION 

 

A parabolic equation of the form   𝑤𝑡𝑡 − 𝑤𝑥𝑥 = 𝑓(𝑥, 𝑡)   where the unknown function  𝑤(𝑥, 𝑡)  is defined 

in  𝐷 = (𝑎1, 𝑏1) × (0, ∞)  under Cauchy conditions with unknown initial condition  𝜑(𝑥) = 𝑤(𝑥, 0)  it 
can be solved numerically by applying inverse moment problem techniques in two steps. 

1. first the partial derivatives equation is written as an integral equation 

∫ 𝑢
𝑏1

𝑎1

(𝑚,
𝑚

𝑏1
− 1, 𝑥, 0) 𝑤(𝑥, 0)𝑑𝑥 = 𝐴 (𝑚,

𝑚

𝑏1
− 1) − 

− ∫ 𝑢 (𝑚,
𝑚

𝑏1
− 1, 𝑏1, 𝑡) 𝑤𝑥(𝑏1, 𝑡)𝑑𝑡

∞

0

− ∫ 𝑢 (𝑚,
𝑚

𝑏1
− 1, 𝑎1, 𝑡) 𝑤𝑥(𝑎1, 𝑡)𝑑𝑡

∞

0

− 

− ∬ 𝑢 (𝑚,
𝑚

𝑏1
− 1, 𝑥, 𝑡) 𝑓(𝑥, 𝑡)𝑑𝐴 =

𝜙(𝑚)

−(
𝑚

𝑏1
)

= 𝜙1(𝑚) 

 

To solve this integral equation we give integer values to  m:   𝑚 = 0,1,2, … 𝑛 

Then ∫ 𝜑(𝑥)𝐻𝑚(𝑥)𝑑𝑥
𝑏1

𝑎1
= 𝜙(𝑚) = 𝜇𝑚  . We interpret as a generalized moments problem,  𝑝1𝑛(𝑥) 

is the numerical approximation with the truncated expansion method for𝜑(𝑥) = 𝑤(𝑥, 0), with  

𝐻𝑚(𝑥) = 𝑢 (𝑚,
𝑚

𝑏1
− 1, 𝑥, 0) = 𝑒

−
𝑚

𝑏1
𝑥

 𝑚 = 0,1,2, … 𝑛 , where nis conveniently chosen. 

2. To find an approximation of 𝑤(𝑥, 𝑡)we consider: 

∬ 𝑤(𝑥, 𝑡)𝐻𝑚𝑟(𝑥, 𝑡)𝑑𝐴
𝐷

=
−𝐺(𝑚, 𝑟) + 𝐴(𝑚, 𝑟) + 𝐵(𝑚, 𝑟) + ∬ 𝑢

𝐷
𝑓(𝑥, 𝑡)𝑑𝐴

((
𝑚

𝑏1
)

2
− (𝑟 + 1)2)

= 𝜙(𝑚, 𝑟) = 𝜇𝑚𝑟 

where  𝐻𝑚,𝑟(𝑥) = 𝑢(𝑚, 𝑟, 𝑥, 𝑡).We can consider it as a two-dimensional generalized moment problem 

if we discretize giving m and r non-negative integer values  𝑚 = 0,1,2, … , 𝑛1 ;  𝑟 = 0,2, … , 𝑛2 ,  

where 𝑛1 and  𝑛2  are conveniently chosen.  An approximation 𝑝2𝑛(𝑥, 𝑡)is found by the truncated  

expansion method for 𝑤(𝑥, 𝑡) where 𝑛 = 𝑛1 × 𝑛2. 
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