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Abstract

In this paper, we have developed the matrix representation of the (p, q)-generalized Fibonacci sequence

by expressing the homogeneous linear recurrence relations Vn(p,q,a,b)=an_1+an_2 as

T 1 0

n-1
p,q,V, =a and V, =D are arbitrary integers. Employing these, sequence is characterized in the form of
generalized matrix, which is used to investigate the new results and generalized the exiting results,
reducing them as special cases. Selecting any suitable values of (p, q) initial terms and n, general matrix

is utilized for encryption of data in the form of second order matrix.

Tn n-2
vn(p,q,a,b)ﬂn1(p,q)vz+anz(p,q)vl,( Hp q] (EjanZ?’ToFO,Tl:p,Tz:l-
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INTRODUCTION

Fibonacci sequences are the legendary numerical sequences in mathematical sciences, having imperious
and exciting applications in physical and computational sciences (see Gulec and Taskarar (2009), Koshy
(2011) and Kilic (2007) ).Authors Silvester (1979), Stakhov (1999) and Adam (2016) have employed
the matrix representations of the Fibonacci sequences to examine the properties of sequences and
investigated the power of the second order matrices, resulted from the generalizations of the Fibonacci
sequences.

The Fibonacci number sequence fascinates the curiosity of scientists across all disciplines. Viliam
et al. (2019) considered the Fibonacci numbers for using the computing environment to study some
practical applications. Matousova, et al. (2020) employed (2, q)-distance Fibonacci numbers
for algorithms development. Meng et al.(2023) studied the practical applications of revisiting the spiral
pattern in rib stiffening design using such sequences. Yilmaz et al. (2024) studied the basic properties by
introducing distance Fibonacci sequences generalization.

Authors Basu and Prasad (2009), Stakhov (2006) considered square matrices of the classical

Fibonacci numbers to established the generalized relations and their applications. Kalman and Mena
(2009) and Tran (2024) studied several well-known fascinating identities.
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In this article, firstly( P, q)generalized Fibonacci sequences is defined in two different ways and

established in the form of generalized square 2 x 2 matrix with all the elements are in the general form.
Some results are defined and proved in the comprehensive form without losing the generality. Matrix
representation of the generalized Fibonacci sequences is presented, and then properties of this matrix are
studied in the general form. It is also shown that on substituting particular initial values and coefficients

V,=a,V, =b and p,q of the recurrence relations, various well known results like classical Fibonacci

and Lucas sequences etc. become special cases of this generalization. The result obtained are utilized to
study the various results identities and considered some applications. Some existing theorems are deduced
as special cases by specializing the (p, q) and initial terms.

Special Cases

When the initial values are a=0,b=1, and p=q=1 then the resulting sequence is the classical
Fibonacci sequence.
When a=2,b=1 and p=q=1 then the (p,q) sequence is the Lucas sequence. We are

consideringV, (p,q,a,b) in short form asV,.

Theorem 1 LetV,(p.g.a,b)=pV,,+qV,, .n>3V,=a, V,=b.
then V. =TV, +qT, ,V,, n=3, where

T n-2
( ”j:[p qj [pj,n>2,Tl=1, T,=p.
T, (1 0) |1

Proof: We shall prove the theorem using induction on n>3.

Firstly, we shall verify the validity of the theorem for n=3,4.
When n=3, we have, LHS:

V,=pV,+qV,=pb+ga (by definition)
and RHS
V,=T\V,+qV, =pb+ga
vV, =T, V,+qT, .V, n>3

Similarly for n=4 we have

V, = pV,+qV, = p(pb+qa)+gb=(p*+q)b+pga (by definition)
and

V, =TV, +qT,V, =(p® +q)b+ pga= p(p*+2q)b+q(p®+q)a
Thus the theorem is true for n=3,4.

Assuming that it is valid for n=k (k is greater than>4).
Therefore

Vi =TV, +qT V,, k>4 (1)
Now we shall show that theorem 1 is valid for n=k +1 when it is valid forn=k .
Multiply p and then adding term qV,_, both sides of (1), we have

135 Journal of Mathematical Sciences & Computational Mathematics SMART SOCIETY™



ISSN 2688-8300 (Print) ISSN 2644-3368 (Online) JMSCM, Vol.6, No.1, January, 2025

pVi +aqVy, =P (Tk—lVZ + qu—Zvl) +q (Tk—ZVZ + qu—3Vl)
= ( pPT +qT, )Vz +qQ (Tk—?_ +qT, 5 )Vl
=TV, +qT, vV,

( T _ka 1+qu 2’T|<1 ka 2+qu 3)
Using definition to the left hand side and after simplifying the right hand side of the above
equation, we obtain

Vi, =TV, +qT, _V,, k=3
i—|ence the result follows from induction.

Theorem 2. For n>0,
Vn+6 = p( p2 +3q)vn+3 + qs\/nl

Proof.
We shall prove the theorem using induction on n.

