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Abstract

This work focuses on the Petrovsky equation with a variable coefficient delay term. Firstly by using the
Faedo-Galerkin method, we prove the global existence of the solution under suitable conditions. Later, we
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1. INTRODUCTION

1.1 Model

We consider Petrovsky equation involving with initial and boundary conditions.
U, + AU+ B (t)u, (x,t)+ B, (t)u,(x,t=7)=0, xeQ,t>0,

u(x,t)=Au =0, X €dQ, t>0, O
u(x,0)=uy(x), u,(x,0)=u,(x) xeQ,
u (x,t—7)= f,(x,t—7), xeQ, t>0,

where Q< R" 0>12 a domain that is limited by a smooth boundary Q. Also, 7>0 is
the time-varying delay and u,,u,and f, are initial data. g, and g, are positive functions.
Time delays frequently arise in various real-world issues, such as economic phenomena,
biological, chemical, thermal, and physical processes. Additionally, it is understood that even a
very small delay can lead to the destabilization of a system that would otherwise be uniformly
asymptotically stable without the delay, unless there are control measures or additional conditions
in place. As such, delays serve as a potential source of instability Fridman [6] and Kafini [11].
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1.2 Literature review

Benaissa et al. in [3] examined time-varying delay equation of the form
Uy =AU+ 24 (E)u, (X, )+ 5 (H)u (x, t=7) = 0

and the existence of solutions has been proven, and the decay rate estimates for the energy were
obtained.
Meyvaci [13] discussed the subsequent fourth-order wave equation

Uy + A%+ U+ 0, (O)u, (6, )™ U (%, 1)+ 0, (0)Ju (x,t = 7))
She established the decay estimate.
Guo and Li [8] considered the Petrovsky term evolution equation solutions with strong damping

2m-2

u,(x,t—7)=0.

Uy + A% — Au - Au, +a(t)u, = |u]u,
They utilized an energy estimation technique to derive the minimum possible blow-up time.
Wu [18] considered with variable coefficients

Uy + A% — AU — AU, +a(t)u, = u]"u
and obtained the blow-up result with lower and upper bounded.
Zheng et al. [19] considered coefficients

Uy + A%k, (O)lu] ™0, =k, O]y u
and has investigated existence of a solution to the Petrovsky type equation based on time-varying
delay.

Problems with variable coefficients have been handled carefully in several papers, some results
relating the existence, blow up and stability have been found [2, 4, 5, 9, 16, 17].

1.3 Main contribution

We will show the global existence theorem by using the Faedo-Galerkin's method. Also, we
establish the decay result of solutions by using the Martinez lemma.

The rest of the work is as follows: In Section 2, we give some assumptions needed in this work.
In Section 3, we prove the global existence theorem by the Faedo-Galerkin method. The decay
result is proved in Section 4.

2 PRELIMINARIES

Throughout the paper, we give some materials, lemmas and theorems.
We make the following assumptions on g,(t) and 3,(t) :

(H1) B :R" > (0,+oo) IS a nonincreasing function on Cl(R+) convince
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B @)
A1)
(H2) p,:R" >R isafunctionon Cl(R*), which mayn't be positive or monotone,
|ﬂ2(t] SHu ﬂl(t)’
, 3)
Balt) < 7 Ailt),
O<u<1l and 7>0. 4)
Now, we give the lemma which will be used in the proof of the decay sense.
Lemma 1 [12]. Let E: R™ — R"be a nonincreasing function and ¢: R™ — R"astrictly
increasing C'function such that the
#(0)=0 and g(t) — oo ast — +oo.
Letexists o>-1 andw >0 so that
[ E*(t)¢/(t)dt < L E7(0)E(S), 0<S <40 (5)
w
S
Later
E(t)=0, VtzE—(O), if —-1<o<0, (6)
@lol
l+o g .
EQ)<EQ) ——~ |, vt>0, if o>0, 7
(t) <E( )(1+a)0'¢(t)j o ()
E(t)<EQ©)e*™Y, wvt>0, if o=0. (8)
For studying problem (10), we present a new function z as follows ([14]):
2(x, p,t) =u,(x,t—70), xeQ,pe(01)t>0. 9)
Then, we get
2, (X, p,t) + 2, (X, p,t) =0, in Qx(0,1)x(0,+00). (10)
Therefore, Problem (1) can be transformed into
U, + A%+ B, (t)u, (x,t) + B,(t)z(x,1,t)=0, xeQ, t>0,
zzt(x,p,t)+zp(x,p,t)=0, XxeQ, pe(O,l),t>0,
u(x,t)=Au =0, X €dQ, t>0, 1)
z(x,0,t) =u,(x,t), xeQ, t>0,
u(x,0)=u,(x), u,(x,0)=u,(x), XeQ,
z(x, p,0) = f, (X,— rp), XeQ, pe (O,l).
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Let £ be a fixed positive value such that

