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Abstract

This paper presents a novel framework for solving the third-order nonlinear neutrosophic Korteweg—De
Vries (KdV) equation by combining the Hybrid Homotopy Perturbation Method (HPM) with the Kharrat—
Toma transform under a one-dimensional isometric transformation. The neutrosophic partial differential
equation is first converted into a system of classical differential equations. The Kharrat-Toma transform is
then applied to obtain an integral representation that facilitates the implementation of the homotopy
perturbation technique. This hybrid approach yields analytical, rapidly convergent series solutions that
accurately capture the dynamic behavior of neutrosophic channel waves. A detailed numerical example
demonstrates that the obtained approximate solutions agree closely with the exact solutions over a wide
range of parameters, confirming the accuracy and robustness of the proposed methodology for nonlinear
neutrosophic partial differential equations.
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1-INTRODUCTION

The neutrosophic framework represents a modern extension of fuzzy set theory and fuzzy logic,
first introduced by Zadeh [1] and later generalized by Atanassov [2]. Building on these ideas,
Smarandache laid the foundations of neutrosophic mathematics by defining concepts such as
neutrosophic measures, integrals, sets, and precalculus, which have since inspired a broad range
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of studies and applications. More recent work has focused on geometric and algebraic structures
within this setting: Abobala [3-6] and collaborators, for example, developed one- and two-
dimensional AH-isometries that link the neutrosophic plane R(I) x R(I) with the classical module
R? x R?. These mappings provide a powerful bridge for defining inner products, norms, and order
relations, and they allow neutrosophic differential equations [7] to be translated into equivalent
problems in the classical domain, analyzed there, and then mapped back to the neutrosophic space.
Nonlinear partial differential equations continue to play a central role in describing complex
physical phenomena. The Korteweg—de Vries (KdV) equation [8-9], in particular, is a classical
model for shallow-water and other wave phenomena, but introducing a neutrosophic structure adds
significant complexity and calls for more powerful analytical tools.

Integral transforms remain one of the most effective tools for handling differential and integro-
differential equations. Alongside classical transforms such as those of Laplace, Mellin, and
Fourier—Bessel, the Kharrat—Toma transform [10]—proposed in 2020—has emerged as a versatile
technique for initial- and boundary-value problems. When coupled with modern analytical
schemes like the Homotopy perturbation method [11-13], it offers rapid convergence without the
need for restrictive initial guesses.

In this work we combine these advances into a single framework. We employ the isometric AH-
transform to recast neutrosophic differential equations into classical form, apply a Homotopy-
based perturbation strategy for efficient analysis, and incorporate the Kharrat-Toma transform to
simplify the underlying operators. This hybrid methodology provides an elegant and practical
pathway to approximate solutions of nonlinear neutrosophic models, including the celebrated Van
der Pol equation, while retaining high accuracy and computational efficiency.

Definition [14]

A neutrosophic number u can be written as:
u=c+dl

Where c,d € R, and I represents indeterminacy, with

0.]=0&I"=1Vnezt

Forexample:w =2 —-1or w=4=4+0.1

Definition [15]
FOI‘u1 = +d11&U2 =Cy +d2]
U € Cdy — Cdy

U B c; (e +dy)

Definition [16]
LetR()={u=c+dl;c,d e R I*>=1}
Define

T:R(I) > RXR, T(u) =(c,c+d)
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This mapping:
Is bijective and invertible with

T 1(c,d)=c+ (d-0)l
preserves both addition and multiplication.
Distance between C = c+dl & D=m+nlis:
|C—=D|l=|lc—m|+I(lc+d—m—n|—|c—m]|)

Definition [17]
A function g: R(I) - R(I) with X = ¢ + dI is written as:
9X) =g(c) +1[g(c +d) —g(c)]

Theorem [17]
Every neutrosophic real function can be represented by a pair of classical real functions, meaning
that it can mapped into the Euclidean plane R x R.

2-The third-order nonlinear neutrosophic Korteweg-De Vries (KdV) equation is
formulated as

ov VaV b63V—0 v =v(X,T (1)
ar T Y ax T Paxe v =v(XT)

subject to the initial condition

V(X,0) = ¢(X) (2)
Here
X=x1+x0 , V=v,+v,],T=¢t;+t,l,a=a,+ayl,b=>by+by] €R()
The unknown V (X, T) is a neutrosophic dynamic variable representing the channel-wave elevation
in a basin, while ¢ (X) is a prescribed analytic neutrosophic function
Applying the one-dimensional isometric transform to (1) gives:

T [Z—Z] +Ta]. T[V].T

This reduced to
[v1" (1), (V1 + v2) (g + x2)]
+ [ay, a1 + ay][vy, v1 + v ][v1 (1), (1 + v2)" (%1 + x2)] + (4)
[b1, by + bo][v1"" (x1), (W1 + 12)"" (1 + x2)] = 0
The initial conditions become
v1(x1,0) = @
(V1 + 1) (X1 +x2,0) = @1 + @3
We thus obtain the two classical equations
{Ull(xl) + a,v1v1"(x1) + byv;""(x1) = 0
v1(x1,0) = @

ax] [ax3 3)

(5)

78 Journal of Mathematical Sciences & Computational Mathematics SMART SOCIETY™



ISSN 2688-8300 (Print) ISSN 2644-3368 (Online) JMSCM, Vol.7, No.1, January, 2026

(V1 +v2) (X1 + x2) + (g + ax) (v + v2) (g +v2) (%1 + x2) +
(by + b)) (w1 +v2)""(x1 + x2) =0 (6)
(vy + 1) (%1 + x2,0) = @1 + ¢,
Applying the Kharrat—-Toma transform to (5), yields:

B(V1'(x1)) = _B(a1v1v1'(x1) + b1171”’(x1)) =
1
S—ZB(V1) —s3v1(x,,0) = —B(a1771771’(x1) + b1171”'(x1)) =
So that
(1 + ) (x1 + x3) + (a1 + ax) (Vg + V) (Vg + V) (X1 + %) +
(b1 + b)) (v +v5)""(x1 +x3) =0 (7)

(V1 +v2) (%1 +x2,0) = @1 + 3
With the Homotopy Perturbation Method (HPM)

B(vy) = s°(91(x1)) — PSZB(a1V1V1’(x1) + b1771m(x1)) (8)
Where pe[0,1]
The solution is sought as a series
V1= Zpi(vl)i 9
i=0

Substitution into (8) gives

B (Z Pi(v1)i) = 5°(p1(x1)) —
i=0
< A AN
Ps?B (a1 (Z pl(vl)i) (52 pi (voi) +hio— ! (vl)l->
i=0 i=0 i=0

By comparing both sides of relation (10) according to equal powers of p, and by applying a
transform B~ to each side of the resulting relations, we obtain
(vy); ;i=01.2,..
Thus the approximate solution of (5) is
v1(xq, t1) = (0o (x1, t1) + (1)1 (xq, £1) + (V)2 (xq, 1) + -
Repeating the procedure for equation (6) yields

, _ (a +a,)(wy +vy) (v +v,) (g +x5) +
B((V1 ) (a t XZ)) B _B( 1 (bi + gz)(vi + ;2)’”(2951 + x3) 2 )

(10)

1
_ZB((V1 + 1) (X1 + %)) — 53 (g + 1) (o + x,,0) =
S

_ (ay + az)(vy + v2) (W1 +v5) (31 + x2) + (11)
B ( (bj + bz)(vi + vz),,,(le + x3) 2 ) B

And with HPM:
B((Ul + ) (% + xz)) = 55((901 + @) (x; + xz)) - (12)

79 Journal of Mathematical Sciences & Computational Mathematics SMART SOCIETY™



ISSN 2688-8300 (Print) ISSN 2644-3368 (Online) JMSCM, Vol.7, No.1, January, 2026

Ps2p ((al + ay)(vy +v) (v +v2) (x4 + x7) +)
(b1 + b)) (v + 1) (x1 + x3)
Then
V1 v, = z Pi(vl + v3); (13)
i=0

Substituting (13) into (12), yields:

B (Z pi(vy + Uz)i) = 55(((,01 + @) (% + xz)) -

/(a1 + a,) <§: p'(vy + vz)i> (;_xi pi (v, + vz)i> N
I i=0 i=0

Ps?B -
a3 ,
k (b1 + by) ﬁz p'(vy + vy);
i=0

Then we obtain:
(v +vy); 5 1=012,..
So the approximate solution of (6) reads
(V1 + 1) (g + X2, 81 + £5) = (01 +v2)0(xg + X2, 8 + £5) +
(1 +v2)1 001 + %2, 8 + 83) + (V1 +V2)2 (0 + %2, 8 +85) + -
Finally, applying the inverse isometric transform provides the approximate solution of the original
neutrosophic equation:(1)
V=T"1v,v, +v,]
T W)y Wy +v2)i] = W) +HI[(wy +v2); — (W)l =V, 5 i=012,..
=VX,T)=VoX,T) +V;(X,T) + V,(X,T) + -