For n=1, we have V; = p( p’ "‘3Q)V4 +q3V1,
Using the definition, we obtain .
= (p°+5p*a+69°p* +0°)V, +q(p°+4p°q+3a°p)V,
Also
V, = p(p*+30)V, +q%,
= p(p*+30)[(p*a+a° )V, +(p* +2pa)V, |+ 4V,
=(p®+5p‘q+60°p*+0° )V, +q(p° +4p°q+30°p)V,

Thus result is valid for n = 1.
Now assume it is valid forn>k. (k> 1), that is

Vi = p( p’ +3Q)Vk+3 +9V,, )
Now it will be shown that the result is valid for n = k +1.
Now from (2), we have Vy.,.¢ p( p +3q) (k13 T q3\/ k1)
= p( p +3q)vk+4 + q3\/k+l’
Using definition of V, = pV, , +qV, , , n>3 we have
V(k+1 p(p +3q)vk 4 +q3vk+l’
= p(p*+30)(PViis +QVio )+ 0 (BV, +0V, )
= p(p(p*+30)Veis +aV, )+ a( p(P* +30)Vi., +aV, 4

= pvk+6 + qVk+5
Using the assumption that
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|:°'.Vk+6 — ( p( p2 +3q)Vk+3 + qa\/k ) 'Vk+5 = ( p( p2 +3q)Vk+2 + qakal):|
Hence the theorem is true for n = k + 1. Therefore, the result is true for every n >0
V(k+l)+6 = p( p2 +BQ)VL<+4 + qsvk+1’
=p(p*+30)(PVis + QVip )+ 0 (PV, +0V, )
= p(p(p*+30)V,s +qV, )+ a(p(p* +30)V, . + AV, 4 ).
= ka+6 + qVk+5
(wV,=pV,,+qV,, ,n>3)

Remark: The above identity can be put in another form

Voo =(P°+4p*q+3pg’ )V, +(p'a+3p°0* +0°)V,

Voo =(P* +3p°q+0° )V, +q(p°+2pq)V,,
V.. =PV, +0qV

n+5 n+4

MATRIX REPRESENTATION OF GENERALIZED FIBONACCI SEQUENCES

Theorem 3.
T T
If M = P d then M"=| "t A
1 0 T, T 4
where

T n-2
[P P N>2T,=1T,=p.
T.) \1 0 1
Proof

We shall prove the result, using induction on n

Mlz(Tz qujz[p qj:MZZ(Ts quJ:[p2+q pq}
T, qT, 1 0)° T, qT, p q

The result is true forn=1and 2.
Assume that the result is valid for n=m. Then

T T
M m =( m+1 q m j (3)
T qu—l

m

Now we shall show that theorem is also valid for n=m+1 when it is valid for n=m
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Mm+l:MmM: Tm+l qu p q
T, aqT,., /{1 O

m

(Pl +aT, aT,,
A\ pT,+dT,, 4T,
_ (Tm+2 qu+l]
Tm+l qu
Now using T, = pTo., +0Ty, Toy = PT, +0T
Hence the theorem follows by mathematical induction.

Theorem 4
T T
If M“:( et @l j,then
1

det ( M ! ) =( (Tn+lTn—1 _Tnz) = (_q)”
Proof:
To find the determinant of matrix M , it is calculated as
11

For n=1, det(M)=q(T,T,-T;?) =a(0-1)=(-1)'q
Now using the property of determinant of the product of two square matrices, we have
det(M*)=det(M)" =] q(T,T, —Tf)}k = (—q)".
Thus we have
det(M")= [q (T,To -7 )T =(-q)’
which prove the theorem.

Corollary
Using the definition of M and M ", we have

M n+1M n_ [TZFH—Z qT2n+lj — M 2n+1
T2n+l qTZn

Theorem 5.
T T
IfM“=(_|”_+1 qn],then M"=pM"™t+gM" 2,

n q n-1

Proof: Since
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n

M n_ Tn+1 an
T an—l

(T :pT+qnl’n_an1+qn2’n1 an2+q

oo Pt aTe q(pT,,+aT,,)
an1+qT L+aT,5)

q(pT,
( pT, ] (anl qqT, 2]
an -1 qun 2 an 2

T qT,. T
A S
n-1 -2

Mn=pMn_1+an2

Corollary:
qu‘PZ — Mn _ pMn{l.

T an—l ’

n

n Tn+1 an
Theorem5 For M" =

M™ =M"M"=M"M"
Proof: From the previous theorem we have
M"=pM"*+gM"?
Mm — pMm—1+qu—2
This implies
M n+m o _ pM n+m-1 + qM n+m-2
M™ M =M"M"=M"M"

M n+m Tn+m+l an+m
T qT

n+m n+m-1

m+2 p m-+1 qu’ Tm+l = me +qu 1
Result follows.