< &E<t(2—p) (12)
The functional E of problem (21) is as follows:
1, o 1 2 (t
E(t):§||ut|| +§||Au|| +7 ” (x, p,t)dpdx, (13)

here  &(t)= S4,(t).
Lemma 2 Assume that (u, z) is a regular solution to the Problem (11). Then the energy of
Problem (11) defined by (13) satisfies

e a0- -2 (DL ngp

<0.

Proof Multiply the first equation of (11) by u, integrate it over €, apply Green’s formula, we
get

10 10
Ea”ut”z +55||Au||2 +A.0)u +ﬁ2(t)IQ u,(x,t—7)u,(x,t)dx = 0. (15)
Multiplying the second equation of (11) by £(t)z and integrate it over Qx(0,1), we have
” (x, p,1)z(x, p,t)dpdx + £(t ” (x, 0,t)z(x, p,t)dpdx = 0. (16)

This results in

rzz(x,p,t)dpdxjt@fﬂ% 2%(x, p,t)dpdx =0,

which yields

Consequently,
rd

:Tgt“ (x, p,t)dpdx — g[)f xltdx+$.|‘ (x,t)d

Q 2(2

(17)

Combination of (15) and (17) leads to
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LRI o e
= —A,(t)Ju(x.t) - L (xlt) (x,1)dx

) '[) 2
+= 5 ” (x, p,t)dpdx — iz (x,1,t)dx + T||Ut(x't)”'

Recalling the definition of E(t) in (13), we can obtain
£()- —[ﬂlm—@jnutnz - A0, 201 u ()
” X, p,t)dpdx — t)J'zz(x,l,t)dx.
T Q

() (18)
< —[mt)—z—jnutn ~ A0 2L u,(xhox
T
@Izz(x,l,t)dx.
T
Using the Young inequality, we can obtain
IQ z(x,L,t)u,(x,t)dx < %||ut||2 + %||z(x,1,t)||2. (19)
Substituting (33) into (32), we get
2= {40~ - P g [ 40P ey
(20)

2t
<01 -2l 0| £ -

The proof of the lemma is now finished.

N

Jitesor <o

2 GLOBAL EXISTENCE

In this part, we shall establish global existence of the solutions for problem (1).
Theorem 3 Suppose that u, e H?(Q) HZ(Q), u, e HX(Q), f, e L2(@;H?(0,1)) and
fo(" O): U
hold. Also, suppose that (H1)-(H2) hold. Then, there exists T >0 so that problem (10) has
unique global weak solution u in the class

ue Lz ((—7,0) HAQ)NH2(Q)u, e L (- 7,00} HE (@) uy € L (- 7, 0) L2(Q))

Proof We will prove the global existence theorem using the Faedo-Galerkin method. Let T >0
be a fixed parameter and let V, be the space generated by the set {wl,w2 ..... Wk}, where the set
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{w, .k € N} forms a Hilbertian basis in H?(Q2)~H?(Q).
Currently, we define, for 1< j <k, the sequence ¢;(x, p)as follows:
$,(x,0) = w;.
We can expand ¢;(x,0) using ¢;(x,p) over LZ(Qx(O,l)), so that the set (¢j )J_ forms a basis

for 12(;H?(0,1)), denoted as Z,, which is the space generated by {g,¢.....,}, where kis a

natural number.
We formulate estimate solutions by (u,,z,), k=12,3,..., gets
k

Uy (t) = Z:: 9 (t)Wj Ly (t) = Z hi (t)¢i '

i1

Here g, (t) and h, (j=1k) are decided by the using system of ODE:
(ukthj )+ (Auk A )+ﬂ1(t)(ukt’ Wj) +ﬁ2(t)(zt (1) Wj): 0,
1< j<k, (21)
z,(X,0,t) = U, (x,1),

related to initial conditionals

U (t)=uy (t)= (uo,wj )wj — U, in H2(Q) N HZ(Q) ask — +o, (22)
u,(0)=u, (t)= Zk:(ul,wj )wj —u, in H2(Q) ask — +o, (23)

