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Abstract 

 
This work focuses on the Petrovsky equation with a variable coefficient delay term. Firstly by using the 

Faedo-Galerkin method, we prove the global existence of the solution under suitable conditions. Later, we 

establish a decay estimate for the energy by using the Martinez lemma. 
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1. INTRODUCTION 

1.1 Model 

We consider Petrovsky equation involving with initial and boundary conditions.  

       
 
       
   




















,0 ,,,,

,,0,  ,0,

,0 ,,0,

,0 ,,0,,

0

10

21

2

txtxftxu

xxuxuxuxu

txutxu

txtxuttxutuu

t

t

tttt





                                 (1) 

where  nR    )1( n   a domain that is limited by a smooth boundary . Also, 0  is 

the time-varying delay and 10 ,uu and 0f  are initial data. 1  and 2  are positive functions. 

Time delays frequently arise in various real-world issues, such as economic phenomena, 

biological, chemical, thermal, and physical processes. Additionally, it is understood that even a 

very small delay can lead to the destabilization of a system that would otherwise be uniformly 

asymptotically stable without the delay, unless there are control measures or additional conditions 

in place. As such, delays serve as a potential source of instability Fridman [6] and Kafini [11]. 
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1.2 Literature review 

Benaissa et al. in [3] examined time-varying delay equation of the form 

        0,, 21   txuttxutuu tttt  

and the existence of solutions has been proven, and the decay rate estimates for the energy were 

obtained. 

Meyvacı [13] discussed the subsequent fourth-order wave equation 
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She established the decay estimate. 

Guo and Li [8] considered the Petrovsky term evolution equation solutions with strong damping 
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They utilized an energy estimation technique to derive the minimum possible blow-up time. 

Wu [18] considered with  variable coefficients  

  uuutuuuu
p

tttt

22 
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and obtained the blow-up result with lower and upper bounded. 

Zheng et al. [19] considered coefficients 
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and has investigated existence of a solution to the Petrovsky type equation based on time-varying 

delay. 

Problems with variable coefficients have been handled carefully in several papers, some results 

relating the existence, blow up and stability have been found [2, 4, 5, 9, 16, 17]. 

 

1.3 Main contribution 

We will show the global existence theorem by using the Faedo-Galerkin's method. Also, we 

establish the decay result of solutions by using the Martinez lemma. 

 

The rest of the work is as follows: In Section 2, we give some assumptions needed in this work. 

In Section 3, we prove the global existence theorem by the Faedo-Galerkin method. The decay 

result is proved in Section 4. 

 

2 PRELIMINARIES 

Throughout the paper, we give some materials, lemmas and theorems. 

We make the following assumptions on  t1  and   :2 t   

(H1)    ,0:1 R   is a nonincreasing function on  RC1  convince 
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(H2)   RR :2   is a function on  ,1 RC   which mayn't be positive or monotone, 
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Now, we give the lemma which will be used in the proof of the decay sense.  
 

Lemma 1 [12]. Let   RRE : be a nonincreasing function and   RR: a strictly 

increasing 1C function such that the 
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For studying problem (10), we present a new function z as follows ([14]): 
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Therefore, Problem (1) can be transformed into 
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Let   be a fixed positive value such that  

 .2                                            (12) 

The functional E  of problem (21) is as follows: 
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here     .1 tt     

Lemma 2 Assume that  zu,  is a regular solution to the Problem (11). Then the energy of 

Problem (11) defined by (13) satisfies  
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Proof Multiply the first equation of (11) by tu  integrate it over ,  apply Green’s formula, we 

get 
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Multiplying the second equation of (11) by  zt  and integrate it over  1,0 , we have 
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Combination of (15) and (17) leads to  
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Recalling the definition of )(tE  in (13), we can obtain 
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Using the Young inequality, we can obtain  
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Substituting (33) into (32), we get  
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The proof of the lemma is now finished.  

2 GLOBAL EXISTENCE 

In this part, we shall establish global existence of the solutions for problem (1). 

Theorem 3 Suppose that    ,2
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hold. Also, suppose that (H1)-(H2) hold. Then, there exists 0T  so that problem (10) has 

unique global weak solution u in the class 
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Proof We will prove the global existence theorem using the Faedo-Galerkin method. Let  0T   

be a fixed parameter and let  kV   be the space generated by the set   kwww ,...,, 21 , where the set  
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related to initial conditionals 

           , as in  , 2

0

2

00

1

0  


kHHuwwututu jj

k

j

kk       (22) 

 

        , as in  ,0 2

011

1

1  


kHuwwutuu jj

k

j

kkt            (23) 

 

 








,1

,0,

kj

zz jkkt  
                                       (24) 

 

       . as 1,0;in  ,0, 2

0

2

00

1

0  


kHLffzz jj

k

j

kk             (25) 

Through the ODE's theory, the system (21) -(25) possesses a unique solution,  which is extended 

to a maximum time interval   kT,0   (where   kT0  ) through the utilization of Zorn 

lemma. It should be noted that )(tuk  belongs to the 2C  class. 