INVERSE OF THE GENERALIZED FIBONACCI MATRIX M"
Theorem 6. For M :(E g],then

-n 1 Tn—l _T
M —_— , Where
T )'q T, /g T, /q

n+l

T.) (P a) (p
(Tn_lj:(l o} (1j’”>21TZ=p,T1=1,T0:o T, =0

Proof: Using induction, we have,
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M‘1:i£0 —qu 1 [TH _le%;(o —1}}
-a\-1 p) (-)g*\-T/a T,/a)| (-)q*(-1q p/q)|
L S B R

\-p p’+a) (D’ (-T,/q T,/q

_1 1 P

_a(—p/q (p2+q)/qJ

) q_l{—qp (r;iqq)J

The result is true forn =1 and 2.
Assume that the theorem is valid forn =k
Now we shall show that theorem is also valid for n = k +1when it is valid forn =Kk .

M—k 1 Tk—l _Tk
Dq (T /q T,/
( 1) k q k+1 q )

Now for n=Kk +1 we have

M —(k+l) 1 ( Tk _Tk+l j
( 1)k+1 “ _Tk+1/q Tk+2/q )

M k+1) M M -1

1 T —T, 1 0 -1
(1)k “ -T./qa T../q (—)qu -1/q pl/q)|-

1 T, /q T — PT, /q
T )T\ T S T Qe pT @

1 Ty —(qT,, + pT,)
T () Teala (aT+PTe)/a)

1 [ Tk _Tk+1 )
( 1)k+1 “ _Tk+l/q Tk+2/q
wqTy + T =T, AT, + pTy,, =

k+2

Hence by induction result is true.

APPLICATION OF THE GENERALIZED MATRIXM" FOR CODING AND
DECODING
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In this section, Generalized Fibonacci matrix M" (for any coefficients $p$ and $q$ of second order
recurrence relation and arbitrary initial terms V, and V, is defined for any four digit numbers, which is

taken as a 4-digit initial code represented in a 2x2 square matrix.
For coding generalized Fibonacci matrix M" of order 2 and for decoding its inverse (M‘")are

considered.
Since
M = P qQ
1 0
and
Mn — Tn+l an
Tn an,]_
where

T n-2
=P P lnsan = p =1t =0
T.)\1 o) |1

Assume that original message is in the form of a square matrix of order 2, is

Q:[ml mz],mi >0,

m, m,
Now for coding, choose any value of n, say, n=4, then we have M*
[Ts qT4]_ [(p2+q)p+pq]p+(p2+q)q q(p2+q)p+ pq
T, aT; (p2+q)p+pq q(p2+q)

4

Now find inverse of M, which is

M~ = 1 T, -,
ARY
()" \-T,/a Ts/q
1 p’+q ~(p*+a)p+pg

T ~|(p*+a)p+pa]/a H(P2+q)p+pq}p+(p2+q)q}/q

Now, let the product of the matrices QM * is denoted by matrix R, which is
QM 4 — rl r2 -R
R

(rl rZ]_(ml mzj [(p*+a)p+pa|p+(p*+a)a a(p*+a)p+pa
CERVE (p*+a)p+pg a(p*+a)
The code matrix R is then sent, decoding is then done using the matrix equation

where
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m m
RM4=( 1 2)=Q-

m, m,
Determinant of the code matrix R, when q is arbitrary
.det(QM*)=det(Q)det(M*)=(—q)" det(Q)
If g=1, then
det(QM“) =det (Q)det(M*)=(-1)" det(Q).
If p=1and q=1, then
det(QM ) =det(Q)det(M*)=det(Q).

NUMERICAL RESULTS AND DISCUSSION:

Example. First of all choose any p and q for the Generalized Fibonacci matrix and any four digit number
for messaging. Here we are choosing p = 2 and g = 3 and the original message 1956 in the matrix form

(s 3}

Now the Generalized Fibonacci M matrix, when n = 4 as a coding matrix

M 4 — (TS qT4j
T, dT,

[(p*+a)p+pa|p+(p*+a)a a(p*+q)p+pq (61 60}

20 21

(p*+q)p+pg a(p®+q)
Now the message forwarded in the form of matrix is

. (241 249 61 60)1 9
R = QM = ="’ = R
425 426 20 21){5 6

Now to decode the message in the form of matrix, we have

RM74: :Q

(241 z4gj Ve 29, _(1 9}

425 426 —2%1 6%1 5 6

In this way, we can take the different p, g and n, same message can be send differently, like CAPTCHA,
which one cannot when p and g are fixed.

CONCLUSION

Configurations are important in developing results for sequences in the most generalized forms. On
employing such configurations, a generalized procedure was obtained in solving nth term of Fibonacci-
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like sequence using its first two terms and the coefficients of the linear recurrence relations and
generalized Fibonacci numbers. The procedure will deliver amazingly support for other researchers to
establish new theorems, identities and applications in mathematical sciences.
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