{(rzkt + zk_p,¢j)= 0, (24)
1< j <Kk,
2,(p,0)=1z,, = Zk:(fo,(;sj )g, — f,in L2(Q;HZ(0,1)) ask — +oc. (25)

j=1

Through the ODE's theory, the system (21) -(25) possesses a unique solution, which is extended
to a maximum time interval [0,T,) (where 0<T, <+ )through the utilization of Zorn
lemma. It should be noted that u, (t) belongs to the C* class.

Now, we get a prior obtain for the solution of the system (21) -(25). Later, the solutions interval
[0,T,) for t>0 can be extended.

A prior estimate: Once the sequences u,,,u,, and z, converge, we can determine a positive
constant C, which remains independent of k, by utilizing equation (14).
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t)+ _[; a,(s)u,(s)ds + J'; a,(s)|z«(x, L s) ds < E (0)<C (26)
and
= L O + 2w 0+ £ 22000 ) 27)
_pf1- L8 _pef S P
8- A1~ £ 2]t a0)- 00 £ -4 @9

This implies that the solution (u,,z,) exists globally within the interval [O,+oo).
Approximate (26) the result of

(u,) is boundedin L, (0,00, H?(22)),
(u,) is boundedin Ly, (0,00; L2(2)),
B.(t)(z2(x, p.t)) is boundedin L'(Qx(0,T)) (29)
B,(t)z, (x,0,t) is boundedin L%, (0,0; L'(Qx(0,1))),
B.(t)z, (x,1,t) is boundedin L%, (0,0; L{(Qx (0,1)))
The second estimate: We first approximate u,,(0). Replacement w; by u,,(0) in (21) and
taking t=0, we have:

Juce ON, < At + A,0) s +18: O 2]

< [Aug] + £, 0)us]+ 2. (0) 2] (30)
<C.

Differentiating (21) in terms of t, we obtain

(U () + A () + B, (U () + B () () + B () 2, L 1) + B )z (Lt)w) =0, (31)

Multiplying by g, (t), summingover j from 1 to k, we can deduce that

g 0 00+ A0 s 4O bl )

+ 4,0 U 2o 1)+ £0) | U )z (x Lt)dx = 0. (32)

Differentiating equation (24) with respect to t

a —
{sztt(t)+%zkp'¢jJ =0.
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By multiplying the above equation above with hjkt(t), summing-over j from 1 to k,asa

result

1d
S5z + 5l =0 (33)

Combining (32) and (33), we get
1d 2 2 1 2
Sl OF + A OF + 2 [zt 00 )
B0 vl t)dx+ % [ Jza(x. Lt dx o
= -p(t )J. Uy (t )Zkt(x’lit)dx_:Bi(t)'[gukn(t)ukt(t)dx
A0, 02 XL+ O

By employing (H1) and (H2), along with the Cauchy-Schwarz's inequality and Young
inequality,

1d 1
2 dt (Hukﬁ( )H +HAukt t)H +T-[ szt P t} dpj +ﬂ1(t)J.Qu§n(t)dX+EJQ‘Zkt(x,1,t)12dX

< |8, (O O 22 6 11 + |8 ) e O O + B, O e O 22 (%1 t}\+1\\ukn(tl\2
\ﬂl t) \ﬁz t)

<V 0+ a0 2 o 0 0 + P2 o 0 G20+

< c'Huknt i +‘ﬂ1 t)mukt t)’ +‘ﬁ2 thzk(x,l,t]\ +§szt(x,1,tm

< a0 + MAOOF + MAO XL + 2 zalxL)

After integrating the last inequality over the interval (0,t) and utilizing the equation (26), we get
1
(”Ukn(t)f ¥ ||Aukt(t)||2 + rjo ||zkt(x,p,t)||i2(g)dp]
1
< (||ukn(0)||2 +[Au Q) +< IO lz(x, 2,0)|". ( Q)dp) +2M J'; Bu(3)|u(s)[ ds