Now, we get a prior obtain for the solution of the system (21) -(25). Later, the solutions interval  

 kT,0  for 0t  can be extended. 

A prior estimate: Once the sequences kk uu 10 ,  and kz0  converge, we can determine a positive 

constant C , which remains independent of k , by utilizing equation (14). 
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,1,0;,0in  bounded is ),0,(

,,0in  bounded is,,

,;,0in  bounded is

,;,0in  bounded is

1

1

1

1

12

1

2

2



















LLtxzt

LLtxzt

TLtxzt

LLu

HLu

lock

lock

k

lockt

lock





               (29) 

The second estimate: We first approximate  0kttu . Replacement jw  by  0kttu  in (21) and 

taking 0t , we have: 

     

   

.

00

000

02110

021102

C

zuu

zuuu kkkktt











                      (30) 

 

Differentiating (21) in terms of t , we obtain 

                    .0),,1,1 ( 2211  

jkktktkttktkttt wtzttzttuttuttutu      (31) 

 

Multiplying by  ,tg jktt  summing over j  from 1 to k , we can deduce that 

              dxtututdxtuttutu
dt

d
ktkttkttktktt  




 1

2

1

22
 

2

1
  

 

            .0,1,,1, 22   




dxtxztuttxztut kkttktktt                         (32) 

 

Differentiating equation (24) with respect to t   

  .0, 











 jkktt ztz 


   
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By multiplying the above equation above with  th jkt , summing-over j  from 1 to k , as a 

result 

  .0
2

1

2

22
 ktkt z

d

d
tz

dt

d




                         (33) 

 

Combining (32) and (33), we get 

     
 

     

           

        2

2

12

22

1

21

0

22

2

1
,1,

 ,1,

,1,
2

1
 

,,
2

1
2

tudxtxztut

dxtututdxtxztut

dxtxzdxtut

dtxztutu
dt

d

kttkktt

ktkttktktt

ktktt

Lktktktt












 































                  (34) 

 

 

By employing )1(H  and )2(H , along with the Cauchy-Schwarz's inequality and Young 

inequality, 

     
 

     

                   

 
   

 
     

 
       

           

            .,1,
2

1
,1,

,1,
2

1
,1,

2

1
,1,

44
,1,

2

1

2

2

1
,1, ,1,

,1,
2

1
 ,,

2

1

22

1

2

1

2

22

2

2

1

2

22

2

222

1

2122

2

2

2

212

22

1

21

0

22

2

txztxztMtutMtuc

txztxzttuttuc

tutxzttu
t

tuttu
t

txztu
t

tutxztuttututtxztut

dxtxzdxtutdtxztutu
dt

d

ktkktktt

ktkktktt

kttkkttktkttktktt

kttkkttktkttktktt

ktkttLktktktt














 













 















 

 

 

After integrating the last inequality over the interval ),0( t  and utilizing the equation (26), we get 

     
 

     
 

   

     

     
 

.,,

2,1,2

20,,00

,,

21

0

22

0

2

0

2

1
0

2

1
0

21

0

22

21

0

22

2

2

2

dsdsxzsusuCC

dssucdssxzsM

dssusMdxzuu

dtxztutu

Lktktktt

t

ktt

t

k

t

kt

t

Lktktktt

Lktktktt






 








 






 






















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Then, Applying Gronwall's lemma, we conclude 

     
 

TC

Lktktktt Cedtxztutu



  

21

0

2

2

2

2 2,,               (35) 

for all Rt , from here we deduce that 

 

    
    

   .1,0;,0in  bounded is 

,;,0in  bounded is

,;,0in  bounded is 

2

1

0

2













LLz

HLu

LLu

lockt

lockt

locktt



                    (36) 

Appliying Dunford Pettis theorem, we deduce using to (29) and (36), we can substitute the 

sequence ku  with a subsequence if needed, in such a way that 

 

    
  
  

    ,;1,0in weak 

,;,0in star weak 

,;,0in star weak 

,;,0in star weak 

1

2

2

2

22

tLu

LLuu

HLuu

HHLuu

kt

locttktt

loctkt

lock

 













             (37) 

 

    
    

      .,,0in weak ,1,

,1,0;,0in star weak 

,1,0;,0in star weak 

1

2

22

22

tTLtxz

LHLzz

LHLzz

k

loctkt

lock

 









              (38) 

Then 

        
         ,,,0,;,0

,1,0;,0,;,0

1

2

1

2

222

tTLtTL

LTLzHHTLu

 

 

         (39) 

for every 0T . We must prove that u  satisfies equation (1). 

