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Abstract

In this paper, a general class of inhomogeneous linear neutrosophic ordinary differential equations with
constant coefficients and arbitrary order is investigated. By employing the one-dimensional isometric
transform (Khatib—Abu Balla transform), the original neutrosophic problem is rigorously reduced to an
equivalent system of classical linear ordinary differential equations.

The solution procedure begins with the analysis of the corresponding homogeneous equation, followed by
the construction of particular solutions for the inhomogeneous neutrosophic equations, where the forcing
terms may take exponential, trigonometric, or polynomial forms. The differential operator method is then
applied within the classical framework, and the inverse isometric transform is used to recover the exact
neutrosophic solutions.

The general solution of the inhomogeneous neutrosophic equation is obtained as the superposition of the
homogeneous and particular solutions. Several illustrative examples are provided to demonstrate the
effectiveness, consistency, and applicability of the proposed method in solving higher-order
inhomogeneous neutrosophic differential equations.
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1- INTRODUCTION

Recently, considerable attention has been directed toward neutrosophic mathematics, a novel
branch of mathematics introduced by Florentin Smarandache. Neutrosophic logic, neutrosophic,
neutrosophic sets, and neutrosophic probability are among its key innovations, all characterized
by incorporating indeterminacy as an intrinsic component. A remarkable feature of neutrosophic
logic is that it generalizes fuzzy logic while encompassing classical logic as a special case [1]. In
2015, Smarandache extended the theory by defining the concept of the continuation of a
neutrosophic function [1]. Earlier, in 2014, he introduced the notions of neutro-oscillator
differentials and mereo-derivatives [2], and in 2013 he developed neutrosophic integration and
mereo-integrals, complementing classical definitions of limit, continuity, derivative, and integral
[3].

Differential equations remain one of the most important branches of mathematics due to their
extensive applications in science and engineering. In recent years, particular attention has been
given to the thickness function and its role in neutrosophic differential equations. Researchers have
applied it to derive solutions for systems of neutrosophic ordinary differential equations using the
Laplace transform [4], and for nonlinear neutrosophic Van der Pol oscillatory problems [5].
Moreover, applications of neutrosophic concepts have expanded across multiple fields, including
medical sciences [6-8], databases [9], and physics through neutrosophic triplet groups [9]. In
addition, significant contributions have been made in neutrosophic topology [10-13] and analysis
[14], while neutrosophic integration presents new opportunities in calculus, particularly for
computing areas between two neutrosophic functions.

In this research, we introduce an alternative approach to neutrosophic differential equations using
the isometric transform. This transform establishes a direct connection between classical and
neutrosophic logic and, together with its inverse, provides a versatile analytical tool to investigate
and solve higher-order neutrosophic differential equations. This approach aims to broaden the
methodologies available for tackling such equations and to offer exact solutions within the
neutrosophic framework.

In recent years, neutrosophic theory has demonstrated its effectiveness in various applied fields
such as engineering, artificial intelligence, medical decision-making, and optimization problems
[15-19].

2- PRELIMINARIE

Definition 2.1. Neutrosophic Real Number: [1]

Suppose that w is a neutrosophic number. Then, it can be expressed in the following standard form
w =a+ bl

where a, b are real coefficients, and I represents the indeterminacy, with the properties

0.1 = 0 and I"™ = I for all positive integers n.

Forexample:w =2—-1or w=4=4+0.1]
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Definition 2.2. Division of neutrosophic real numbers: [1]
Suppose that w; and w, are two neutrosophic numbers, where:
wy =aq+ byl ,w, =a, + byl
Then, their quotient is given by

wy a,+byl a; ayb;—a.b,

w, a,+b,] a, a,(a,+b,)

Definition 2.3. [19]
Let R(I) = {a+ bl;a,b € R} where I? =1 ,be the neutrosophic field of reals. The one-
dimensional isometry (AH-Isometry) is defined as follows:
T:R(I) - RxR
T(a+ bl) = (a,a+b)

Remark 2.4. [19]
T is an algebraic isomorphism between two rings and has the following properties
T is bijective.
T preserves of addition and multiplication