(s)ds

+2M [ ()2,

1
<C+C I;(||uktt(s)||2 +|8uS) + 7 [z p.)- (Q)dp)ds.
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Then, Applying Gronwall's lemma, we conclude

o (X, + At e + TI:||Zkt(X’p't] 2

L*(@)

dp <Ce" (35)

forall teR*, from here we deduce that

(Ug) is boundedin Ly, (0,o0; (),
(u) is boundedin L7, (0,50, HE(@)), (36)
72, is bounded in L7, (0,00; L2(Q2x (0,1)))

Appliying Dunford Pettis theorem, we deduce using to (29) and (36), we can substitute the
sequence u, with a subsequence if needed, in such a way that

u, — U weakstarin LT;C(O 0, HA(Q)NH(Q ))

(0,00, H (Q))) an

u, — U, weakstarin L

Uy — U, Weaksstarin L7, (0,00; L2(Q)
u, — y weakin L2(Qx(0,1); 4,(t)),

c (0,50;H2(Q)~ 2(0,1)),
2, —> 7, weakstarin L%, (0,00, H2(Q)~ L2(0,1)), (38)

z.(x,1,t) > w weakin L*(Qx(0,T), (1))

z, — z weakstarin L,

Then
ue L(0,T;HA(Q)NH2(Q)) z e L*(0,T; (2 (0,1))),
x e L@xQT)AMy € L@x(0.T) A1)
forevery T >0.We must prove that u satisfies equation (1).
Using to (35) we established that u,, is limited in L*(0,T;H2(Q)) Then (u,) is limited in
12(0,T; H?(€2)). Since (u,,) is limited in L* (OT L(Q )) then it is bounded within
L2(0,T; 2(Q2)). As aresult, (u,,) is limited in H*(Q).

So H'(Q) - L*(Q) is compact the embedding, from Aubin-Lions theorem [10], we can extract
a subsequence (u_)to (u,) so that

(39)

u, — u, strongly in L*(Q). (40)
Thus

u, — U, strongly and a.e.in Q. (41)
Likewise we prove

z, — zstrongly in L*(x(0,1)x(0,T)), (42)
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z. — zstrongly and a.e.in Qx(0,1)x(0,T) (43)
It immediately follows from (53), (54), (55), (56) and (57) for every constant
vel?(0T;2(Q) and wel?(0,T;12(Q)x(0,1))
j j Uy, + AU+ B(t)u, +ﬂ2(t)zg)vdxdt

- J.OJ.Q Uy +A2U +ﬂ1(t)ut +ﬁ2(t)Z)Vdth,

I H( +—Z ]a’dXdpdt%I H (zz +ap ]a)dxdpdt

as ¢ —+w. Therefore the problem (10) admits of a global weak solution u .
Uniqueness: Let (u,z) et (u,z,) aretwo solutions of problem (21) and
(o, @) =(,,2,)—(u,,z,) satisfies

w0, (%, 1)+ Ao(x,t)+ B, t) o (x,t) + £,{t)@(x,1,t)=0 inQx(0,+w),

@, (X, p,t) + @, (X, p,t) =0, in Qx (0,40)x (0,+0),
o(xt)=0, Au=0 on 6Qx(0,40),

@ (X,0,t) = o, (X,1), on 6Qx(0,40),
o(x,0)=0, @,(x,0)=0, inQ,

@ (X, p,0) =0, on Qx(0,1)

We multiply the first equation in (62) by ®, , and using integration by part over Q
and we using Green's inequality, we get:

28 {jolf + el )+ A + . x L0 )=

By multiplying the second equation in (62) by @ , integration over Qx(0,1) toget:
Lo + || ['=o.
2 dt
Then

2 Lol o+ 2(x .0 ~Jeaff)-o.
From (63), (65), we are using the Cauchy -Schwarz's mequallty

3 8l 1ol v+ ol ) A0l + St
ettt ol

1
< |, O}l + oo
Applying Young's inequality, we know that
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1d 1

Ssillal’ <120l 4o [of’dp ) <claf”
where c is a positive constante. Later integrate with respectto (0,t) , utilizing
Gronwall's Lemma,

1
ool + 8]+ [ ]| dp = 0.