Using to (35) we established that ktu  is limited in   .;,0 2  HTL  Then  ktu  is limited in  

  22 ;,0 HTL . Since  kttu  is limited in    2;,0 LTL , then it is bounded within  

  22 ;,0 LTL . As a result,  ktu  is limited in )(1 QH . 

So )(1 QH )(2 QL  is compact the embedding, from Aubin-Lions theorem [10], we can extract 

a subsequence  u to  ku  so that 

 .in strongly 2 QLuu tt                                (40) 

 

Thus 

.in  a.e. andstrongly Quu tt                             (41) 

Likewise we prove 

    ,,01,0in strongly 2 TLzz                    (42) 
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   Tzz ,01,0in   a.e. andstrongly                   (43) 

It immediately follows from (53), (54), (55), (56) and (57) for every constant  

   22 ;,0 LTLv   and      1,0;,0 22  LTL   

    

     , 

 

21

2

0

21

2

0

vdxdtztutuu

vdxdtztutuu

ttt

t

ttt

t



 












 

 

dtdxdzzdtdxdzz t

T

t

T







  
























  

1

00

1

00
 

as  .   Therefore the problem (10) admits of a global weak solution  u  . 

Uniqueness:  Let  ),( 11 zu   et  ),( 22 zu   are two solutions of problem (21) and  

),(),(),( 2211 zuzu    satisfies 

             
   

   
 

   
 



























.1,0  ,0)0,,(

,     ,00,  ,00,

,,0  ),,(),0,(

,,0  0,0,

,,0,0    ,0),,(),,(

,,0 0,1, ,,, 21

2

onx

inxx

ontxtx

onutx

intxtx

intxttxttxtx

t

t

t

ttt















 

 

We multiply the first equation in (62) by  t  , and using integration by part over     

and we using Green's inequality, we get: 

       .0),,1,(
2

1
2

2

1

22
 ttt txtt

dt

d
  

 
By multiplying the second equation in (62) by   , integration over  )1,0(   to get : 

.0
2

1

2

22
 






d

d

dt

d
 

Then 

   .0,1,
2

1

2

2221

0
 ttxd

dt

d



 

From (63), (65), we are using the Cauchy--Schwarz's inequality 

   

    

    .
2

1
,1,

2

1
,,1,

,1,
2

1
 

2

1

2

2

2

2

22

1

21

0

22

tt

tt

tt

txt

txt

txtd
dt

d
















  

 

Applying Young's inequality, we know that 
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,
2

1 221

0

22

tt cd
dt

d
 





    

where  c   is a positive constante. Later integrate with respect to  ),0( t  , utilizing 

Gronwall's Lemma, 

.0
21

0

22
   dt  

Hence, uniqueness follows. 
 
4 DECAY 

From this point forward, we represent by c  various positive constants that might vary across 

different instances. 

 Theorem 5 Assume that, f all the conditions of Theorem 3 hold. Furthermore, ,c  are positive 

constants: 

   
 

.0   ,0
1

0 





tecEtE
dss

t



                       (50) 

 

 Proof We multiply by the first equation in (11) by uE q

t , where   is a limited function that 

fulfills all the assumptions stated in Lemma 1. We get 

      

   

   

      .,1,

2
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21

1

22

1
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2

dxdttxuztEdxdtuutE
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dxdtuuEEEqdxuuE

dxdttxztutuuuE

q
T

S
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q
T

S

t
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T

S
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q
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S
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T

S
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S
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q
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q
T

S
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












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
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







           (51) 

Likewise, multiplying the second equation from (11) by     txzetEq ,,2    and obtain 

   

    
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0
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1
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




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


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     (52) 

Summing them up, 
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where  12
,1min2


 eA . Utilizing the Cauchy-Schwarz’s, Young’s and Poincaré’s inequalities 

and the fact that   is bounded and since E  is an increasing function on IR , we arrive at the 

following: 
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From (14), we get 
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Define  

    .1
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Now assume that   is the increasing concave function of class 1C  over IR , it is limited and 

  .       tast                             (58) 

Thus, we conclude, by (56), that 
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From the (H1) assumption, Young's and Poincaré's inequality and (14), 

ISSN 2688-8300 (Print) ISSN 2644-3368 (Online) JMSCM, Vol.6, No.1, January, 2025

131 Journal of Mathematical Sciences & Computational Mathematics



 

 

 .11

22

22

ScEdtEc

dtuEcdtuEc

dtuEcdtuEc

dtuuEcdxdtuuE

qq
T

S

t

q
T

S

q
T

S

t

q
T

S

q
T

S

t

q
T

S
t

q
T

S

































 

Remembering that 0  and the definition of E , selecting    to be sufficiently small we can 
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from (53) and the previous estimates we obtain 

 .1 SCEdtE qq
T

S

   

We get the property of the exponential stability of the solution. 
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