Tl[(a+ b))+ (c+dD)]=T(a+bl) +T(c+dI)

T[(a+ bD).(c+dI)] =T(a+ bI).T(c + dI)
Since T is bijective, it is invertible, with the inverse given by:
TL:R xR - R(I)
T Y(a,b) =a+ (b—a)l

T preserves of distances
The distance on R(I) can be defined as follows:
Let A=a+ bl , B = c + dI be two neutrosophic real numbers, then:
L = ||4B| = d[(a + bl,c + dD)] = la + bl — (c +dI)| = |(a — ¢) + (b — d)|
=la—c|+I[la+bh—c—d|—|a—cl|]
On the other hand
T(||E||) =((la=c||(a+b)—(c+d)|) = (d(a, c),d(a+b,c+ d))
= d[(a,a + b), (c,c + d)] = d[T(a + bI),T(c + dI)] = |T(AB)|-
This implies that the distance is preserved up to isometry. i.e.
IT(AB)Il = TClIABID.

Example

Let the real neutrosophic function be defined as.

f: R - R()

fX)=20X-1+1 ; X=x+yl

We can directly calculate (1 + I) as follows

fA+D=211+D—-1+1=21+21>-1+1
=2[+2[—-1+4+1=-1+5I
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Then
T(f(X)) = T@DTX) + T(-1+1)
= (0,2)(x,x +y) + (—1,0)
= (—1,2x + 2y)
T(F1+D)=(-14) = fQA+D=T"1(-14) =-1+5I

Definition 2.5: [20]
Letf:R(I) > R(I);f = f(X)and X = x + yI € R(I) the f is called a neutrosophic real function
of a single neutrosophic variable. It can be written as

f&X) =flx+yD=f)+I[f(x+y) = f(x)]

Definition 2.6:
Let f:R(D X R » R xR ; f=fX, V) and X = x; + x,1,Y =y, + y,I € R(I)
f(X,Y) can written as follows:

fXY) = fle,y1) (e + %2, 51 +y2) — f(x1,y1)]

Theorem 2.7. [21]
Any neutrosophic real function can be represented by two classical real functions, i.e., mapped
into the classical Euclidean plane R x R.

Definition 2.8:
We say that the function f(X), where X = x + yI, defined on D € R(I) , is differentiable at the
point A = a, + a,I € D is the following condition is satisfied.

L fOHH) — F)

H—0+01 H

=B 5 H=h1+h2],B=b1+b21

Definition 2.9:

Let f£(X,Y) be a function defined on D € R(I) X R(I) , where X = x; +x,l and Y = y; + y,1
belong to R(1).

Then, the partial derivatives are defined as follows.

af ) fX+AX,Y)—-f(X,Y)

X =fx= Axl—lglm AX

I [+ Axq, 1) — f(x1,¥1)
im

Ax1—0 Axl
[ i f(x1 +x, + Alxy +x3), 1 +y2) — fxg +x2, 91 + yz)) _]
' A(xq+x5)—0 Alxy + x5)
. [+ Axq,y1) — (X, 01)
l lim J
Ax1—0 Ax1
of . fEYHAD - fEY)
ay fr = AY—%I-II-OI AY
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— i (e, y1 + Ayy) — f(x1,91)
= lim

Ay,—-0 Ay,
lim FOa +x2,71 +y2 + A0 +y2) — F (g + %2, 91 +52)) B
I Lo AR Ayy +2)
lim e, y1 + Ayy) — f(xy,91)
Ay, -0 Ay,

Theorem 2.10. [21]

Let R(I) be the field of neutrosophic numbers, and let X = x + yI. Then
eX = ¥tV = px 4 I[ex+y _ ex]

Proof: Suppose A = e*. Then

T(A) — T(eX) — T(ex+yl) = eT(x+yl) — p(Xxx+y) — (ex'ex+y)

= A=T"1(e¥e*Y) =e* +I(e*Y —e¥)