Hence, uniqueness follows.

4 DECAY

From this point forward, we represent by c various positive constants that might vary across

different instances.
Theorem 5 Assume that, f all the conditions of Theorem 3 hold. Furthermore, ¢, are positive

constants:

E(t)<cE()e P*, wixo. (50)

Proof We multiply by the first equation in (11) by ¢E"u, where ¢ is a limited function that
fulfills all the assumptions stated in Lemma 1. We get

0= J'ST E“'gzﬁ'_[gu(utt + AU+ B (1), + B,(1)z(x,Lt))dxdt
= [Eq(/ﬁ'fguutdx[ —LT (qE’E“’l¢’ + E%”)J'Quu'dxdt
-2 LT = J'Q (uf + |Au|2)dxdt + J.ST Eq¢’,Bl(t)J‘Quutdxdt
+LT Eq¢’ﬂ1(t)jguutdxdt + LT Eq¢’ﬂ2(t)J'Quz(x,l,t)dxdt.
Likewise, multiplying the second equation from (11) by E%¢'&(t)e**z(x, p,t) and obtain
0= j Eq¢J' Ie’ZTP§ z'Z +z )dxdpdt

[ E°E(t) jjezrpzzdxdp} ——j” E%g&(t) e ) 22dxdpdt

(51)

+J'ST E“¢"|.Q'|;§(t)(—— e‘27p22)+ ze‘Zszzjdxdpdt (52)
{ E%'&(t) j J‘e_ZﬁpZZdXdp} ——.[ E%'&(t) j je‘z’pzzdxdpdt

+§L E%'&(t Ig(e’ZTzz(x,l,t) 2(x,0,t) dxdt+I E%'&(t) II e?* z2dxdpdt.

Summing them up,
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A LT Egdt < —[quzﬁ' jﬂuutdx[ + LT (QEE™y + E%9")[ uu,dxc
2 B [ uZdxdt- [ A()E [ uu,dxat
—LTﬁz(t)EwLuz(x,Lt)dxdt [ Efg&(t) j J.ez’pzzdxdp} (53)
+= j Efg&(t) ”e 22 22dxdp
——j EYE ()] (e V22(x1,1)-22(x,0,1))dxdt,

where A= 2min{],e‘271 } Utilizing the Cauchy-Schwarz’s, Young’s and Poincaré’s inequalities

and the fact that ¢’ is bounded and since E is an increasing function on IR", we arrive at the
following:

‘Eq(t)¢' Iguutdx‘ < cE(t)". (54)
From (14), we get
[ ‘qE g [ uu dx‘dt <c[ EYR)EM)dt<c | Et)(-E(t)at

(55)
SCL EY(S )
.[Eq¢”j uu,dxdt < CI E%(t)(~¢")dt
< cE™(S) [ (~¢")dt <cE™(S)
and
[[E()g [ viddt<c[ E%'%(t) [ At)uidxdt w
T b o
<| E¢ —-E')d
SLE e
Define
()= 4(s)ds. (57)

Now assume that ¢ is the increasing concave function of class C' over IR*, itis limited and

¢(t) —+00 as t— +oo. (58)
Thus, we conclude, by (56), that

[ E%' [ urdxdt<c[  E%(~E')dt < cE™(S), (59)

From the (H1) assumption, Young's and Poincaré's inequality and (14),
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[ ey fuudxdi<c[E mm

<ce'[ E () E
SSQLEWMwwpm@quwmfm
< £k, LT ESgldt + cE4(S).

Remembering that £ <0 and the definition of E, selecting &' to be sufficiently small we can

I E9&(t) _[ _[e 2’pzzdxd,odt<j t)rIQ_Ee_ZTpZZdXdpdt
< CL E°|E|dt

<c[ EY(-E't)dt

< cE(S),

J: qu(t)jge’zrzz(x,l,t)dxdt < CLT qu(t)fgzz(x,l,t)dxdt
<cf EY(-E)at
< cE*(S),

LT qu(t)jgzz(x,o,t)dxdt = J.ST Eqﬁ(t)jguf(x,t)dxdt
< cE™(S),
from (53) and the previous estimates we obtain

[ Evpdt <CE™(5)
We get the property of the exponential stability of the solution.
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