(14)

|
/

3-Application

Consider the neutrosophic Korteweg—De Vries initial-value problem
ov av a3V
7OV 3gE =0 sV =VT) (15)
with the initial condition
V(X,00=1-X
Where:
X=x1+x,1,V=v+v,], T =t; +t,] € R(I)
Applying the one-dimensional isometric transform, yields:

av av o3V
Then we get:
(Ull(x1); (v1 +v2)'(x1 + xz)) —6(vy, vy + Uz)(v1'(x1)' (v1 +v2)'(x1 + xz)) - (17)
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(V1m(x1); (v +v2)"" (%1 + xz)) =0
And the initial condition:
v1(x,0) =1—x4
(1 + 1) (1 +x2,0) =1 — (x1 + x2)
we split the problem into the two classical subsystems

vy (%) — 6v301"(x1) — v, (%) =0
{ v1(x,0) =1—x; (18)
vy () —6v3v, (%) — v, (%) =0
{ vy (e, 0) = 1 — x, (19)
Apply the Kharrat—-Toma transform on (18):
3(171’(951)) = —B(—6v1v1'(x1) - 171’”(951)) =
1 3 14 "
S_ZB(U1(x1)) —5°v1(x,,0) = —B(—6U1U1 (x1) —vq (xl))
Then:
B(U1(x1)) =(1- x1)55 - 523(_6771771’(951) - 171”'(?51)) (20)

Using the Homotopy Perturbation Method (HPM) (20):

B(v1(x1)) =(1- x1)55 - PSZB(_6V1V1'(X1) - 771’”(951)) (21)
Substituting (9) into (21), yields:

B (Z Pi(v1)i) = (1—x)s°
i=0
< o <,
—6(2 p‘(vl)i> (az pl(voi) -, pl(vl)i]
i=0 i=0 i=0

we substitute into (20) and equate coefficients of like powers of p
Applying B~ term-wise yields the recursive coefficients:

(22)
—ps?B

P%:B[(v1)o] = (1 — x1)s° lii (W)o(xy,t1) =1 —x;

PLBI(v)),] = —s?B l—6(v1)0 a1, a3(v1>ol

0x, ) (x1)3

= —6(1— x)s” —— () = —6(1 — x)ty

(v1)1 a(v1)o> 63(171)1]

P?:B[(v1),] = —s°B _6<(U1)0 9, + (1), d0xy B 0(x,)3

B—l
=72(1 — x1)s° —— (v1)2(x1, 1) = 6*(1 — x1)t;?

_ da(v, d(v1)1 o(vy 93 )
P3:B[(v,)3] = —s*B —6<(v1)o (61;1)2+(v1)1—(v) + (11); 21;1)‘))— a((xi));

dxq
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= 1296(1 — x5t —— (1) 1) = =63(1 = 38’

Then the exact solution for (18):
V1 (%1, t1) = W1)o(xy, t1) + (V)1 (xy, t1) + (01)2 (g, 81) + -

=1—x —6(1—x)t; +62(1 —x)t;2 —63(1 —x )t + -

1—x;

" 1+6t,  lot] <1
And the same way for (19), yields:
(V1 +v2) (1 + x5t +82) = (v +v2)o (X1 + X2, 8 +E5) +
(V1 + 1)1 + X2, 81 + t3) + (01 + v2)2(x1 + X2, 8 +£2) + -
=1-(x;+x,) — 6(1 —(x, + xz))(tl +t,)+ 62(1 — (x; + xz))(tl +t,)?

—63(1 — (ry + x2))(t1 + )% + -

1= (x +xp)
C146(t +ty)
Finally, applying the inverse isometric transform, the neutrosophic solution of the original problem
(15)
V=T v, v, +v,]
R e o e )
B l1+6t1’1+6(t1+t2)
1—x 1-(+x) 1-x)\ 1-X _

(1+6(t1+t2)_1+6t1>_1+6T ’

;e +6)|l <1

16T| < 1

4-Conclusion

This study introduced an analytical framework that combines the Kharrat—Toma transform with
the Homotopy Perturbation Method to tackle the nonlinear neutrosophic Korteweg—De Vries
equation. The results show that merging the one-dimensional isometric transform with Homotopy
perturbation provides an efficient path to accurate, rapidly convergent analytical solutions. The
numerical example confirmed that the approximate series solutions closely match the exact
solution, demonstrating both the precision and stability of the proposed method. Beyond the
specific equation examined here, the approach offers a versatile tool for investigating a wide class
of neutrosophic nonlinear partial differential equations and can be readily adapted to complex
physical models in wave mechanics, mathematical physics, and dynamic systems.
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