Theorem 2.11. [21]
Let R(I) be the field of neutrosophic numbers, and let X = x + yI. Then

sin(a + bl) = sina + I[sin(a + b) — sina]
cos(a + bl) = cosa + I[cos(a + b) — cosa]

Definition 2.12:

Let X = x; + x,]/ and Y = y; + y,I be elements of R(I),where x4, x5, y1,¥, € R.
Then, we define the non-homogeneous linear neutrosophic linear differential equation with
constant coefficients of order n in the form

Y® 4+ gy 4 q, Y =f(X) ; Y=Y(X) (1)
Where a4, ...,a, € R

Theorem 2.13

Equation (1) is equivalent to two classical non-homogeneous linear differential equations with
constant coefficients.

Proof: by applying the isometric transformation T to equation (1), we obtain

T[Y™ + q, YD + o 4, Y] =T[f(X)] =

T[Y™] + a,T[Y™ V] + -+ + @, T[Y] = T[f(X)] =

[Y1(n)' 1 + YZ)(n)] +aq [J’1(n_1): (yq + YZ)(n_l)] + -+ anlynL v+ y2l

= [f1(x), f2(x1 + x2)]
This is equivalent to
{ 1™ +ay Y+t ayy = fi(x) 2
1+ Y20 @+ a;(vs +y2) @D+ a,(yy + y2) = fo(x + x2)

Definition 2.14
We call the equation
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YO 4,y D 4 4q, Y =0 3)
the corresponding homogeneous neutrosophic linear differential equation of equation (1).
Moreover, by applying the isometric transformation T to equation (3), we obtain two
corresponding classical homogeneous linear differential equations for the two equations in (2) of
the for
{ )’1(n) + a1)’1(n_1) +-+apy; =0

1 +y2)P +a (i +y) PV 4+ a, (i +y,) =0

Remark

To find the general solution of equation (1), we follow the differential operator method. Then we
obtain an equation of the form

D"+ a, D"+ -+ )Y = f(X)

Let us denote

F(D)=D"+a, D" '+ - +a,

Since the isometric transform T is an algebraic isomorphism between the neutrosophic field and the classical
Euclidean plane, its inverse T~* guarantees that any solution of the decomposed classical system corresponds uniquely

to a solution of the original neutrosophic equation. Therefore, the recombination of the classical solutions using T™*
is mathematically justified.

3- GENERAL SOLUTION OF THE HOMOGENEOUS EQUATION

We call the equation

F(D)=D"+a,D"1+-+a,=0

the characteristic equation corresponding to the homogeneous neutrosophic differential equation.
In order to find the roots of this characteristic equation, letusset X = x; + x,/ and Y = y; + y,I
and distinguish the following cases:

Case 1:

If the characteristic equation has distinct real roots, then the general solution of the homogeneous
equation is:

YX) = ayeP % + -+ apeP* 5 oy, .,a, €R

Case 2:

If the characteristic equation has repeated real roots repeated k times, say D = u a root repeated k
times, then the general solution of the homogeneous equation is:

Y(X) = (a; + axX + -+ X De** ;  ay,..,ap ER

Case 3:

Since the coefficients of the equation are real, the characteristic equation has a pair of complex
conjugate roots, namely

D; , = a % ib then the general solution of the homogeneous equation takes the form:

Y(X) = e**[acos(bX) + asin(bX)] ; ab€R
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Case 4:
If the characteristic equation has repeated complex conjugate roots D; , = a =+ ib repeated k times,
then the general solution of the homogeneous equation is
Y(X) = eaX <(a1 + X + -+ ap X* 1) cos(bX) +>
(By + B2X + -+ + B X™1) sin(bX)
Where a, b, ay, ..., ay, B1, -, Bx ER

Remark: All previous cases are proved by applying the transformation T, which yields two
classical solutions; then, by taking the inverse transformation, we obtain the desired neutrosophic
solution.

4- FINDING THE PARTICULAR SOLUTION OF THE NON-HOMOGENEOQOUS
EQUATION

Case 1: Exponential function

f(X)=4e** ; Aa€R
We know that:
De¥ =qgeX

D2p%X = 200X

DNne®X = gheaX
Applying the operator an% to both sides of the last relation, we obtain

1 D" 1

o ﬁ edX = ﬁ edX
Then
% e = aineax ,F(a) #0
Equation (1) becomes
AeaX
FD)Y = f(X) = FD)Y =4e™* = Y, = D)
Subcases:
AeaX
F(a) # 0 ,thenY, = )
If F(a) = 0 repeated k times, then:
FD)=D-a)*f(D) = Y, = LX—k,aleax ; f(@) #0
P f(a) k! ’
Case 2: Polynomial function
P,(X)
f(X):Pn(X) = szm
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Here, the particular solution is obtained using geometric series expansions:

1
——=1+Y+Y%2+- ;Y| <1
Ty +Y+Y%2+ Y]

! =1-Y +7VY? Yl <1
1+Y ’

Case 3: Trigonometric function
f(X) = Acos(aX) + Bsin(aX)
Subcases:

If ia is a root of F(D) = 0, replace D? = —a?, and if D appears in the denominator, multiply by

the conjugate to simplify

Y, = #cos(aX) + F(faz) sin(aX)
If ia is not a root of F(D) = 0 reduce to the exponential case using Euler’s formula
e'®® = cosaX + isinaX
And
cosaX = Re(e!®™®) , sinaX = Im(e'™)

Case 4: Product of exponential with polynomial or trigonometric function

fX) = Ae®¥g(X)
Where g(X) is either a trigonometric function or a polynomial. Then

1
Aeg(X) = Ae™ ————=g(X)

b F(D + a)

» = F(D)

5- APPLICATIONS

Example 1.
Consider the equation as follows:
Y'" —6Y" +8Y =€

Applying the isometric transformations T with X = x; + x,l and Y = y; + y,I,we get

T[Y"'] — 6T[Y"] + 8T[Y] = T[eX] =

[yi", G +y2)"'1 = 6ly1, 1 + ¥2)"] + 8y, y1 + y2] = [e*1, e¥1772]
This gives two classical equations:
{ yi' —6y; +8y; =e"
1+ )" =6 +y2)" +8(y1 +y,) = ™72

Applying the differential operator, yields:

(D3 —6D? +8D)y, =e*
{(D3 —6D% + 8D)(y; + y,) = e¥1t¥2
Characteristic equation of homogeneous part:
D3—-6D*+8D=0 = DMD*-6D+8)=0 =
D=0, D,=2 , D;=4%
General solution of homogeneous equation:
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Ye, = a1 + bie®*t + cie®
Ve, + Ve, = Qg + bye?(1t¥2) 4 ¢ et(1¥x2)
And Particular solution:
( 1 1

— X1 —
i “pp-2)0-4° ~3°
X1+Xxy — lex1+x2

X1

1
Unt Y. =50 —m—0¢ 3

Then

1
Y1 =Ye, T Vp, = a1 + bie® + ¢ + §ex1

1

Y1+ Y2 = (e, +Ye,) + p, + W) = a5 + bpeC14%2) 4 cpettatad) 4 §€x1+x2
Hence, the general solution of equation after applying the inverse transformation T-1 is:
Y=y, +y,0 =T [y, y1 +y,]

1

a; + bie?1 + cie*1 + —e™1,
— T—l 3

a2 + bzeZ(x1+x2) + Cze4(x1+x2) + lex1+x2

3

1 a, + bZeZ(xl"'xz) + C284(x1+x2) + lexr“xz —
=a; + by et + cie*1 + §ex1 +1 " 3
(a1 + bie?*1 4 e + ge’“)

= (ay + I[a; — a;]) + (bye?*1 + I[b,e2*1+%2) — p e?x1]) +

1 1 1
e4x1 + I e4(X1+XZ) — e4-x1 + (_exl + I [_ex1+x2 — xl])
(cre® + I[cy cre )+ (3 . e

Then:

1
Y=A+BeZX+Ce4X+§eX

WhereA = a1 + Iaz,B = b1 + Ibz,C = Cl + ICZ € IR(I)
The transition from the neutrosophic solution expressed in terms of the variable X to its classical representation is
achieved through the inverse isometric transform T~1. Since the transform T is bijective and preserves algebraic

operations, applying T~ to the classical solution pair uniquely reconstructs the neutrosophic solution. This guarantees
that the obtained classical expressions are consistent representations of the original neutrosophic solution.

Example 2.
Consider the equation as follows:
Y"+4Y + 4 =sinX
Applying the isometric transformations T with X = x; + x,l and Y = y; + y,I,we get:
T[Y"+4Y + 4] =T[sinX] =
T[Y"]+4T[Y] + 4 = T[sinX] =
[y, (1 + ¥2)"1 + 4ly1, y1 + y2] + 4 = [sinxy, sin(x; + x3)]
This gives two classical equations:
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{y{' + 4y; + 4 = sinx,
(1 +y2)" + 41+ y2) + 4 = sin(x; + x3)
Applying the differential operator, yields:
(D? + 4D + 4)y, = sinx;
{(D2 + 4D + 4)(y; + y,) = sin(x; + x3)
Characteristic equation of homogeneous part:
D?’+4D+4=0 = (D+2)?=0 = D=-2
General solution of homogeneous equation:
Ye, = (a1 + byx)e ™41
{ycl + Ve, = (az + byx)e~21tx2)
And Particular solution:

( 1 ) 1 _

Ry ey S R R
1 : :

kyp1 + Vp, = msm(xl +x,) = 2D +3 sin(x; + x3)

( 4D—-3 _ “ 3sinxy)
) = 16D2 _9smx1 =5z COS X4 sin x;

= P73 1) = —— (4 + 3sin(x; + 1))
= Tepz = 9sm(x1 Xy) = 5T cos(x; + x3) sin(x; + x5)
Then

1
Y1 =Ye, +Vp, = (a1 + byx)e 21 — 7c (4 cosx; — 3 sinx;)
i+ Y2 = (e, +Ye,) + (p, + ) = (@ + bpx)e20atx)
1
o5 (4cos(x; + x3) — 3sin(x; + x3))

Hence, the general solution of equation after applying the inverse transformation T-1 is:
Y =y + ¥l =T 'y, y1 + 2]

1
) (a; + byx)e %1 — 7 (4cosx; — 3sinx,),
=T~
1
(ay + byx)e 2(xa+x2) > (4cos(xq + x3) — 3sin(xy + x3))

1
= (a; + byx)e™%*1 — > (4 cosx; — 3sinx;)

1
|[(a2 + byx)e 2(xatx2) 7c (4 cos(x; + x5) — 3sin(x; + x3)) —
+ Il

]

) |

<(a1 + byx)e™ %1 — 7 (4 cosx; — 3 sin x1)> J
= (a, + byx)e 21 + [[(a, + b,x)e~2Gxatx2) _ (g, 4 byx)e~ 2]

—5% (4cosx; — 3sinxy) +

! 1
I [—g(ll cos(x; + x3) — 3sin(x; +x;)) + o (4 cosx; — 3sin xl)]
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Then:

1
Y =(A+BX)e X —E(LI-COSX — 3sinX)
Where A = a; + la,, B = b; + 1b, € R(I)

6- CONCLUSION

In this study, exact general solutions for a class of higher-order inhomogeneous linear neutrosophic
ordinary differential equations with constant coefficients have been derived using the one-
dimensional isometric transform and the differential operator method. By decomposing the
original neutrosophic equation into an equivalent classical system, the complexity inherent in
neutrosophic calculus is significantly reduced while preserving the structural properties of the
solution.

The proposed framework provides a clear and systematic approach for constructing both
homogeneous and particular solutions of inhomogeneous neutrosophic differential equations, and
the inverse transform guarantees that the obtained solutions are valid within the neutrosophic
setting. The presented examples confirm the accuracy and robustness of the method.

These results not only enrich the theoretical foundations of neutrosophic differential equations but
also open the door to future applications in science and engineering where uncertainty and
indeterminacy play a central role. The developed methodology may serve as a basis for further
extensions to nonlinear or variable-coefficient neutrosophic models.
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